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PREFACE 


Many were the prophecies that the end of World War II 
would mark the end of the epoch of ultrahigh frequencies. 
How wrong they were can be ))erceived by a glance at the 
current periodical literature. Radar and navigation sys- 
tems developed for wartime use and employing many new 
principles of ultrahigh frequency construction were taken 
over bodily by civilian users immediately upon removal 
from confidential classification. Among the many appli- 
cations are mobile and relay commtmication systems; fre- 
quency modulation systems; mobile, relay, and color 
television systems; pulse time modulation systems; and 
many other specialized applications too numerous to men- 
tion. The widespread use of ultrahigh frequencies has 
presented many new problems in transmission and radiation 
which can be solved only by those familiar with the fun- 
damentals. 

I have prepared this book keeping in mind the various 
applications and have designed it to meet the requirements 
of both the college student who will study it as a textbook 
in a prepared course and the practicing engineer who will 
read it for self-instruction. 



Vi PREFACE 

As a college textbook, it takes the student step by step 
through the intricacies of transmission lines, wave propa- 
gation, radiation, antennas and antenna artays, and finally 
through complex transmission line network analysis which 
promotes a kind of thinking that is all too often evaded or 
ignored. The preliminary draft was used as a basis for 
courses in transmission and radiation at (Columbia Univer- 
sity, enabling me to correct, modify, and round out the 
contents. Numerous problems from the course are included 
for home assignment. 

When the book is read for self-instruction, the many 
clarifying examples and detailed explanations should be 
helpful. Antennas are not. dealt with in a recondite manner 
but rather as a section of apparatus that has to be designed, 
constructed, and used. I have drawn on practical expe- 
rience and the experiences of my associates for many of the 
explanations and procedures given in the text. 

The material for the book was gathered when I was 
requested to plan and teach an ESMWT course at (^olumbia 
University. It was first correlated as a set of notes pub- 
lished at the University in mimeographed form and used 
for the course. These notes were very kindly received and 
I was urged by my associates both at the University and at 
the Federal Telecommunications Laboratories to expand 
the notes into a book. In doing so I have included per- 
tinent material which has been released for publication by 
the Army and Navy. 

I am indebted to Mr. Andrew Alford, consulting engineer, 
and also to Mr. H. Busignies, director of the Federal Tele- 
communications Laboratories, for the many hours spent 
with each of them in conference and discussion which 
helped clarify, in my own mind, certain of the fundamental 
ideas. I am also grateful to Mr. H. T. Kohlhass, editor of 
Electrical Communication, for his kind encouragement and 
to Mr. H. H. Buttner, president of the Federal Telecom- 
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munications Laboratories, for making drafting and clerical 
help available to me. I wish to express my sincere thanks 
to Professor John Ragazzini of Columbia University for his 
detailed criticism and to Mr. Lewis Winner, editor of Com- 
munications, for his encouragement and editorial help. I 
am also deeply indebted to my wife Ernesta, for her encour- 
agement, patience, and help. 


Nathan Marchand 


New York City 
May, 1947 
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Chapter 1 

TRANSMISSION LINES 


M Introduction 

Transmission lines were first used to transmit power from one point 
to another. This still remains one of the primary applications, but 
with the advent of higher radio frequencies transmission lines have 
been adapted to many other uses. They are employed now as circuit 
elements, transformers, measuring devices, and attenuators/ To under- 
stand the foregoing applications it is necessary to study the funda- 
mental transmission line (;quations. 

It is assumed that the transmission lines to be considered are so spaced 
and constructed that circuit theory will be applicable. The spacing 
between lines has to be small compared to the wavelength of the energy 
being transmitted. If such is not th(‘ case then circuit theory in its 
common form will not ap])ly; the transmission line will have to be 
analyzed as a wave guide. 

1*2 Coaxial and balanced transmission lines 

The two most common types of transmission lines are the coaxial and 
the balanced transmission lines. The balanced transmission line is a 
parallel wire line consisting of tw^o parallel conductors carrying a bal- 
anced voltage to ground. The energy is conducted on the outside of the 
lines by waves traveling through the space surrounding the lines and 
is thus guided by the lines. Because of skin effect the current flow is 
usually confined to the surface of the wires. In fact, as the wires are 
spaced closer together the proximity effect of one current on the other 
causes the currents to be further confined to the adjacent surfaces. To 
maintain uniformity on balanced lines, thus avoiding unbalanced condi- 
tions to ground, and to prevent radiation, a shield is usually employed to 
surround the two wires. A cross section of a shielded balanced trans- 
mission line is shown in Figure M. 

The coaxial line, the other type of common transmission line, consists 
of a wire located in the center of the tube, as shown in Figure 1*2. In 
this case the energy is transmitted in the space between the outside of 
the inner conductor and the inside of the outer conductor. The voltage 
is impressed between the inner conductor and the shield, or outer con- 

1 
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ductor. The shield is usually grounded at both the receiving and the 
sending enti so that this type of line is often referred to as an unbal- 
anced transmission line. 

In both types of transmission line, if the shields are continuous, there 
is no loss of energy by radiation. 



!•! A cross seclioa 
of ii sliicldcd balanced 
transmission line. 



Fio 1-2 A cross section 
of a coaxial transmission 
line. 


1*3 Distributed constants 

In ordinary circuit theory it is assumed that all constants are lumped 
constants. It is thus implied that in a two-terminal network a current 
starts to flow when a voltage is impr(‘sst‘d across the two terminals, 
the current being related to the impressed voltage by the constant. 
However, let us consider the cas(‘ wherein a number of resistors, con- 
densers, and inductances are connected in series. Here there exist what 
are known as transients. It takes a specific time interval for any 
change in voltage to be felt throughout the circuit. In alternating 
current theory these transients also exist, and a somewhat similar effect 
is present in the steady state condition. This latter effect is not known 
as a transient but rather as a phase shift. 

Now let us consider a transmission line. Each unit length pos- 
sesses its own inductance, capacitance, series resistance, and leakage con- 
ductance. Thus each unit length is a small network wherein the effect 
of a change in voltage at its input will take a specific time to be felt at 
its output. In this manner the effect of a change in voltage at the in- 
put to the transmission line will travel down the line at a speed depend- 
ent on the values of the line constants. The resultant waves are known 
as traveling waves. It must be remembered that all constants are 
really distributed but for engineering accuracy may be assumed to be 
lumped when the error is negligible. Similarly, if the transmission line 
is very small with resj^ect to a wavelength, the constants can also be 
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assumed to be lumped. This pastulation will become clear after the 
equations for transmission lines have been derived. 

1‘4 Derivation of the transmission line equations 

Let us consider a transmission line with the following constants: 

R — ^series resistance per unit length in ohms ; 

L — ^series inductance per unit length in henrys; 

G — shunt conductance per unit length in mhos; 

C — shunt capacitance per unit length in farads. 


Ldl Rdl Rdl Ldl 

2 2 2 2 



These are the fundamental constants of a transmission line. As dis- 
tinguished from fj, R is the resistive component of the series impedance 
causing a drop in the voltage F, whereas G is the resistive component of 
the shunt admittance causing a drop in the current 7. The equivalent 
circuit of a transmission line differential length, dl^ is shown in Figure 1*3. 
The constants for the circuit shown, since a length dl is assumed, are 
the foregoing unit values times the differential length. The equiva- 
lent T network is illustrated in the figure where the distributed values 
are showm as lumped constants. The series element consists of two 

Rdl 

branches each having a resistance of — r- ohms and an inductance of 

z 

henrys. The shunt element is a parallel circuit consisting of a 

capacitance of C dl farads and a conductance of G dl mhos. To obtain 
the steady state solution, a constant frequency voltage V, at a fre- 
quency f, is assumed to be impressed across the input terminals ab. 
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This will cause a current I to flow in the line. A differential current, 
dly will flow across the shunt impedance and, since all signs will be as- 
sumed to be positive until shown to be otherwise, ij is added to the 
current I, Hence I plus dl will flow in the branch cd from c to d. 
Similarly the voltage across ed will differ from the voltage input across 
abf a difference noted as dV. Again, the positive sign is used and the 
correct sign will be indicated by the solution. 

The circuit equation around the network abdea is given by 

/. Ldl Rdl\ 

- + + (r + <iK)-0 (M) 

where f = — 1, 

(a = 27r/. 

Equation M is simplified by carrying out the multiplications indi- 
cated and neglecting second-order differentials. It yields for the change 
in voltage 

dV = -/(/2 + J«L)dJ (12) 

The change in voltage has a minus sign preceding it, indicating that the 
voltage change, dF, is negative if the current, /, is positive and is posi- 
tive if the current, /, is negative. 

The voltage across c/, F/c, is obtained by subtracting the voltage 
across the branch he from the input voltage F : 

/R dl L dl\ 

(1-3) 

The second term of this equation, however, is equal to dF/2, as shown 
in Equation 1-2. Making this substitution, we obtain 

dV 

Vyc-^V + — (14) 


To obtain dl, V /<. is multiplied by the shunt admittance of the branch 
qf. This shunt admittance consists of a parallel capacitance and resist- 
ance, as shown in Figure 1*3. The voltage across fc, from / to c, is 
assumed positive. Since the current dl is also shown as positive from 
/ to c, multiplying the voltage F/c by the admittance will yield — d/: 


-dl ^(v + ^ (G dl + ju>C dl) 


(1-6) 
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Equation h5 is simplified by carrying out the multiplication indicated 
and neglecting the second-order differentials: 

dl ^ -V{G + jo>C)dl (1-6) 

We note how similar Equation 1 -6 is to the voltage variation Equation 
1 - 2 . 

To simplify calculations, Z is substituted for the series impedance 
and Y for the shunt admittance; 


Z — R juL 

(1-7) 

Y = G^-3o>C 

Substituting Equations 1-7 into Equations 1-2 and 1*6 and dividing 
through by the differential length dl, we obtain 


dV 

dl 

<n 

dl 


= -Z1 

= -YV 


(1-8) 


To obtain similar equations for T" and /, each equation 
1*8 is differentiated once with resj)ect to Z: 

-7^ 

dl^ dl 






dP ^ dl 


(1-9) 


The values of dl^dl and dV^dl from Equations E8 are substituted into 
Kquatiouh 1!) yielding 


(I^V 

IF 


= yzr 


^-YZI 


(MO) 


The two equations of Equations 1*10 are each functions of one vari- 
able and state 'that the .second derivative of this variable is a constant 
times the variable. They indicate that the salutions for I and V will 
be similar in form; the method of solution applied to one will be di- 
rectly applicable to the other. An exponential function satisfies Equa- 
tions 1*10. Treating first the voltage equation, we assume that 

V = fee” 


(Ml) 
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The symbol k is an arbitrary constant; e, the base of the natural log- 
arithms (2.71828); and F, the propagation eon.stant, so called because 
it determines the variation of V with the length 1. .Taking the second 
derivative of V (as given by Equation 111) with respect to I, we obtain 

- r’te" (M2) 

Equations Ml and M2 can now be substituted into the first part of 
Equations 1*10: 

= VZke^'^ (M3) 

The factor ke^^ appears on both sides of Equation M3. It may be 
factored out and the solution for obtained: 

= VZ (M4) 

Taking the square root of both sides of Equation M4, we obtain the 
value of the propagation constant F in terms of V and Z, the original 
transmission line constants: 

r = ±vTz ( 116 ) 

This equation shows that the complete solution for V will consist of 

two parts, one where F has a positive sign and the other where F has a 
negative sign. To avoid confusion, henceforth the symbol F is employed 
to represent the absolute value of VZV and the plus and minus values 
necessary for the complete solution are obtained by the use of signs. 
In an equation like Equation M5, where the exponent has two signs, 
the result consists of two exponentials, each with its own constant. 
Thus the complete expression for V will be 

V = kiC^ ^ -1“ ^2^ (I*lb) 

The letters ki and A *2 are arbitrary constants whose values will be deter- 
mined by the length of line, the termination, and the source. 

Equations MO show that the equation for / is similar to the equation 
for V, Therefore, the solution for / can be obtained immediately; it 
will differ from Equation M6 only by the constants involved: 

I = (M7) 

r 

Thus both the current, 7, and the voltage, V, have the same propagation 
constant. The letters k^ and k^ are arbitrary constants analogous to 
ki and k^- 



TRANSMISSION LINE EQUATION CONSTANTS 

l^S The transmission line equation constants 

The values of the constants, /ci, k 2 y fca, and are obtained by substi- 
tuting the solutions for V and /, as given in Equations M6 and 1*17, 
into the original continuity equations, Equations 1-8. Since these 
equations involve the first derivative, the first derivatives of Equations 
1-16 and 1-17 with respect to I are obtained: 


dl 

% = rV' - rfcie-*’' 

at 


(M8) 


Equations 1-16, 117, and 1*18 are 


M7, and 1*18 are now substituted into Equations 1-8: 
Tkie^‘ - rk2e-^^ = -Zfcge''' - Zk^e-^' 


^7 n 


Equations 1*19 can be simplified by factoring out similar exponential 
terms: 


0 = {Zka + rfci)e''' + {Zkt - Tk 2 )e-''‘ 

0 = {Yki + Tk3)e'^‘ + {Ykz - Tki)e-^‘ 


To solve these two equations for the arbitrary constants, we note 
that is an exponential which increases in value with an increase in 
ly whereas is an exponential which decreases in value with an in- 
crease in L However, Equations 1-20 state that two sums of these ex- 
ponentials, each multiplied by its own factor, are equal to zero. The 
only solution is for the resultant constants, the multiplying factors of 
the exponentials, to be individually equal to zero. Thus each factor 
enclosed in parentheses in Equations 1-20 can be equated to zero: 

Zks + rA;i = 0 


Zk4 - rk2 = 0 
Yki + rfe = 0 


( 1 - 21 ) 


Yk2 - rk4 = 0 


Not all the four resultant equations are independent Any two of 
them involving all four constants are sufficient to secure solutions for 
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two of the constants in terms of the other two. The solutions obtained 
are 


h\ 





( 1 . 22 ) 


It is obvious from Equations 1*22 that Z/T and T/Y must be equal to 
the same quantity. Substituting VZY for F, its value as given in 
Equation 1*15, we find both quantities to be identical and equal to 
VZ/y. This quantity, the square root of the series impedance divided 
by the shunt admittance, is very important in transmission line analy- 
sis. It has the dimensions of an impedance and is usually called the 
characteristic impedance. It will be represented by the symbol Zq. 
Thus 


y ^ + jcoL 

" \F ^G + joiC 


(1-23) 


Zo, as obtained in Equation 1-23, is substituted into the constants rela- 
tionships, as given in Equations 1 -22 so that 



Equations 1-24 show that there are only two independent arbitrary 
constants in the transmission line equation solutions. They are the 
amplitude constants and phase relationships which are determined by 
the boundary conditions of the transmission line being used. Substi- 
tuting these values into the solutions as given by Equations 1*16 and 
M7, we obtain 

V = kie^ + *2^-''' 

/ = - e" + ^ e-’’' 

Zq Zq 

Thus the constants in the current equation are directly related to the 
constants in the voltage equation by the characteristic impedance of 
the transmission line. We see, however, that in the current equation 
the exponential with the positive factor has a negative sign in front of 
its constant. 
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1*6 The wave character of the transmission une equations 

A steady state single frequency voltage has been assumed in the fore- 
going solutions. It means that the voltage and current in the solution 
are actually sine wave variations. The conventional method of repre- 
senting a sine wave variation is as the real part of an exponential func- 
tion with an imaginary exponent: 


V = a(7V“0 


(1-26) 


where 91 means ‘‘the real part of^’ and F' and are complex quantities, 
not necessarily in phase with one another. The magnitudes of F' and 
l' are the peak amplitudes of the voltage and current. Actually, of 
course, in alternating current calculations the symbol 91 is left out and 
the provision that only the real part is taken is understood. ' In Equa- 
tions 1'25, since F is a voltage, ki and k 2 must each have the dimensions 
of a voltage. Thus 


k2 = 


(1-27) 


where co is equal to 2w times the frequency, /, of the impressed voltage. 
The reason for using plus and minus superscripts to distinguish between 
the two voltage values will become evident when the wave character 
of the solution is discussed. 

Similarly, the constants in the current equation are currents since 
they are related to the voltage constants by the impedance Zq. Hence 


h 

Zo 




k2 


= 


(1-28) 


We note that the expression for the current has the same sign preced- 
ing it as the expression for but that in the case of and opposite 
signs are obtained. Substituting the relationships given by Equations 
1-27 and 1*28 into the transmission line equation solutions. Equations 
1*25, and combining the exponential exponents, we obtain 


j 5- j+pjut—ri ^ 


( 1 - 28 ) 
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However, the propagation constant, F, is also a complex function, 
so that 

r = V(ii;+j«L)(G+jwC) = a + J/S ( 1 - 30 ) 

OL is the real part of F and determines the variation in magnitude of 
V and I ; hence, a is called the attenuation constant per unit length. 

is the imaginary part of F determining the variation of phase, with 
the length, Z, of V and /; hence, is called the phase constant per unit 
length. Substituting these values for F in Equations 1-29 and sepa- 
rating the real and imaginary components of the exponents of the ex- 
ponentials, we obtain 

y ~ /30g— a* _|« 


The relationships between tlie E and I constants in these equations may 
be obtained by substituting Ec^uations 1-28 into Equations 1-27: 



r - 


El 

Zo 


(L32) 


Equations 1*31 are the traveling wave solutions of the transmission 
line equations. and can be shown to be waves traveling in the 
plus I direction. To analyze, let us consider the phase factor 
This factor determines the phase of the (current and voltage at any 
point Z, with reference to the point Z equal to zero. In Figure 1-4A are 
plotted two curves of versus Z, one for the time t and the other for 
the time Zi, which is greater than L We can see from the figure that 
the wave has moved in the direction of plus Z. The phase factor indi- 
cates that if t is increased at any point, Z, the instantaneous phase of 
the voltage will increase by the same amount, since the phase is given 
by (wZ — fil). Another way of stating it is to say that as wZ is increased, 
01 has to increase an equal amount to obtain the same instantaneous 
phase. The attenuation factor causes the wave to decrease in 
amplitude as Z is increased. E^e^^^ is also shown in Figure 1-4A as a 
dashed line curve. This curve acts as an envelope for the wave traveling 
in the plus Z direction. 

The and the 7” functions are waves traveling in the minus Z direc- 
tion. Let us consider the phase factor In this case, if «Z 

is increased, 0l must be decreased to maintain the same phase. This 
is illustrated in Figure 1*4B, which shows the curves of E^ versus Z for 



WAVE CHARACTEK 


11 


the tini(‘ / and for the time /-i, where ti is greater than /. It ean be seen 
from the figure that the wave is traveling in the minus I direction. 
Thus we find from Equations 1*31 that any steady state condition on 



Fig. 1.4 a Curves of versus I for tlie time t and the time h, 
which is great than f 



Fig. 1-4B Curves of E” versus I for the time t and the time fi, which is greater 
than t. In this case the curve appears to travel in the minus I direction. 

a transmission line at a single frequency can be completely represented 
by the sum of two traveling waves traveling in opposite directions along 
the transmission line. The end conditions determine the constants, 
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F", and 7“". Each of these constants consists of an amplitude 
and a phase factor. 

Inasmuch as these waves are traveling along the transmission line, 
they will have a certain effective length. To determine the length of 
line equal to one wavelength, in other words the distance between points 
of similar phase on the traveling waves, let 

/3X = 27r (1.33) 

where X is the wavelength desired. In the equation ^ is expressed in 
radians per unit length. Dividing both sides of Equation 1-33 by ft 
we get 



This states that the wavelength along a transmission line is equal to 2ir 
divided by the phase constant, where the phase constant is expressed 
in radians per unit length. 

The waves will also have a definite velocity. The velocity, as in 
ordinary wave calculations, is equal to the wavelength times the fre- 
quency. Calling V the velocity, we find that 

= X/ (1.35) 

This is the velocity with which the phase of the wave advances down 
the line. It is usually called, appropriately, the phase velocity. Sub- 
stituting for X from Equation 1*34 and letting w equal 2wfj we obtain 


CJ 

V — - or 



(1*36) 


In ordinary open air transmission lines, this velocity is very nearly 
equal to the speed of light, 3 X 10^^ centimeters per second. 

The transmission line equations are sometimes expressed in terms of 
the velocity of propagation. They may be obtained by substituting 
Equation 1*36 into Equations 1*31. The co may be factored out so that 




Another factor, sometimes used in a transmission line calulations, is 
the time delay, 5, between putting an impulse on the line and receiving 
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it further down the line. If the phase velocity v is independent of the 
frequency, then 

3 = - (1-38) 

V 

where s is the length of line and v the velocity of the wave. 


1*7 The dissipationless line 


In many cases a is so small that we may neglect it completely and 
still obtain an accurate result. This is true when copper conductor 
transmission lines are used in an air dielectric at frequencies below 500 
megacycles. Of course, under resonant conditions the loss factors can- 
not be neglected in calculating impedances, but under normal condi- 
tions the solutions arc quite accurate. Assuming, then, that R and G 
in the propagation constant are both zero, we obtain for V 

r = V(JwL)(Ju>C) = i«\TC (1-39) 


r will now possess only an imaginary term. Thus a is zero, and the 
expression for the phase factor jS becomes 

d = wVlC (1-40) 


Similarly, the expression for the characteristic impedance Zq becomes 


Zo = 



(1-41) 


Since, in the dissipationless case, there are no imaginary terms in Zo, 
it is always a pure resistance. 

The equation for the wavelength in the dissipationless line is, from 
Equation 1-34, 


X = 


1_ 

/Vie 


(1-42) 


where the 2ir’s have been canceled out in the numerator and denomina- 
tor. 

The phase velocity for the dissipationless line is, from Equation 1'36, 


V = 


1 

Vie 


(143) 


In a dissipationless line in free space the velocity is equal to 3 X 10*® 
centimeters per second. It means that the relationship of L to e in a 
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dissipationless line is always constant, irrespective of the size or type of 
line 

Immersing the line in a dielectiic increases the shunt capacitance, C, 
while all other values remain unchanged The phase constant, from 
Equation 1 40, increases as the square root of the change m C whereas 
the phase velocity, v, varies inversely as the square root of the change 
in C Hence the wave will travel more slowly with the line immersed 
m a dielectric Since the frequency will remain the same, the wave- 
length X will decrease 

The transmission line equations for the dissipationless case become 


J -- _j_ jr~gj(w«+/9Z) 


(144) 


We see how the magnitudes of the waves traveling along the lines re- 
main constant, they do not vary with I as when the lines are not dis- 
sipationless This does not mean that the plus waves and th^ minus 
waves are equal The relationship between those two waves are de- 
pendent on the terminating impedance, as will be shown later When 
a dissipationless transmission line is used, the only element that vanes 
with J, as the wave is propagated down the line, is the phase of the wave. 


Example 11 A voltage, at a frequency of 100 megacycles, impressed 
on the input terminals of a dissipationless transmission line which has a 
capacitance of 15 /upif per meter Tmd the inductance per unit length, the 
characteristic impedance, the phase constant, and the wavelength along the 
line 

From Equation 1 43, where t; is 3 X 10^® centimeters per second, or 3 x 10* 
meters per second. 


C(3 X 10*)2 


(15 X 10-“) (9 X 10“) 
L = 0 74 g henrys per meter 


Ans, (a) 


From Equation 1 41 the characteristic impedance is obtained. 


Zo 


4 


to 74 X 10-* 
15 X 10-“ 


Zo = 222 ohms 


Ans (b) 
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From Equation 1*40 the phase constant is given by 



V 


2t(100 X l ( fi ) 
3 X 10» 


0 = 2.09 radians per meter Ans, (c) 


The wavelength from Equation 1*35 may be expressed in terms of the 
velocity and the frequency. 



X = X 

100 X 10® 

X = 3 meters Arts (d) 


1*8 Line constants for the dissipationless line 

There are only two line constants necessary to determine the be- 
havior of a dissipationless transmission line. They are the series in- 
ductance L and the shunt capacity C. Their values may be determined 
from well-known laws of physics. 

For the coaxial transmission line, shown in Figure l-5a, whose shield 
has an inside diameter of D and whose inner conductor has a diameter 
of d, the values of L and C are given by 


L = loge — henrys per meter 

2t d 

(1-45) 

C = farads per meter 

(1-46) 




The symbols ke and km are, respectively, the relative dielectric and the 
relative permeability constants of the medium between the conductors. 
€0 and Ho are, respectively, the dielectric and the permeability constants 
of free space in M.K.S. units. From the two equations for L and C, 
the values of v and Zq can be obtained directly. As stated in Equation 
1-43, the velocity is equal to one over the square root of L times C. 


1 

^kmkeHO^O 


(1*47) 


where eo is equal to (I/SGtt) X KT® farad per meter and ho is equal to 
47r X 10*“^ henry per meter. With air dielectric, ke and km are each 
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equal to one. Hence the velocity of propagation of an air dielectric 
transmission line is 3 X 10® meters per second. This checks with the 
previous statements. Notice that the configuration^ of the line, which 
in this case are the dimensions D and d, do not enter into the velocity 
equation. The velocity is determined purely by the dielectric material 
surrounding the lines and filling the space between. Inasmuch as 
there is no field outside the outer shield, the dielectric outside the shield 
will not influence the constants of the line. 


( 6 ) 

(a) (<■) 

Fig. 1-5 Dimensions of the coaxial, balanced, and four-wire transmission liiu^s 
as used for obtaining the line constants. 




Substituting the values of L and i\ as given in Equations 145 and 
146, into the equation for Zq and simplifying the result ^or air dielec- 
tric, we obtain 

Zo = 138 logio ^ ohms (148) 

a 

Similarly, the procedure may be repeated for the parallel wire trans- 
mission line shown in Figure 1*56; the transmission line wires have a 
diameter of d units and are spaced a distance D units apart between 
centers. As long as D and d arc in the same units, the characteristic 
impedance obtained, which is dependent on the ratio, will be correct. 
The velocity of propagation will again be the velocity of light and the 
characteristic impedance will be given by 

, D 

Zq = 120 cosh ^ -T ohms (149) 

d 

Cosh""^ (D/d) is the value of the angle in radians whose h 3 q)erbolic cosine 
is equal to D/d, The hyperbolic cosine is obtained because the cur- 
rents are attracted to one another and become more and more confined 
to the inside adjacent surfaces as the wires are brought closer together. 



LINE CONSTANTS - DISSIPATIONLESS LINE 


17 


For laarge values of D/d this is inconsequential, and the equation becomes 


Zo 


276 logio ohms 

a 


(1-50) 


When the two wires are enclosed in a shield, of diameter p, symmetri- 
cally placed around the two wires, the characteristic impedance becomes 


Zo 



(1-51) 


The four-wire-transmission line, illustrated in Figure l-5c consists of 
similar wires, of diameter d, placed at the corners of a rectangle whose 
dimensions are Di and £> 2 . Wires in diagonally opposite comers carry 
parallel currents. The characteristic impedance of such a transmission 
line is given by 


^0 


= 138 logio 


2Do 


■s/' + (§) 


(1-52) 


All the above expressions for the characteristic impedance assume 
no supporting members. This, of course, cannot be true. If beads 
are used to support the line, the effective capacitance is increased. It 
may be taken into account, ajjproximately, by assuming that the line 
consists of sections of line with an air dielectric in series with sections 
of line with the bead dielectric. The total capacitance per meter of 
line length may then be calculated by adding the capacitance of the air 
line present in one meter of line length to the capitance of the bead di- 
electric line present in one meter of line length. The inductance with 
beads is the same as for an air line. These values of capacitance and 
inductance can now be used to calculate the characteristic impedance. 

Example T2 Determine the characteristic impedance of a parallel wire 
transmission line whose ratio of distance, />, between centers of the wire to 
the diameter, d, of the wires is 8. 

The Zo may be obtained by substituting into Equation 1*50. 

Zo == 276 logio 16 = 332 ohms Ans. 

Example 1 *3 What is the effect on the Zo when the parallel wire line of 
example T2 is enclosed in a shield whose diameter, p, is three times the spacing, 
D, between wire centers. The shield is completely filled with a dielectric 
which has a fee of 2.40. It is in effect, then, a parallel wire, solid dielectric, 
shielded transmission line. 
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TW Zo of the line in air is given by Krj nation 1 -51 so that the Zo in air 
dielectric is 



Zq (air) = 276 logio 12.8 
Zq (air) = 306 ohms 


However, since the characteristic impedance is equal to the square root of 
L over 6', when the C is increased by a factor of the characteristic impedance 
is decreased, being inversely proportional to the square root of the dielectric 
constant. Thus 

Zq (dielectric) = Zq (air) 

Vk, 

1 

Zq = \/ 2 40 ~ l^S ohms Ans, 

1*9 Substitution of boundary conditions in the dissipationless 

LINE CASE 


For the traveling wave equations, given in Equations 1-44, to be use- 
ful, the values of JiJ^, iiT”, and /~ must be obtained They are 
related to the following transmission line factors: the length of line, 



Fia. 1-6 Tlio liasic transmission line circuit for a transmission line with a load 
impedance Z l across its output 


the load conditions, and the generator conditions. They are called the 
boundary conditions of the equations and may be substituted directly 
into the equations to obtain the resultant values of the constants. 
Again, a dissipationless line is assumed. 

The basic transmission line circuit is shown in Figure 1-6. The 
transmission line has a characteristic impedance of Zq and a propaga- 
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tioD factor ofj/S, Thf* line is s units long and has a load impedance, 
connected across the receiving end. A voltage is impressed across 
the sending end, directly across the terminals of the transmission line. 

For convenience of calculation, assume that I is zero at the receiving 
end of the line and has a value, at any point on the line, equal to the 
negative of the distance along the line from the point in question to the 
receiving end. 

At Z equal to zero, that is, at the receiving end, the sum of the two 
traveling waves must equal the voltage across Zl, namely, El. Simi- 
larly, the sum of the two current waves must equal the current through 
Zl, namely, I l- Also, at I equal to zero, the value of 0l will be zero so 
that two equations, not involving may be obtained. From Equa- 
tions 1-44, 

El = 

. (1-53) 

II = /V"' -f 

(Note: Henceforth the factor will not be written in calculations — 
the normal procedure in the case of alternating current calculations — 
but will be reinserted only when necessary to the calculations.) 

The values of the current waves and the voltage waves are not inde- 
pendent but are related — Equations 1-32 — by the characteristic im- 
pedance of the line. Substituting for /"^ and in the second equation 
of Equations 1 -53, we obtain 

El ^ E-^ + ET 

(1-54) 

” Zo Zo 


However, in any impedance, the voltage divided by the value of the 
impedance is equal to the current or 

Et 


Replacing El and /l by their values from Equations 1*54, we find that 

^ ” E+ E- (1.66) 


Zq Zo 

Equation 1*66 involves only two unknowns, E^ and ET may now 
be obtained in terms of E^, Zq, and Zx,. 


ET ^E^ 


Zl -- Zq 

Zl + ^0 


(1-57) 
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This equation shows that the ratio of the reflected wave constant, ET^ 
to the incident wave constant, JST*", is dependent only on two imped- 
ances, the characteristic impedance of the transmission line and the 
load impedance. The symbol p, called the reflection factor, is used to 
denote the ratio shown in Equation 1*57: 


Zl — Zq 
Zl + Zq 


(1.58) 


Substituting Equation 1-58 into Equation 1-57, we obtain 

BT = pE+ (1.59) 

The ratio of 7”^ to 7“ is obtained by substituting I'^Zq for and 
— I^Zo for BT'. Zq may be factored out so that 

r = -p7+ (1.60) 

The reflection factor, p, can be positive or negative and have any 
phase angle, depending on the values of Zi, and Zq. If is a pure 
resistance, and in the dissipationless case Zq is a pure resistance, p is 
real. If Z^ is less than Zq, p is negative. When p is negative the volt- 
age wave is reflected with a change in sign while the current wave is 
reflected without a change in sign. If Z^ is larger than Zq, p is positive. 
When p is positive the voltage wave is refle(*ted without a change in 
sign while the current wave is reflected with a change m sign. When 
Zj, is complex, p is complex. If p is complex the wave will be reflected 
with both a change in phase equal to the phase angle of p and a change 
in magnitude, dependent on the magnitude of p. From Equation 1*58, 
we see that p can never have a magnitude greater than 1 as long as Z^, 
remains a passive impedance. 

Only one remaining unknown is left to be evaulated, E^, Its value 
is obtained by expressing the sending end voltage in terms of E^, Re- 
membering, however, that the receiving end is located at I equal to 
zero and any point along the line will be the negative of its distance 
from the receiving end, we must substitute minus I for I in the trans- 
mission line Equations 1*44. Equations 1-59 and 1-60 are also substi- 
tuted into Equations 1-44: 

Vi * 

h * 


Equations 1-61 now give the voltage and current at any point I on the 
line, I being the absolute distance along the line from the receiving end 
to the point in question. To obtain both equations in terms of 
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over Zq is substituted for 


Vi = 


(1-62) 


The equations of Equations 1-62 show the distribution of current and 
voltage along the transmission line in terms of the unknown E^, It is 
interesting to note that the functions (enclosed in parentheses in the 
equations) which determine the distribution of the current and voltage 
along the line at any instant are dependent only on p and /3. These two 
constants are completely independent of the sending end conditions. 
The only value determined by the sending end, sometimes called the 
transmitting end, is the value of the multiplying constant To 

obtain the equations for the sending end voltage, Es, and the sending 
end current, /«, let I be made ecjual to the line length s. The electrical 
length of the transmission line in degrees, 6°, is gi\ en by 

= ps (1-63) 


where is expressed in degrees per unit length, 2t radians being equal 
to 360®. 6° is called the electrical length of the transmission line, inas- 

much as it is the amount of phase shift introduced into a wave as it 
travels down the line. Substituting Equation 163 into Equations 
1-61, we obtain 

E, = 


h 


^0 


~ pe 


(1.64) 


As Es is usually a known quantity, the equations of Equations 1*64 
are simultaneous equations with two unknowns, and /«. repre- 
sents a magnitude of unity with a phase shift of 6°, For convenience, 
is usually symbolized by 1 and by — Very often the 
degree sign is omitted and understood. Substituting these simplifica- 
tions into Equations 1*64, we obtain 

E. = E^a/e + p /-e ) 


^0 


(165) 


From these equations we can determine E^ and when Eg, p, and 6 are 
known, p and 0 are obtained using the line constants, the value of Zl, 
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and the line length s. 


Solving for we find that 


= 


Es 

i/e + p/--e 


( 1 * 66 ) 


Once is known, the voltage and current at any point I along the line 
can be calculated using Equations 1*62. 

The input impedance of the transmission line can be obtained di- 
rectly from Equations 1*65. The input impedance is equal to the in- 
put voltage divided by the input current. Dividing Eg by /„ we find 
that the values cancel out, yielding 


i/e + p/-e 


(1-67) 


Thus the input impedance of a transmission line, of length 6 degrees 
and terminated in a load impedance can be found by substituting 
into Equation T67. 

Example T4 What is the input impedance of a transmission line that 
has the following constants? 

Zo = 150 ohms 
= 30 ® = 

Zl = 100 -f jlOO ohms 

The input impedance is given by Equation 1 67. However, it is first neces- 
sary to obtain the value of p by substituting into Etjuation T58: 

Zl + Zo 

^ 100 +jl00 - 150 
~ 100 + jlOO + 150 
p = 0.42 /94.8' 


This value of p and the value of as given, can now be substituted into Equa- 
tion T67. 


Zs^Zo 


ile + p/-d 
i/e-p/-9 


Z, = 150 


Z, = 150 


1/30° + 0.42 /94 8° X l /-30° 
1/30° - 0.42 /94.8° X l /-30° 
1.36 /39.8° 

'069 /10° 


Z. = 295.5 /29.8° = 6.5 25+jl46.5 


Arts. 
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The answer indicates that a generator supplying a load impedance 
of 100 + jlOO ohms at the end of a transmission line with the above 
constants would actually have across its terminals an impedance of 
295.5 /29.8° ohms. 


MO The input impedance of quarter- wave and half-wave dis- 
sipationless LINES 


The dissipationless transmission line, as seen from Equation 1-67, 
acts very much like ^n impedance transformer in ordinary circuit theory. 
With the load !nrpcdance remaining fixed, the input impedance can be 
varied either by varying the line constants or by varying the line length. 
Substituting for p in Equation 1-67 and multiplying numerator and 
denominator by (Zl + Zq), we get 


(Zl + Zo)/£ + (Zl - Zo)/-0° 
{Zl + Zo)l^ - {Zl - Zo)/-e° 


( 1 - 68 ) 


Two very interesting cases are obtained: one when 6° is made equal 
to 90°, called a quarter- wave line, the otlier when 0° is made equal to 
180°, called a half-wave line. Substituting into Equation 1‘68 for the 
case of the quarter-wave line, where 6 is 90°, we obtain 


{Zl + Zo)/^ + {Zl - Zo) /-90° 
{Zl + Z^M^ - {Zl - Zo) /-90° 


(1-69) 


However, /90° is equal to 3 and /— 90° is equal to —j. 
substitutions and simplifying, we find that 



Making these 


(1*70) 


Thus the input impedance of a dissipationless quarter-wave trans- 
mission line is equal to the characteristic impedance squared divided by 
the load impedance. If the load impedance is a pure resistance, the 
input impedance is a pure resistance. Also, since the input impedance 
depends upon the reciprocal of Zl, if Zl is capacitive, the input im- 
pedance is inductive Similarly if Zl is inductive, the input impedance 
ife capacitive. Using the equality that odd multiples of 90° are equal 
to j with the proper sign, it can be shown that Equation 1-70 is true for 
any odd multiple of 90°. 

Where ^° is made equal to 180°, called a half-wave line, both /^° and 
/ — g° are equal to —1. Substituting this value into Equation 1-68, 
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we obtain for the half-wave line 


z = Z -(^L + Zo) - (Zl-Zq) 
• ° -(Zi, + Zo)+ (Zl-Zo^ 

This may be simplified, yielding 


(1-71) 


Z, = Zl (1-72) 

Equation 1-72 shows that a half-w^ave dissipationless transmission line 
of any characteristic impedance simply acts to bring the load impedance 
terminals to a different point. Using the axiom that unity at any mul- 
tiple of 180® is always equal to 1 or — 1, we can show that Equation 
1-72 is true for any multiple of 180®. 


Example 1*5 Design a line which will have an input impedance of 100 
ohms when it has a real load impedance Zl of 400 ohms. 

In Equation 1*70 we see that a transmission line, one quarter of a wave- 
length long, will do the job if 

Zo2 = ZlZ, 

or 

Zo = VZlZ. 


Since Zo in a dissipationless line is always purely resistive, a solution to 
this problem will be possible only when the product Z„Zl is real and positive. 
Substituting the values of Zl and Z, from the problem, we find that 

Zo = VlOO - 400 


Zo = 200 ohms 


From Equation 1 -48, we can use a coaxial line where 

, D 200 

logio — = 

d 138 

or 

logic ?= 1.450 
a 

§ = 28.2 
d 


Arts, 


1*11 The input impedance of an open-circxhted dissipationless 

LINE 

In an open-circuited line, Zl is equal to infinity. It is necessary, in 
Equation 1-58 for the reflection factor to divide numerator and denomi- 
nator by Zl in order to avoid the quantity infinity over infinity. The 
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equation for p then becomes 


p = 


1 


h. 

Zl 



(1-73) 


Substituting Zi, equal to infinity or Zq/Zl equal to zero for finite values 
of Zo, we find that 

P = 1 (1-74) 


Thus the reflection factor of an open-circuited line is unity. The volt- 
age is refle(*ted in its entirety without a change in sign while the current 
is reflected in its entirety with a change in sign. Substituting Equation 
1*74 into Equation 1-67 for the input impedance of a transmission line, 
we find that 


Zs 


i/_e+ \ /-e 

'0 _ l /-fl 


(1-75) 


But, from elementary phasor analysis, 1 is equal to (cos 9 j sin 0) 
and 1 /—$ is equal to (cos d — j sin 0). Substituting these values into 
Equation 1*75 and simplifying, we get 


or 


Z, = Z 


0 


2 cos 
2j sin 


(1-76) 


Zs = -jZo cotan 6^ Zj^^ ^ (1-77) 


This demonstrates that the input impedance of an open-circuited 
dissipationless transmission line is a pure reactance and, provided it is 
less than a quarter wavelength long, is capacitive. A curve of Equa- 
tion 1*77 is shown in Figure 1-7. We can see that the transmission line 
will go through successive resonant points. At all odd multiples of a 
quarter wavelength it will be series resonant, having an input imped- 
ance of zero, and at all even multiples of a quarter wavelength it will be 
parallel resonant, having an input impedance of infinity. Of course, 
since it is actually impossible to obtain a perfect dissipationless line, 
there will always be a resistive component left at the resonant points 
resembling the case of resonance in lumped constant theory. 

It is often useful to employ line segments as reactive elements in 
circuits. As shown by Equation 1*77, 

Zx, = 00, ^ ” 

4 


Z, = -JXc 


(1.78) 



26 


TRANSMISSION LINES 


where 


Xc — Zo cotan 


Substituting the expression for 




1 

2wfC 


(1-79) 

(180) 



Fui. 1-7 Tht' inyuit iiuix'danco of an o|H'n-eircuit('d dissipationlesB 
traiibiriishion line. 


into Equation 1-79, wc find that 

- \ = Zq cotan (1*B1) 

27r/C 

or 


27r/Zo cotan 6^ 

Here / is the frequency and 0® the electrical length. Thus it is possible, 
at ultrahigh frequencies, to obtain the equivalent of an accurate value 
of capacitance with an air line. This capacity differs from a lumped 
capacity; it is not independent of /. As 0® varies between zero and 
X/4, it will result in a capacity which will vary between C equal to zero 
and C equal to infinity. For longer lengths, the reactance is capacitive 
when cotan ^® is positive and inductive when cotan 0® is negative. To 
better appreciate what is happening on an open-circuited line, it is ad- 
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visable to refer to the original wave equations. Using these, we now 
obtain the phasor diagrams of Figure 1*8. Both and are at the 
phase angle 0°, and 



( 1 - 83 ) 


The wave has to travel down the line to the end and then the re- 
flected wave travels ba(*k to tlit; input. It mt^ans that at any instant 




Fig. 1*8 The phasor diagrams tor the waves at the input to an 
()|)en-ciicuited transmission line 


the reflected wave at the input will be lagging the propagating wave by 
Also, from the boundary conditions, the current at the end of an 
open line must be zero. Thus /"’ must bt' the negative of Since 

= -p/- (1-84) 

p must equal 1. Thus at the open end, has an added phase shift of 
180® and ET is equal to E^, Thus 7“ in the phasor* diagram is shown 
lagging by 180° less 20° while E~' is shown lagging by E^" by 20°. 
Repeating this process along the line at the i)oints (6 — 01), where I is 
zero at the sending end, we find that E and / vary in amplitude as 
shown in Figure 1-9; the phase of E is either 0 or 180° and the phase of 
I is either 90° or 270°. The variation in amplitude with distance is 
known as a standing wave. 

* Phasor diagrams are referred to as vector diagrams in many textbooks. To 

avoid an ambiguous use of the term “vector,** since true vectors are an important 
consideration in ultrahigh frequency transmission and radiation, the device for repre* 
senting a sine wave by an arrow is referred to as a phasor. 
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Fig. 1 -9 Distribution of current and voltage along an open-circuited line. 


Example 1-6 Given a transmission line with a characteristic impedance 
Zq equal to 100 ohms, what electrical length is necessary to obtain a C of 
lOpfx farads at 100 megacycles? Neglect dissipation. 

From Equation 1 *82, using an open-circuited line, we obtain 


or 


cotan 6 = 


cotan 6 = 


1 


0.28(100 X 10«)(100)(10 X 10' ‘2) 
1 


0.628 
cotan ^ = 1.59 
e = 32.08° 


A ns. 


1*12 The input impedance op a short-circuited dissipationless 

LINE 

For a short-circuited load, Zl is equal to zero. Substituting into 
Equation 1*58 for p, we obtain 

p=-l [( 1 - 86 ) 


Now substituting Equation 1'85 into Equation 1'67, the equation for 
the input impedance of a transmission line, we find that 


Z, = Zi 


ll£ - l /-9° 
1 / 0 ° + 1 /^ 


( 1 - 86 ) 
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By substituting for and as before, we obtain 

Z — Z ^ ~ ( cos 6° — j sin 

* ^ cos 6° + j sin 0° + cos 6° — j sin 6° 

so that 

Za = j Zq tan 


(1*87) 

( 1 . 88 ) 


This shows that the input impedance of a short-circuited dissipation- 
less line is a pure reactance and, if it is less than a quarter of a wave- 



length long, is inductive. A curve of Equation 1-88 is shown in Figure 
MO. This line will also go through successive resonant points. It is 
just the opposite of the results for the open-circuited line. At all lengths 
which are odd multiples of a quarter wavelength, the input impedance 
will go through a parallel resonaiic(‘ of infinite impedance and at all 
lengths which are even multiples it will go through a series resonance 
of zero impedance. Since the impedance is inductive, 

z, =jXL Zl = 0, e < ^ (1-89) 

where 

Xl = Zo tan 0° (1-90) 

But Xl is usually expressed by 

Xl = 2ir/L 


(1-91) 
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where L is the inductance in hcnrys at the frequency /. This induct- 
ance differs from the lumped constant concept inasmuch as it varies 
with frequency. Returning to Equation 1*91, we obtain 


so that 


2irfL = Zq tan 6^ 


Zq tan 6^ 
2Tf 


(1*92) 

(1-93) 


(Equation 1*93 is applicable only when tan 0° is positive. When tan 
is negative, the impedance is capacitive.) Thus, at ultrahigh fre- 
quencies, it is possible to use lengths of shorted transmission lines for 
inductive elements. 



Fkj. 1-11 The distribution of current nnd voltage* along a transmission lino short(*d 

at it-s n*(H*iving (*nd. 


By applying the same reasoning to the propagated and reflected 
waves that was used for the open-circuited line, it is possible to obtain 
the voltage and current distribution along a shorted line. The voltage 
at the shorted end must be zero and the current a maximum. A curve 
of the current and voltage distribution is shown in Figure Ml. In 
this case the current and voltage are also 90° out of phase at all points. 
It should be noted that the ratio of maximum to minimum is infinite. 


Example 1-7 Given a transmission line with a characteristic impedance 
of 100 ohms, what electrical length is necessary to obtain an inductance of 
0.2 microhenry at 100 megacycles? 

From Equation T93, for a shorted line, 


tan 6 


2wfL 

Zo 
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and 


or 


tan 6 


6.28(100 X l(y)(0.2 X 10-^) 
100 


tan ^ = 1.256 


e = 51.5® 


Ans. 


M3 Standing waves on transmission lines 

The variation of amplitude along the length of a transmission line, 
caused by the difference in phase between the propagated and reflected 
wave, is known as a standing wave. Equation 1*61 gives the voltage at 



Fig. 1-12 Phaaor diaRraiii c)f .standing wavos on transmission linens showing the 
propagated and reflected voltage waves and their resultant sum. 

any point I units from the end of a transmission line. If, instead, the 
same equation is rewritten referring to any point fit degrees from the 
the receiving end, the equation becomes 

E^i = + pE^ I-pi (1-94) 

We can see from Equation 1*94 that one of the components of the 
voltage is made up of a propagated wave that has to travel an electrical 
distance pi degrees to the receiving end. This is shown in Figure 1*12. 
At the load end, the wave is modified by the factor p, which has both 
magnitude and phase. The factor p may be written 

p = R/<f> 

where 7? is tlio magnitude factor and <#> the phase factor. 


(1-95) 
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Equation 1-94 is illustrated in the phasor diagram of Figure M2. 
After the wave is modified by p at the receiving end, the reflected wave 
has to travel back an electrical distance degrees as showii in the 
figure. The two waves are then added at the point 1. We can see 
from the diagram that when is equal to one half of <^, the reflected 
wave and propagated wave will be in phase. It results in a maximum 
voltage equal to (1 + R)E^, At the point where 01 is equal to (3^0 + 
90°), RE^ will be 180° out of phase with At this point the voltage 
will be equal to (1 — R)E^ This latter variation in voltage is shown 
in Figure M3. 


E 



Fia. 1-13 A voltage standing wave on a transmission line* showing how the positions 
of the maxima and minima are relaU'd <f>. 


A variation in amplitude, a standing wave, is absent only on those 
transmission lines where p is equal to zero. Equating p to zero in the 
equation for p, we find that Equation 1*58 becomes 


or 


0 = 


Zl-Zq 
Zl + Zq 


(1.96) 


Zl = Zq 


(1-97) 


When no standing waves are present on the transmission line, it is 
said to be matched. Referring to Equation 1-97, we find that the 
transmission line is matched only when the load impedance is equal to 
the characteristic impedance. In the dissipationless case the charac- 
teristic impedance is a pure resistance showing that the termination 
also has to be a pure resistance to match the line. When the trans- 
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mission line is matched, since only the propagated wave is present, the 
voltage along the line is constant in amplitude but varies in phase, the 
phase angle being equal to /3Z degrees. When the line is terminated in 
any pure resistance, and since Zq is a pure resistance, <l> will be either 
0® or 180®. This follows because 
21 ^ 2 

P = — — = ztR (whenZi, == pure resistance) (1-98) 
+ ^0 


Thus (f) will be 0® when Zl is greater than Zq and </> will be 180® if Z^ is 
less than Zq. Referring now to Figure I 13, we find that when 0 is 
zero (Zl is a pure resistance greater than Zq) <t>/2 is zero and a minimum 
occurs 90 electrical degrees from the end of the line. If 0 is equal to 
180® (Zl is a pure resistance less than Zq), 0/2 is equal to 90® so that 
a maximum occurs 90° from the end of the line, (falling the ratio of 
Rmta to wheii 0 is zcro, we find that 


S = 


E 

E 


1 ”1“ 

I - R 


(1-99) 


From equation 1-98 for the case where 


R = 




- 1 




+ 1 


(MOO) 


Substituting Equation MOO into Equation 1-99, we obtain 


1 + 


I- 


S = 


Zo 


+ 1 


- 1 


2o 


1 - 


Zl 


+ 1 


so that if a minimum occurs 90° from the load, 

Zl = SZq, Zl = pure resistance 


(MOl) 


(M02) 


Similarly, if the maximum occurs 90° from the load, R is negative and 
^0 ,, . . 


zt = 


S ’ 


(M03) 


Zl = pure resistance 
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When 7ji, is not a pure resibtaneo, the phase angle, of p is given by 
twice the electrical distance from the load to E maximum, and R of p, 
from Equation 1 99, is given by 


Substituting these results into Equation 1 98, we find that 


or 




Xl - Z„ 
Zl + Zo 


1 + r/^ 
I - r /^ 


(1 105) 


(1 10b) 


Using Equation 1 106, we can deteimiiK^ the value of an imi)edance 
by terminating a transmission line in the impedaiue, measuring the 
standing wave ratio on the tiansniission line, and noting th" position 
of the minimum The minimum is us(h 1 (as sho\Mi in Piguie 1 13) 
because its location is miuh more* definite and the minimum is easier 
to detect than the maximum 


M4 Transmission unis usld xs mi vstfrino demcfs 

A schematic ciicuit of the appaiatus iu‘cessaiy tc standing 

wave measuiements ioi tlit^ deteiminatiori ol imiiedances is shown m 



Fig 1 14 Voltmeter measuring ipparatus for detecting standing waves 
on a transmission lim 


Figure 1 14 It consists of an oscillator, which is a source of power, 
a standard transmission line, and a means for detecting the standing 
wave on the transmission line, usually called a probe. The probe is 
actually an r-f voltmeter with a high input impedance 
The transmission line has to be very carefully constructed so that the 
correct characteristic impedance ib obtained The characteristic im- 
pedance must be kept as constant as possible along the length of the 





CourteBy of Electronics 

Fi(j. 1*15 (a) A balanced line us(^d for impedance measurements, constructed in 

a trough for shielding. (6) A coaxial line with a slot in the outside shield used for 
impedance measurements. 


at least one maximum and one minimum will always be available on 
the line for measurement. 

The probe construction will vary with different frequency bands. 
At the low radio frequencies, the ordinary commercial vacuum tube 
voltmeter usually has a high enough impedance to allow it to be used 
directly across the transmission line, A very simple type of ultrahigh 
frequency voltmeter is illustrated in Figure M4. An ordinary trans- 
mission line of length I is employed with a very low impedance r-f am- 
meter connected across one end. When I is equal to 3^X at the fre- 
quency being used, the impedance looking into its input end, across 
T 1 T 2 J is very high. These points of contact with the line are moved 
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along the line, and the voltage at points along the line, the standing 
wave pattern, will be obtained. For a more sensitive device the end 
where the r-f meter is located may be shorted and a loosely coupled 
output loop used to conduct a small amount of r-f energy to a receiver 
used as the indicator. Figure 116 shows the construction of the dual 
and coaxial types of probe. 



Fig. 1*16 (a) A dual type prol>e for standing wave measurements on a balanced 

transmission line. (6) A coaxial probe with a shorting disk and pickup loop inside 
the outer conductor of the probe. 

The dual probe is always used by making contact with the standard 
transmission line at the probe’s input points. The coaxial probe may 
be used by having its inner conductor come in contact with the inner 
conductor of the standard transmission line. The shields of both are 
always in electrical contact with the shields of the lines. Very often, 
however, the inner conductor of the coaxial line probe is merely pro- 
jected a small distance into the shield of the coaxial standard line, acting 
like a small vertical open-ended antenna. When this is done the posi- 
tion and length of the probe’s inner conductor inside the measuring line 
must be maintained constant as the probe is moved along the line. 
This necessitates the use of some type of sliding carriage for the probe. 

For convenience, the shorts on the probes are usually made variable. 
This may be accomplished by means of a thumb screw which operates 
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through a slot in the side of the probe shield. The physical appear- 
ances of two probes of this type are shown in Figure 1*17 



Courtesy of KUctromtH 


Fi<j 1 17 A photograph of the two probes shown diagrammatically in Figure 1‘16. 

When a standard transmission line and its associated probe are used 
to measure an impedance at ultrahigh frequencies, there are four steps 
to be followed: 

1. A transmission line of knowm characteristic impedance is first 
set up. 

2. The end of the transmission line is then shorted and, with a high 
impedance probe, the position of the minimum is determined. This 
minimum will be 180° from the end. 

3. The unknown impedance is connected at the end and the position 
of the minimum is determined. If the minimum shifts toward 
the load, <t>^2 will be equal to 90° minus the shift. If the mini- 
mum shifts toward the generator, 0/2 will be equal to 90° plus 
the shift. 

4. The standing wave ratio, <S, is measured on the line and from 
Equation 1104, /2, the magnitude of p, is determined. 

Example 1*8 What is the value of the load impedance terminating a 
transmission line, whose characteristic impedance is equal to 100 ohms, 
when the standing wave ratio on the line is 3? The position of the minimum 
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is determined with the line shorted, and when the load is connected the mini- 
num shifts 30® towards the generator. 

From step 3 of the preceding paragraph, </)/2 is equal to 120°, or 4> is equal 
to 240®. 

From Equation 1*104, 


Substituting into Equation 1*106, we find that 

1 + 0.5/240° 


Zl = 100 


Zl = 100 


1 - 0.5 /240® 
0.866/ -30° 


1.325 /19.1° 
Zl = 65.2/ —49.1 ohms 


Ans, 


MS Single-stub transmission line matching 


To keep standing waves from forming on a transmission line it is 
necessary to match the line. This can be done by any means which 
transforms the load imp<idance Zl to the characteristic impedance Zq. 

A simple method of matching a line employs a single stub on the 
transmission line. The stub consists of an open or shorted section of 
a transmission line. It is attached to the line at the point where the 
impedance looking into the line, in parallel with the stub, has a real 
component of admittance equal to I/Zq. 6° from the load Zl, the 
input impedance, Z„ of a transmission line is — from Equation 1 -67 — 

^ ^ cos ^ + j sin 0 + P eos d - jp sin 0 

Zg = Zq ; {l’HJ7) 

COS 6 + j sin 0 — p cos S + jp sin B 


This gives for the admittance, F*, 

_ (1 — p) cos g + i(] + p) sin e 

* Zo (i + P) ‘‘OS 0 + jii — p) sin 9 


(M08) 


Removing the imaginary component from the denominator by mul- 
tiplying numerator and denominator by the conjugate of the denomi- 
nator, we obtain 



(l+p)(l— p)cos^fl+(l— p)(l+p)sin^e+jcos 9 sin [(1-hp)^— (1— p)^] 
(1 -|- p)^ cos^ 5 + (1 — p)^ sin^ 9 


( 1109 ) 
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_L — P^) ^ 6) + j (cos d sin ^)4p 

Zo (1 -f P^) (cos2 P + «in2 P) + 2p (cos^ <9 - sin^ d) ^ ‘ ^ ^ 


But 


cos^ d 4- sin^ ^ = 1 
cos^ 6 — sin^ ^ = cos 2d 


(Mil) 


Equation 1*111 may be substituted into Equation 1*110 to obtain 
1 — . 4p cos 6 sin 6 


^0 -1 


h 7 

+ P^ 4* 2p cos 2^ 1 4" p^ 4^ 2p cos 20_ 


( 1 * 112 ) 


In order for the impedance looking into the line to be Zo, the real 
part of Equation 1*112 should be equal to I/Zq and the imaginary part 
should be canceled out by the admittance of the stub. Equating the 
real part of Equation 1*1 12 to 1/Zo, we obtain 

1 -P^ 


1 4" P^ 4“ 2p cos 26 


= 1 


or 


0° = 


cos 


(-p) 


(M13) 


(M14) 


Since Equation 1*1 14 is a solution when p is real, may be measured 
from a minimum of the voltage standing wave. At this minimum 
point V and / will be in phase and the effective p at this point, desig- 
nated as PM, will be real. In terms of the standing wave ratio, where 
is greater than one, pm obtained by substituting Equation 1*103 into 
Equation 1*98: 


PM 


1 - .S[ 

1 4- 


(1*115) 


Substituting Equation 1*115 into Equation 1*114 and clearing the 
minus sign from in front of pm, we find that 


6 = 



(M16) 


Equation 1*116 now gives, in terms of the standing wave ratio, the 
distance in electrical degrees from the minimum of the voltage stand- 
ing wave ratio to the point at which the stub should be put on. Equat- 
ing the imaginary part of Equation 1*112 to l/jX* will give the react- 
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ance at that point which has to be tuned out in order to result in a pure 
resistance equal to Zq: 


1 j 4p cos B sin 6 
jXs Zfj 1 + -f" 2p cos 26 


(M17) 


The reactance values of a stub are given by 

JXl = tan Bast shorted stub 
— jXc = “ jZ() cotan Baoy open stub 


(M18) 


where the Zo of the stub is equal to the Zq of the line being ‘‘stubbed” 
or “flattened.” 

Since Equation 1-1 Ki will have two solutions less than 90°, one posi- 
tive and one negative, Equation 1-117 will also have two solutions. 
When 0° of Equation 1-116 is taken positive, Equation 1-117 will yield 
a positive Xs. Thus an open stub would be required to produce the 
necessary negative reactance and 0° would be measured from the 
minimum towards the generator. When 0° of Equation 1-116 is taken 
negative, Equation 1-117 will yield a negative Thus a shorted stub 
would be required to produce the necessary positive reactance and 0° 
would be measuied from the minimum towards the load. 

For the open stub, from Equations 1-118 and 1-117 


Bao == cotan' 


j 1 “b p^ -|“ 2p cos 2B 

4p cos B sin B 


(1-119) 


Substituting the following equations — ^from Equation 1-114 and trigo- 
nometric identities — 


cos 2^ = — p 

[\ 

cos B = + 

sin ^ 


p 


+ p 


(M20) 


into Equation 1-119, we obtain 

Vl — p^ 

= cotan — :: {B measured from minimum towards generator) 


2p 


For a shorted stub, when 6^ is taken negative 

+ p^ 4“ 2p cos 2B 


(M21) 


Baa = tan 




4p cos 6 sin B 


) 


(M22) 
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Substituting 


cos2^ = — p 


cos 0 = + 


sin d = — 



(M23) 


into Equation 1122, we obtain 


tan 


1 


Vi - 

2p 


(6 measured from the minimum towards the load) 


(M24) 


Example 1-9 A load connected to the receiving end of a transmission line 
produces a standing wave ratio of 2. What stub should be put on the line 
to eliminate the reflected wave? 

From Equation 1*116, 

COS~*' 

= 

2 



2 

0.33 


2 


9^ = 35.25® 


Ans. (a) 


The stub should be 35 25 electrical degrees from the minimum. For an 
open ‘Stub, 9° should be measured from the voltage minimum towards the 
generator. From Equation 1121, since p is equal to 


6^0 = cotan ‘ 


(2)(i) 


9 so - cotan“^ L425 


3so = 35® 


Ans. (b) ($ positive) 


For a shorted stub, 9° should be measured from the voltage minimum toward 
the load. From Equation 1*124, 

9ss^ = tan-i 1.425 

9ss^ = 55® 


.4 ns. (c) (9 negative) 
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M6 Procedure for putting a single matching stub on the line 

In case it is necessary to design matching stubs which result in a 
standing wave ratio of less than about 1.2, the equations will not ade- 
quately solve the problem, since “end effects^’ and losses are not taken 
into consideration. The equations, and charts if they are available, 
are the first approximations, and a definite procedure should be followed 
to obtain the final desired values. A recommended procedure is the 
following: 

1. A good high impedance voltmeter should be used to measure the 
standing wave ratio. 

2. From the available equations or charts, the length of stub neces- 
sary should be obtained and conrfected at the point indicated. 

3. The stub will usually only roughly “flatten the line.’* The length 
of the stub should be varied until a maximum or minimum occurs 
90° away from the stub towards the generator; thus the reactive 
component has been canceled out. If a maximum occurs 90° 
away from the stub towards the generator, it means that the 
impedance is too low. A shorted stub should be moved slightly 
toward the load or an open stub should be moved slightly toward 
the generator. If a minimum occurs 90° away from the stub 
towards the generator, it means that the impedance is too high 
so that a shorted stub should be moved slightly towards the 
generator or an open stub should be moved slightly towards the 
load. 

4. Steps 2 and 3 should be repeated until the required flatness is 
obtained. 

M7 Double stub transmission line matching 

Single stub matching entails varying the point of connection of the 
stub to the line. It is sometimes inconvenient especially in coaxial trans- 
mission lines where an opening in the shield is necessary to admit the 
stub. The shield of the line and the shield of the stub then have 
to be joined in a good electrical connection to complete the circuit. 
By using two stubs of variable length, the need for moving the points 
of connection of the stubs to the line is eliminated. 

Figure 1*18 shows a schematic diagram of a double stub transmission 
line matching circuit. The transmission line of characteristic imped- 
ance, Zoy is terminated in an impedance Zl- Stub 1, of length ^i, is 
located at point AB on the line. Stub 2, of length is located at 
point CD on the line. They are separated by a distance <t>. This 
distance cannot be a half wavelength since that would effectively con- 
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nect the two stubs in parallel. For the same reason the stubs should 
not be too close together. 

Let us consider now what happens on the line. At the point AB the 
input impedance of the line, looking toward the load, has a definite 
value, Za. Stub 1 is a react- 
ance in parallel with this input 
impedance. As the length of 
this stub is varied, the stand- 
ing wave on the rest of the 
line varies. It is finally ad- 
justed so that the real part 
of the admittance, at the 
point CD is equal to I/Zq. 

The admittance Yc is the ad- 
mittance at the point CD 
looking into the transmission 
line towards stub 1. Stub 2 
is then adjusted in kmgth until the reactive component of the admit- 
tance is tuned out, resulting in the input admittance becoming real 
and equal to I/Zq. Thus the input impedance is Zq and the line is 
matched. 



Fki. 118 Schematic diagram of the double 
stub method of matching a transmission line. 



Fig. 119. The division of power between transmission lines by using a stub to 

divide the power. 


1*18 Division of power between transmission lines 

It is often necessary tc divide the power being transmitted by a trans- 
mission line between two other transmission lines. This division of 
power usually has a definite ratio, determined by the loads that are to 
be fed. In Figure 1-19 are shown two transmission lines, A and B. A 
has to obtain K times the power delivered to B. They are both obtain- 
ing their power from transmission line C. All three transmission lines 
are assumed to have the same characteristic impedance Zq, Also both 
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transmission line loads have been matched so that there is no reflected 
wave^ h3nce the impedance looking towards the load at any point on 
A or B is Zq. % 

The technique of dmding the power is to attach a stub somewhere 
on one of the lines so that the line presents at its input, at the junction 
J, an impedance which is real and is K times Zq. Thus, at the junction, 
there will be a network consisting of Zq and KZq in parallel, and the 
power will divide accordingly. To produce an impedance of KZq 
looking into line B at J, a stub should be connected to line B introducing 
a standing wave ratio of K, Since the stubs given by Equations 1*119 
and 1*121 are used to remove standing wave ratios, then, by reci- 
procity, if there is no standing wave on the line these stubs, when at- 
tached at the correct point, will create a standing wave ratio of B, S 
being obtained from Equation 1*115. From Equations 1*102 and 1'103, 
at the minimum voltage point the Z^^ of the line is given by 



At the maximum voltage point the Z,n of the line is given by 

Z,^ = SZo (M26) 

To obtain a power ratio of /v, S is made equal to K, Line B is joined 
to lino A, where the standing wave on B is at a maximum. Line B 
will have an input impedance K times as large as the input impedance 
of line Ay and line A will receive K times the power of Hue B. 

The generator line will now have a standing wave on it. A stub 
should be used on the generator line if no standing wave may be toler- 
ated at the input. 

The phase relations of the two lines, A and B, may now be adjusted 
by adjusting the lengths of the ^‘flat^’ portions of the lines. The *‘flat’^ 
portion of the line is used because the phase shift along a ^'flat^^ line is 
always proportional to its length whereas the phase shift along a line 
with a standing wave on it is not inasmuch as the impedance varies 
along its length. 

1*19 Circle diagram calculator 

Calculations for ultrahigh frequency lines are often simplified by the 
use of graphs or families of curves. The curves that result, if they are 
families of circles, are usually referred to as circle diagrams. These 
diagrams are of great help particularly when the calculations have to 
be repeated a great many times. 

One type of circle diagram is shown in Figure 1*20. It is actually 
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a special impedance coordinate system so arranged as to portray the 
relationships of impedances along an open wire or coaxial transmission 
line. The reactive and resistive values are plotted as fractions of the 
characteristic impedance Zq of the transmission line used in the meas- 
urements. Thus the results obtained on the curve are per unit values 
and have to be multiplied bj the value of the characteristic impedance 
to obtain the result in ohms 

The first set of lines on the calculator consists of a series of circles 
with their diameters coinciding along the vertical axis. These circles 
are the resistance component circles, and their values are given at the 
intersection of each circle with the center vertical axis. As shown, 
all are tangent at the bottom of the diagram. The second set of lines 
consists of the arcs of circles which originate at the very bottom of the 
diagram and terminate at the outer rim. They are the reactance com- 
ponent curves and are calibrated at the outer rim. The lines to the 
left of center are negative reactance lines and those to the right of 
center are positive reactance lines. The third set of lines, concentric 
circles shown in red to facilitate their use, are the standing wave ratio 
curves. They are calibrated fiinn 1.2 to 20, being tangent to the top 
of the resistance component circles of the same value. Around the 
edge of the diagram are two calibrations. They are fractions of a 
wavelength toward the generator and toward the load. 

The circle diagram can be used to obtain the values of unknown im- 
pedances in slotted line impedance measurements. A slotted line of 
known characteristic impedance is used with a means of obtaining the 
standing wave measurements. The following procedure is used: 

1. The end of the slotted line is shorted and the voltage minimums 
are located and marked. 

2. The unknown impedance is connected across the end of the slotted 
line and the standing wave ratio obtained. This standing wave 
ratio will determine the red circle on which the answer will be 
found. 

3. The distance that the minimum of the standing wave has shifted 
from its position in step 1 is measured. Any minimum noted in 
step 1 can be used. If the minimum is measured as shifting towards 
the load, its measurement, as a fraction of the wavelength being 
used, will be noted on the scale labeled “Wavelengths toward. 
Load.'’ If the minimum is measured as shifting toward the 
generator, its measurement will be noted on the scale labeled 
“Wavelengths toward Generator." A straight line can then be 
drawn from the center of the diagram to the fraction noted on the 
proper scale. 
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4. The intersection of the circle obtained in step 2 and the straight 
line obtained in step 3 marks the answer. The values of the re- 
sistance and reactance component lines which intersect at that 
point, multiplied by the characteristic impedance of the meas- 
uring line, yield the components of the unknown impedance being 
measured. 

Example 110 A slotted transmission line with a characteristic imped- 
ance of 60 ohms is used to measure the value of an unknown impedance. 
The transmission line is shorted and all the minimum positions noted. The 
impedance is then placed across the end of the line and a standing Wave is 
obtained which has a maximum to minimum ratio of 2. The distance the 
minimum shifts is measured as shifting 0.175 wavelength towards the load. 
What is the value of the unknown impedance? 

Referring now to Figure 1 *20, we locate the answer on the red circle labeled 
2.0. A straight line is drawn from the center to 0.175 on the wavelengths 
toward load scale. This straight line and the circle labeled 2.0 intersect at 
R/Zq equal to 1.22 and at jX/Z^i equal to 0.725. Since the characteristic 
impedance of the measuring line is 50 ohms, these two values are multiplied 
by 50, giving 

Z = 61.0 "f f36.25 ohms Am. 

1*20 Lines with dissipation 

Only in electrically long lines or special applications of lines does 
dissipation have to be taken into account at ultrahigh frequencies. In 
low-loss lines with dissipation, a phase shift along the line plus an atten- 
uation factor will be found. From Equation 1-31, letting 01 be equal 
to d — the electrical length of the line — we get 

V = £+e~“V-9 + 

I = i+e-“'/-9 + 


Again, for convenience of calculation, assume that 0 is measured from 
the load end of the line. The equations for the voltage at the end of the 
line, where B is equal to zero, are the same as in Equations 1*54 so that 


Zi, + 


(M28) 


Thus the value of p is the same as in the dissipationless line. Substitut- 
ing Equation 1*128 in Equation 1*127 and with I measured from the 
receiving end of the line in a negative direction, we obtain 






( 1129 ) 
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where I is the absolute value of the distance from the receiving end of the 
line to the point in question 

Dividing F by / to obtain the input impedance, Z,n, we find that 




(1-130) 


Both numerator and denominator are multiplied by e to yield 

i/e + 

rw rr i - — L i 


^.n - .^0 


(1-131) 


Comparing Equation M31 with the Z,„ of a dissipationless line as 
given by Equation 1-67, we find that they are the same except that p in 
Equation 1131 is modified by the dissipation factor Thus the 

effective p of a line with dissipation varies with its length. 

Let Pa be the reflection factor of a line with dissipation to be used for 
measuring input impedances. Thus 

= pe-2“^ (1.132) 


Substituting Equation 1-32 into Equation 1-31, we find that 

i/e + Pa/-e 

Equation 1-133 now has the same form as Equation 1-67 for the dissipa- 
tionless line; but it em]floys the reflection factor as given by Equation 
1-132. AVe see that the reflection factor decreases with the length ly 
showing that the standing wave ratio on a dissipative line decreases 
with distance from the receiving end. In fact, dissipative lines of suf- 
ficient length to have a pa small enough to be negligible are used as load 
impedances which remain un(*hanged with frequency, pa decreases 
rapidly with length of line because the wave has to travel from the 
point I to the end of the line, be refi(‘(*ted. and travel back again, thus 
suffering a double attenuation along the line. 

All the calculations for the dissipationless line apply to the line with 
dissipation, except that pa is used instead of p. Over a small region of 
the line, pa can be assumed constant and the first approximation of a 
line stub calculated if necessary. The stubbing procedure outlined for 
the dissipationless case can then be used to obtain the final adjustments. 

To calculate po, it is necessary to know the value of a. In the case 
of low loss lines, 

r 

a = nepers per unit length (1-134) 

2Zo 
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where r \b the resistance of the line per unit length The value of r will 
vary with the frequency, /, being used 

The value of r for the coaxial line shown m Figure l%5a is given by 



X ohms per meter 


(1 135) 


where both d and D are measured in centimeters For the balanced 
transmission line shown in Figure 1 55, 


r 


16 6v7 


lOr® ohms per meter 


(1 136) 


where again d is measured in centimeters The resistance of the four- 
wire transmission line shown in Figure 1 5c is one half the resistance 
obtained m Equation 1 136 lor the balanced line. 


Example 1 11 Determine the input impedance of an open-air balanced 
Ime made up of conductors 1 centimeter m diameter Fne liiiC is 10 meters 
long and shorted at the far end The characteristic impedance of the Ime is 
100 ohms and the frecjuency being used is 100 megacycles 
Solving for r from Equation 1 136, we obtain 


r 


lObVW 

1 


X 10”® ohms per meter 


r = 0 166 ohm per meter 


Using Equation 1 134 to obtain a, we get 


0 166 
200 


a = 0 00083 ohm per meter 


Solving for p from Equation 1 128, we find that 


0 - 1(K) 
0 + 100 


Substitutmg into Equation 1 132, we obtain 

Pa =* -0 951 


Now Equation 1 133 may be used to obtain Remembering that in an 
open air line the electrical length is the same as the mechanical length, we 
obtam 


100 


1 /3600° - 0 951 /3600° 
1/3600° + 0 951/3600° 
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PROBLEMS 

1*1 What is the input impedance of a dissipationless transmission line which has 
the following constants? 

Zo == 100 ohms 
Zx, = (20 -fJSO) ohms 
= 75 ^ 

1*2 Plot a curve of the input impedance magnitude and phase angle of problem 
1-1 as varies from 0° to 360*^, 

1*3 What is the Zo of a transmission line that will match a 30-ohm resistive load 
to a line with a characteristic impedance of 140 ohms? Use a quarter-wave match- 
ing section. 

1'4 Plot a curve of the effective inductance* of a sliorted dissipationless transmis- 
sion line as its electrical length varies from 0° to 90°. The characteristic impedance 
of the line is 50 ohms and the frequency is 200 megacycles. 

1*5 Plot a curve of the effective capacitance of the line of problem 1-4 when the 
load end is kept open. 

1*6 Calculate the load impedance on a Iransmission line whose standing wave 
ratio is 3.5 and whose minimum occurs 12 oenlimcters closer to the load than when 
the load was shorted. The frequency is 200 megacycles and the dielectric is air. 
The Zo of the line is 80 ohms. 

1*7 Calculate the load impedance on a transmission Ijne where the standing 
wave ratio is infinite and the minimum occurs 65° closer to the generator than when 
the load was shorted. The Zo of the line is 100 ohms. 

1^8 Prove that 


where Z,« is the impedance of a transmission line of length with the load end 
shorted whereas Z,© is the impedance of the same transmission line with the load end 
open. 

1*9 Calculate the length of stub and its position necessary to match the line 
of problem 1-3. 

1*10 Calculate the length of stub and its position necessary to match the line 
of problem 1-7. 
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Ml Given the two loads: (a) (100 +i50) ohms; (b) (30 +jl0) ohms. Cal- 
culate the positions of all the stubs necessary to feed twice as much power to load h 
as is delivered to load a. Both are fed from a common generjitor using 100-ohm 
transmission lines. It is also desirable that the combination present an impedance 
of 100 ohms at the generator terminals. 



Chapter 2 

ELEMENTS OF VECTOR ANALYSIS 

2*1 Scalar and vector quantities 

There are two fundamental types of physical quantities, scalars and 
vectors A scalar quantity has magnitude only. Examples of scalar 
quantities are mass, volume, density, and temperature. They will be 
represented by ordinary capital letters, such as M (for mass). A 
vector, for our purposes, may be defined as a (juantity which has both 
magnitude and direction. Examples of vector (juantities are velocity, 
force, electric field intensity, current density, and magnetic force. 

The vector should not be confused with the representation of a sinus- 
oidal function by means of the real part of a rotating phasor. The 
vector represents the actual instantaneous magnitude of the quantity 
and indicates its direction in three-dimensional space. The phasor, 
on the other hand, represents the magnitude variation of a sine func- 
tion. 


2‘2 Vector diagrams 

A vector acting at a point 0 may be represented by an arrow pointing 
in the direction of the vector, as shown in Figure 21. The magnitude 
of the vector is represented by the length of 
the line OA in the figure. 

A vector is symbolized by bold-faced type, 
such as M. The magnitude of the vector will 
be represented by | M | or ikf. Notice that 
the magnitude of a v(‘ctor is a scalar. An ex- 
ample of such a scalar is speed, where velocity Fig. 21 Diagrammatic 
is the vector possessing both magnitude and representation of a vector 
direction while speed is a scalar representing acting at the point 0 in the 
only the magnitude of the velocity. irection A. 

A vector diagram, such as shown in the figure, is usually drawn as 
a three-dimensional space diagram; but it represents a vector acting 
on a single point. Interaction between vectors, one requisite for 
vector calculations, can take place only if the vectors involved act on 
the same point. Thus, when two vectors of the same type act on tjie 
same point they may be combined; but when they act on different 
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points, the effects must be transferable to the same point before they 
are combined or even drawn in the normal manner in the same vector 
diagram. ^ 

Since the magnitude of a vector is a scalar, a scalar operating on a 
vector operates only on the magnitude, yielding another vector pos- 
sessing the same directional characteristics as the original vector but 
differing in magnitude. Multiplying the vector M by the scalar Z, we 
find that 

ZM = Q (2*1) 

where Q is the resultant vector having the same direction as M, but 
whose magnitude, Q, is equal to IM, This operation is often encoun- 
tered when changing units. For instance, a vector representing veloc- 


M 



Fig. 2*2 The* nop;aliv(‘ of a voctor 
showing how it. posscssc's t.hr same 
magnitude but points in the o})p()sitt‘ 
direction. 



Fig. 2-3 The addition of r.wo vectors 
whert» the sum is eaual to the diagonal 
of th(' i>arall('logramwhose twc/ adjacent 
sides are the original vectors. 


ity in feet per minute can be converted to a vector representing the 
velocity in inches per minute by multiplying with the conversion 
scalar 12. This incr(*ases the magnitude of the vector by a factor of 
12 but has no effect on its direction. 

In scalar mathematics, a negative quantity is a quantity less than 
zero. This is not so in vector calculations. The negative sign in 
vector notation possesses the ability to reverse the direction of a vector. 
In other words, the negative of a vector is another vector having the 
same magnitude as the original vector but acting in the opposite direc- 
tion. In Figure 2-2 this axiom is illustrated by having the vector — M 
point in the opposite direction of the vector M. 

2*3 Addition and subtraction of vectors 

The addition of vectors must take into account both the directions 
and the magnitudes of the vectors concerned. It is carried out graphi- 
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cally as shown in Figure 2-3, where 

M + N = F (2-2) 

The addition is accomplished by completing the parallelogram formed 
by the two vectors, ab parallel to N and cb parallel to M. The result 
is a diagonal originating at the origin. Since both these vectors repre- 
sent individual vector quantities acting on the point 0, the sum also 
acts on the point 0, Reversing the order of addition shown in Figure 
2-2 will yield the same result; the commutative law of addition for 
scalars holds also for vectors. More than two vectors are added by 
first obtaining the sum of two vectors and then adding to that sum a 
third vector; the latter sum is then added to the fourth vector and so 
on until the complete sum is obtained. 'I'he order in which the vectors 
are taken has no effect on the result; commutative law of addition also 
applies when more than two vectors are added. 

Subtraction is carried out by, first, reversing the direction of the 
vector following the minus sign and, then, carrying out addition. For 
instance, 

P - L = R (2-3) 

is the same as 

P + (-L) = R (24) 

where —L is a vector acting in the opposite direction to the vector L. 

The components of a vector are any set of vectors w^hose sum is equal 
to the original vector. These components, of course, are usually 
chosen in a systematic manner so that they follow certain definite 
rules. The components most often used are called the rectangular 
components. They are three vectors parallel to the mutually perpen- 
dicular X, 2 /, and z axes. The comi)onents of the vector M, for instance, 
are given by 

M = + iMy + kM^ (2*5) 

w^here normally, as shown, each component is represented as a product. 
The vectors i, j, and k are unit vectors having a magnitude of unity and 
pointing in the positive x, y, and z directions, respectively. Mx, My, 
and Mz are scalars which determine the component magnitudes. These 
scalars alone are often referred to as the components inasmuch as the 
subscript always denotes the unit vector to be used for determining the 
direction. As shown in Figure 2 4, the components of a vector are 
equal to its projections on the rectangular axes. 

The application of components in the addition of vectors may be 
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illustrated by substituting into Equation 2-2 the components of the 
vectors involved* 

M + N = IVr + iMy + kM, + iN^ + jiVy.+ kN, (2-6) 

In accordance with the process of addition, vectors pointing in the same 
direction may be added d’rcctly. Adding x, //, and z components of 

Equation 2-6, we obtain 

M + N = i(M, + N,)+i(My + 
Ny) + k(M, + AT,) (27) 

This may be expressed by the 
statement: For any number of 
vectors, the components obtained 
by taking the sums of similar 
(‘ornponents are ecpial to the cor- 
responding components of the 
vector sum. vSimilarly, for sub- 
traction the (lifTerence ol the 
components is used so that 

M - N = i(M, - N,) + KMy 
~ Ny) + k(M, ~ N,) (2*8) 

Thus the vector difference is 
obtained by subtracting each of the components of one vc tor from a 
similar component of the other. 

Example 2-1 Find the sum and the difference of the two vectors 
M = i8 4- jll - k3 
N = i2 ~ j9 -f kl2 
The sum, from Eejuation 2 7, is 

M 4- N = i(8 -h 2) + j(ll - 9) 4- k(-3 -f 12) 

M 4- N = ilO 4- j2 4- k9 A ns. (a) 

The difference, from Equation 2*8, is 

M -- N = i(8 - 2) 4- j(ll + 9) 4- k(-3 - 12) 

M - N = i6 4- j20 - kl5 Am. (b) 

2*4 Vector or cross product 

There are two types of multiplication involving vectors. The first 
type to be considered is called the vectoi or cross product; so-called 
because the result is a vector and the operation is signified by putting 



Fio. 24 Th(‘ r(‘ctangular coinponrnts of 
tiu‘ vector M. 
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a cross between the two vectors of the product. The vector product 
of the two vectors drawn in Figure 2-3 is noted as 

M>'N = R (2-9) 

The magnitude of the vector R is equal to the area of the parallelogram 
Ocba in the figure. Thus it is equal to MN sin a, where a is the angle 
between the two vectors. The direction of R is perpendicular to the 
plane of the two vectors pointing in the dire(*tion of travel of a right- 


MxN-R 



Fin. 2*5 T})(‘ v(‘cl()i oi cross proiluct of two vectors where R is 

porpomliculai to both M and N. 


hand screw when the first vector of the product is rotated into the 
second through the smallest angle between th(»m. Thus R in Figure 
2-3 would be a vector pcTpcnidicular to the page surface pointing up 
out of the page. It is illustrated in Figure 2-5. 

Reversing the order of the v(‘ctors rev(‘rses the direction of the result. 
Thus 


N-M = U 


( 2 . 10 ) 


where IT in the figure points down, in the oi)posite direction of R, and 
therefore is equal to — R. licence reversing the order of the two vectors 
in a vector product changes the sign of the result. 

To apply the vector product to the components of a vector, we must 
obtain the various v(»ctor products of the unit vectors i, j, and k. Taking 
all possible combinations of these vectors, we obtain 

j = k 
j-k = i 
k^'i = j 
ixi = jxj=kxk=:0 


( 2 . 11 ) 



60 


ELEMENTS OF VECTOR ANALYSIS 


As stated previously, reversing the order of any cross products like 
those in Equation 211 will place a negative sign in front of the result. 
An interesting point to note is that the cross product of a vector with 
itself is equal to zero. This is understandable because the area en- 
closed by completing the parallelogram would be zero. 

To obtain the comjionents of the cross product, M N is expanded 
in terms of its components. It is accomplished by multiplying each 
of the components of on(‘ vector by the components of the other. Each 
result will involve a cross product of two unit vectors and a magnitude 
equal to the product of the magnitudes of the com])onents. Thus 

M X N - (iM, + iMy + Mh) X (iN, + iNy + kN,) 

= i X iM^AT^ + i X iM^Ny + i X kM^N^ 

( 2 - 12 ) 

+ j X iMyN, + i - iMyNy + j X kMyN, 

-h k X iMzNx + k X jMzNy + k ^ kM^Nz 


Using Equation 211 so that all the cross products of similar vectors 
will drop out, and adding magnitudes multiplied by the same unit 
vector, we find that 


M X N = i{MyNz - MzNy) + i{MzNx ~ M^Nz) 
+ k{MxNy - MyNx) 


(2.13) 


The relationship in Equation 2*13 may h(» expressed as a determinant 
where the unit vectors occupy the first row; the components of the first 
vector, the second row; and the components of the second vector, the 
third row. With two vertical lines used to denote the determinant, it 
becomes 


i 

j 

k 

M, 

My 

M, 

N, 

Ny 

N, 


(2-14) 


When the standard rules for the expansion of determinants is applied 
to Equation 2-14 the result is Equation 2-13, the expansion of the cross 
product. 


Example 2*2 Determine the cross product P x Q, where 
P = i3 + j5 + k7 
Q - i7 - j2 -f k4 
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Substituting into Equation 2*13, using P instead of M and Q instead of N, 
we obtain 

P X Q = i(20 + 14) -h i(49 - 12) + k(-6 - 36) 

PxQ «= i34 + j37-k41 Am. 


2*5 Scalar or dot product 


The other type of vector multiplication is called the scalar or dot 
product, so-called because the result is a scalar and the operation is 
signified by putting a dot between the two vectors being multiplied. 
The dot product of the two vectors shown in Figure 2*3 is represented 
as 

M • N = S = MN cos a (2-15) 

where a is the angle between the two vectors. In this case the result 
is a scalar which possesses only magnitude. Changing the order of the 
two vectors in scalar multiplication does not change the result. From 
the definition of a dot product we see that the dot product of a vector 
with itself is equal to a scalar having a magnitude equal to the vector^s 
magnitude squared. Similarly, since the cosine term is involved, the 
dot product of two vectors at right angles to one another is zero. Apply- 
ing these rules to the dot product of the unit vectors, we obtain 


i*i = i'j = k'k=l 
i« j = j-k = k- j = 0 


(2.16) 


To obtain the dot product of two vectors in terms of the vector 
components, we expand the dot product: 

M-N = m^ + iMy + kM,)- (iN^ + iNy + lLN,) 

= i . iM^N^ + i . iMJ^y + i . kM^N, 

(217) 

+ j • iMyNx + j • iMyNy + j * liM yN z 

-I- k • iMzNx + k . ]MzNy + k • kAf*iV« 

Substituting the equalities of Equation 2*16 into Equation 2-17, we find 
that all the terms drop out except those involving the dot product of a 
unit vector with itself. 


M • N = MxNx + MyNy + MzNz (2-18) 

This discloses that the dot product of two vectors is a scalar equal to 
the sum of the products of the magnitudes of similar components. 
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Example 2-3 Find the dot product P • Q of the vectors given in ex- 
ample 2*2. 

Substituting into Equation 218, we obtain ^ 

P • Q = 21 - 10 + 28 

P • Q = 39 Ans. 

2*6 Scalar and vp:ctor functions of position in space 

A function of position in space is a function having a definite value 
for each point in space. A scalar function of position in space has for 
each point in the spatial region a scalar magnitude; the function defines 
a scalar field. The density of the air above the earth is a scalar func- 
tion of position in space. A numerical example of a scalar function 
of position in space is 

A = 3x -4?/+ 12z (2-19) 

This function, we see, has a definite value for each point of the coordi- 
nate system. If we add to this function another function of position, 
Bf where 

B = 5a* + 15y - 10a: (2-20) 

the terms add directly. 

A + B = 3.r + 5x + 15y - 42/ + 122 - IO 2 (2-21) 
or 

A + 5 8x + 117/ + 22 (2-22) 

The scalar field may be a function of time which in itself is a function 
of the spatial coordinates. 

D =^[7x + I2y ~ 2 ][cos (wf - ^y)] (2-23) 

The scalar D varies with the coordinates and also with time, the time 
factor (phase) being in itself a function of the y coordinate. 

Similarly, when a vector has a definite value for each point in space, 
it is a vector function of position in space. The complete function de- 
fines a vector field. A magnetic field is an example of a vector function 
of position in space. A simple vector field is given by 

P = i3a: + }Ay - k2z (2-24) 

Thus P is a vector with a definite value and direction at each point in 
space. Very often any of the components may be a function of all 
three coordinates. For example, 

B = i(x + 3i/ - z) + j ^ ^ ^ ^ + k(a; + 1 / + z) (2-25) 
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whereas B has a definite niagnitiKU* ainl direetioii for each point in 
space. 

Since the vector field changes with pf>sition in space a vector diagram, 
which represents the vectors acting at one point, can present the vector 
field only at that point. However, complete fields can be manipulated 
mathematically by using the rules discussed in the previous paragraphs. 

The vector fields can aKo be a function of time, such as 


G = |i(.C + - 2) + j 

+ k(.r + y + 2 )][cos (w/ - 0x)] 


(2-26) 


G is a function of the coordinates as well as a function of the time t. 
Nearly all the ve(*tors encountered in radiation are vector functions of 
position in spain^ as well as vector functions of time. 



Fig. 2-6 Th<‘ (.liffen'iitial part of a v<‘c(or wh(*rc AA is the differential vector actually 

acting at the origin. 


2'7 Differentiation of vectors 

Differentiation in vector analysis is an extension of the scalar con- 
cept. When a variable in the expression for a vector changes a differ- 
ential amount, the vector may change in both magnitude and direction. 
Thus the result of differentiating a vector will be a vector showing the 
changes in magnitude and direction of the original vector. 

Let us consider the vector represented graphically in Figure 2-6: 

A = LAx + iAy + kAs (2-27) 
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where A*, Ay, and A* are functions of I, Following the fundamental 
theory of differential calculus, we let t increase by M so that A will 
change by AA. When t changes by A^, each of the components of A 
will also change by a related increment so that 

A + AA = i(Ax + AAx) + j(Ay + AAy) + + AA;;) (2*28) 


To obtain the change in A it is necessary to subtract the original vector, 
as given by Equation 2*27, from the augmented vector, Equation 2-28, 
yielding 

AA = i(AA;,) + j(AAy) + k(AA,) (2-29) 


Continuing the derivation, dividing both sides of Equation 2*29 by the 
change in the variable, A^, and passing to the limit, we obtain 


dA , dAx , dAy ^ dAg 


(2-30) 


This reveals that the derivative of a vector is equal to th^ vector sum of 
derivatives of its components. Since each rectangular (‘omponent is 
constant in direction, the derivative of a rectangular (*omponcnt nor- 
mally has the same direction as the component. The foregoing der- 
ivation uses the variable t but it may be repeated for any variable and 
will yield a similar result. 

Example 2-4 Differentiate, with respect to /, the vector 
A = i(3«2 - 0 + ~ 7) + k(4i - 1) 

In this vector 

Ax = - t 


so that 


Ay = 5^2 _ 7 

A, = 4^ - 1 


dAx 

dt 

dA y 

nr 

dA, 

dt 


= 6 < - 1 


= lot 


= 4 


Substituting into Equation 2-30, we obtain 
dA 

= m - 1) + m + k4 


Ans 
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2*8 Differentiation of vector functions 

One of the simplest types of vector functions is the product of a 
scalar function and a vector, both of which are functions of the same 
variable. The derivative of (aA), where both a and A are functions 
of the variable w, is obtained by following Equation 2-30. 

(«A) = i (aA,) + j ^ (aA,) (oA.) (2-31) 

du du du du 


Each of the differentiations indicated on the right-hand side of Equa- 
tion 2-31 is an ordinary differentiation of the product of two functions 
of the same variable. Carrying out the differentiation, we get 



Arranging the terms so that dajdu and a can be factored out, we obtain 


d da 

— (aA) = (iAx + ]Ay + ]sAz) — + 


a 


dAx , dAy ^ dAi 
^ du ^ du du 




(2-33) 


Substituting the vector and the derivative of the vector for their com- 
ponents, we find that 


du 


(aA) = 



+ a 


du 


(2-34) 


Equation 2-34 is similar to the equation for the differentiation of the 
product of two scalar functions. This, however, represents only one 
case. No rules should be transposed from scalar to vector calculus 
but each case of vector analysis differentiation should be worked out 
and rules obtained in that manner. 

The method indicated above will yield the following results for scalar 
and vector products: 


|(A.B)-A. 


dk 

dt'^ ' dt 

(2-35) 

dB dk „ 

1 X B 

dt ^ dt 

(2-36) 


In the differentiation of the vector or cross product, we must take 
care that the order of the vectors in the products are not changed since 
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the sign of the result depends on the order. We see that in Equation 
2*36 the order in both terms on the right-hand side of the equal sign 
is the same as the original order of the vectors. ^ 


2*9 Integration of vectors 

Integration, as in scalar analysis, is the opposite of differentiation. 
Hence, since the differential of a vector is equal to the sum of the dif- 
ferentials of its components, conversely, the integral of a vector is the 
sum of the integrals of its components. Thus 

jBdu = J {iB, + jB, + kB,) du (2-37) 


where fix, fiy, and fi^ 


are all functions of ii. Applying the rule of inte- 


gration, we obtain 

J* B (Hu = ij* Bxda j J* By du + kj* Bz 


du 


(2-38) 


where each integration is performed following the regular rules of inte- 
gral calculus. Similarly, for the definite integral of a vector the result 
is the sum of the definite integrals of its components. 


Example 2-5 Integrate with respect to the variable v the vector 
D = i(4y - 7) + j(l2c2 - %v) + k7 
Using Ecjuation 2-3G, wc obtain 

fia: = 4c - 7 

Dy = 12c2 - 8c 

Dz = 7 


Remembering that there is a constant of integration that must be included, 
we find that 



J (4« - 7) do = 2v^ - lo + C’x 
J' (12y2 - 8t-) do = 4y» - 4i>=' + (7„ 
^ 7dv = 7t> + C, 


where Cx, Cy, and Cg are the respective integration constants, 
these integrals as com])onents of the resultant v(‘ctor is 



The sum of 


7c + Cx) + j(4c^ - 4c2 + Cy) -h k(7c + C,) 
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Jl>dv = i(2»* - 7v) + j(4t)» - 4»*) + k(7t)) + iC, + jC» + kC, 


Now if 


then, as the final result, 


C = iC* + iCy + kCy 


J^D dv — i(2y2 — 7v) + ](4v^ — + klv + C Ans, 

This illustrates an interesting point. The constant of integration of a 
vector is also a vector. 


2 



Fic. 2-7 Tho lin(! integral of A along Iht* liii(» hkj where each differential part is 
equal to the dot product of A and d\. 


2*10 Line and surface integrals 

Figure 2*7 shows a vector A which is a function of the coordinates. 
Also illustrated is a line hh in the coordinate space. The integral of 
the tangential component of A along the line I 1 I 2 is called the line inte- 
gral of the vector A. The line integral is usually taken between two 
points on the line as follows: 

The line integral of A between a and b = A • dk 

^ I A^dk^+ I Aydky+ f A^dky (2*39) 

t/o *Ja Ua 

where d\ is an infinitesimal part of pointing in the direction, along 
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the line, from a to 6. If the path is a closed curve, the integral is written 


A • dX. = ^ ^ (2*40) 



Since the vector involved is a 
function of the coordinates, the 
integral depends on the exact 
path that is followed and, in the 
general case of a closed path, it 
does not necessarily vanish. A 
very common line integral is elec- 
tromotive force, where 

E = JTe • d\ (241) 

in which E is the work done on a 
unit positive charge moving from 
a to 6 through an electric field of 
intensity E. 

In Figure 2-8 is a vector B, 


Fig. 2-8 The surface integral of B over the which is a function of the coor- 
surface v, where d<r is an infinitesimal part dinates. O' is a suiface hounded 
of the surface a. ^ ^ shown. The integral 

of the normal component of the vector B over the surface a is called 
the surface integral. It is represented as 


//■> • da = If Bx dcx ”1“ J* J* J* J* (242) 


Thus a surface is represented by a vector normal to the surface and 
equal in magnitude to the area of the surface. If the surface is curved, 
it can be broken up into the sum of a series of vectors, each normal to a 
small segment of the surface. 

The integral given in Equation 242 is also called the flux, 0, through 
the surface, <r, where B is the flux density. If o' is a flat surface and B 
is constant over the surface. 



B • dor = B • O' = Ba cos a 


(243) 


where B is the magnitude of B; o, the magnitude of a; and a, the angle 
between B and o'. 
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2*11 Divergence of a vector 

The divergence of a vector is just what the name implies. It is the 
outward flux, or flow, of a vector per unit volume as the volume ap- 
proaches zero. For instance, a charged sphere would have a diver- 
gence inasmuch as the electric-field-intensity vector would spread out- 
ward from that point. When the charge is positive, the divergence is 
positive; and when the charge is negati\'e, the flux points into the 
volume and the divergence is negative. 

The divergence may be defined as the limit of the closed surface 
integral of a vector field, divided by the volume contained within this 
surface, the limit being obtained by allowing the volume to approach 
zero: 

^ ^ ^ • d<r 

divergence A = limit (2*44) 

At 

The cirides on the double integral sign indicate a closed surface. The 
volume At is the volume contained within the surface o'. The diver- 
gence of a vector is a magnitude only and is, therefore, a scalar. The 
equations for the divergence of the electric and magnetic quantities 
will be derived in the chapter on fundamental electromagnetic equa- 
tions. 

2*12 Curl of a vector 

Curl, again, is what its name implies. It is a measure of the twist 
that can be caused by a vector field. For instance, let us consider a 
river where the water is flowing very slowly at the sides and very 
rapidly in the center. If a horizontal paddle wheel is placed in the 
river so that one edge just projects into the center of the river and the 
other edge lies in the slow flow at the side, the wheel will turn. It will 
turn with the greatest force about an axis perpendicular to the surface 
of the river. Thus it is said that the vector field of the velocity of the 
water has curl. A more emphatic indication of curl would be a whirl- 
pool in the water since it would definitely produce circular motion in 
a paddle wheel. Inasmuch as the paddle wheel has to be immersed 
with its axis along a definite line to obtain the maximum rotary force, 
curl will have to be a vector having direction as well as magnitude, to 
be completely defined. The direction of the vector is given as the 
direction of the advance of a right-handed screw turning with the 
paddle wheel and whose axis is the axis of the paddle wheel. 

The mathematical definition of a curl is in terms of its components. 
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The component of a curl, in a direction normal to the positive side of 
a surface, As, is given as the limit of the closed line integral of the 
vector field around a surface divided by the area of the surface as the 
surface is allowed to approach zero. 


curl A 


component 
I)erpen<iicular 
to h 


== limit 

A«— 



A-d\ 


As 


( 2 - 45 ) 


where I is the line around the surface As. To define the curl completely, 
we should obtain all the necessary (jornponents at the point in question 
and then add them vectorially, each component being multiplied by 
its proper unit vector. The equations for the (;url of the electric and 
magnetic field intensities will be derived in the chapter on fundamental 
electromagnetic equations. 
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Useful vector equations 

A + B = B + A (246) 

A’^B = -B- A (247) 

A • B = B • A (248) 

AxA = 0 (249) 

A • A = A® (2-50) 

(A + B)xD = AxD + BxD (2-51) 

(A + B)-D = A- D + B.D (2-52) 

AxBD = -Bx AD = D AxB (2-53) 

(A X B) X B = (A • B)B - (2.64) 

A X (B X D) = (A • D)B - (A • B)D (2.55) 

(A X B) . (D X E) = (A • D)(B • E) - (A • E)(B • D) (2-56) 

(A X B) X (D X E) = (AxB- E)D + (B x A • D)E (2-57) 



PROBLEMS 


67 


PROBLEMS 

2*1 Find the sum of the vectors 

A = i4 + j7 - k8 
B = i7 + jl2 + k9 
C = ilO + j4 + k3 

2*2 Find the dot product of A • B, where A and B have the values given m prob- 
lem 2'1. 

2-3 Find the vector product B x C, where B and C have the values given in prob- 
lem 2'1. 

2>4 Prove liquation 2-53. 

2-5 Differentiate with respect to t 

E = i(3i^ - 4i + 2 ) + }{2xt - r/) + k(4t* + xt) 

2*6 Integrate E of problem 2*5 with respect to t 



Chapter 3 

FUNDAMENTAL ELECTROMAGNETIC EQUATIONS 

3*1 Introduction 

In formulating the fundamental electromagnetic equations, the ra- 
tionalized meter-kilogram-second-coulomb system of units, commonly 
known as the M.K.S. system, will be used throughout. In this system 
the stated quantities are related to one another in practical units of 
ohm, ampere, volt, mho, and so on. In all, by employing these units, 
we avoid confusion when the equations are used for practical applica- 
tions. 

The experimental evidence obtained, so far, tends to show that electro- 
magnetic phenomena are governed by the fundamental equations first 
postulated by Maxwell about seventy-five years ago in his Treatise on 
Electricity and Magnetism, MaxwelFs equations are used as the fun- 
damental equations in all electromagnetic problems encountered in this 
book. We assume that the reader has a general knowledge of electricity 
and magnetism such as may be obtained from a course in basic physics. 
What Maxwell’s equations do is to reduce the basic lawc of electricity 
and magnetism to a set of point functions, combine them, and yield a 
set of expressions for the complete electromagnetic field. 

Their application, in a great many cases, follows a simple rule. First, 
Maxwell’s equations are set down in the most adaptable form for the 
problem. Second, the boundary conditions of the problem are inserted. 
Third, the resultant equations are solved. 

The tremendous power behind the use of Maxwell’s equations in 
solving electromagnetic problems will become apparent to the reader 
as the equations are applied. This chapter will be devoted to the for- 
mulation of Maxwell’s equations with a view to arriving at a physical 
picture of what they mean. No numerical problems are given in this 
chapter since it deals only with the basic fundamental electromagnetic 
relationships. The numerical problems are taken up in the succeeding 
chapters. 

3*2 Units 

Electric intensity is the force that is exerted on a unit positive charge 
of electricity at a specific point, provided that the unit charge can be 
introduced at that point without changing the electric intensity. A 
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field of points of electric intensity Is called an electric field. The elec- 
tric intensity, since it is a force and therefore has both magnitude and 
direction, is a vector which will be designated by E, where 

E^iE^ + iEy + kE^ (3-1) 

Exi Eyy and Ez are the scalar components of E in the direction of the 
cartesian coordinate axes noted as the Xy i/, and z axes. The magnitude 
of E, designated by Ey is given by 

^ = I E 1 = (3-2) 

which is the customary equation for the magnitude of a vector in terms 
of its rectangular components. 

The electric induction at any point is also a vector, designated by D, 
where 

D = ke€oE (3-3) 

The term ke is the relative dielectric constant of the medium with re- 
spect to empty space. It is a dimensionless constant and is the value 
Uvsually given in tables. It is necessary to use cq so that the relative 
dielectric constants, given in nearly all available tables, can be used 
directly in the resultant equations. The value of eo in the M.K.S. sys- 
tem is given by 

^0 ^ X 10”"'^ 8.85 X 10”'^^ farad per meter (34) 

OOTT 

In a magnetic field the magnetic intensity at any point is the force 
that would be exerted on a unit north pole — if such a pole were avail- 
able — ^provided the pole did not affect the magnetic field. Since the 
magnetic field has both magnitude and direction, it too is a vector and 
is noted as H, where 

H = iHx + iHy + kHz (3*5) 

The magnetic induction, at a point in a medium, is the product of 
the magnetic intensity and the permeability of the medium at that 
point. It is noted as B, where 

B = fcmMoH (3*6) 

km is s, dimensionless constant known as the relative permeability of 
the medium with respect to free space. It is the constant available in 
nearly all the tables in common use. The term pto is determined by the 
M.K.S. system of units and has the value given by 

^ 47r X 10”^ 1.26 X 10"”® henry per meter 


(3-7) 
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The total magnetic lines of flux, <!>, is the name given to the number of 
lines of magnetic induction cut by the surface, s, under consideration. 
Thus it is dependent on the area of the surface, the intensity of the 
magnetic induction, and the angle between the lines of magnetic in- 
duction and the surface. The flux may be obtained by taking the dot 
product of the magnetic induction, B, and the vector differential sur- 
face, ds. To obtain the total flux, it is neces ary to integrate over the 
surface, s. Thus the definition for 0 is given by 

<t> = J fBds (3-8) 

Similarly, the total electric flux, through a surface, s, is defined as 
the total number of lines of electric induction cut by the surface under 
consideration. Again the dot product is used, but this time the dot 
product of the electric induction and the differential area is employed. 
Thus ^ is expressed by 

^ = J fDds (3-9) 

The density of electric charge in a medium is noted as p. The total 
charge, q, in a volume, t, is equal to the volume integral of p dr taken 
over the volume r. Hence the e(iuation for q is 



All intensities and densities are usually stated in terms of per unit 
area or per unit volume. The intensity or density for a differential 
area or volume is expressed in the same terms but does not have to 
extend further than the space under consideration. In other words, 
the density of charge for a differential volume is that density per unit 
volume which, when distributed evenly throughout a unit volume, will 
give to each differential of that unit volume an equivalent charge. 

3'3 The Divergence of D, B and I 

Gauss’s law states that the total electric flux, emanating from a 
closed surface (defined by Equation 3*9 when the integral is taken over 
a closed surface) is equal to the charge, g, enclosed within the surface. 
The electric induction lines pointing out through the surface are posi- 
tive, and those pointing into the surface are negative. If there are 
more of either type there must be a charge within the surface that the 
extra lines terminate upon. Thus 



(3.11) 
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To obtain the expression for the divergence of D, Gausses law is 
reduced to a point relationship. In Figure 3*1 is shown an infinitesimal 
volume, Ar, in rectilinear coordinates. This infinitesimal volume can 
be expressed in terms of the x, y, and z coordinates by 

At = Ax Ay A 2 : (3*12) 



Fi<;. An infinitesimal volume \x A/y A2, showing the average values of the 
components of D acting on tht‘ six sides of the (*losed surface. 


Let US assume that there is an electric; induction D existing in the space. 
This electric induction may vary throughout the coordinate space. 
Over each of the surfaces of the infinitesimal volume, however, each of 
the components of D will have an average value, as indicated in the 
figure. For example, Dy is the average value of the y component of 
D on the positive side of the volume over the surface Az A.r. By means 
of Taylor\s theorem and (since infinitesimal distan(*es are involved) 
neglecting second-order differentials, the average value of the y com- 
ponent of D on the opposite side of the volume is given by 

Dy + ^-^Ay (3-13) 

The boundaries of the volume are so chosen that only one component 
of electric induction penetrates each of the sides. The total number 
of lines, A^, over the surface, s, of the infinitesimal volume, At, can be 
obtained by multiplying each of the areas of the surface by the average 
value of the electric induction through that surface. All the average 
values are nEfsinaH in q 4.1.^ - ~ 
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obtained. Carrying out this operation, we obtain 




= —Dx Ay Aa + ( D, + Aa: jAjf As 




Aa: + ( Dj, + — - Ay ]Az Ax 
dy 


(3-14) 


("■ + ^ 


—Dz Ax Ay + [Dz + Az ]Ax Ay 


Again, those vectors pointing outward from tlie volume are called 
positive, and those pointing into the volume are called negative. Equa- 
tion 3*14 can be simplified to 


A^ = 


/dP^ dPy 

\ dx dy ^ 


d^\ 

dz ) 


Ax Ay Az 


(3-15) 


From Equation 3*12, At can be substituted for Ao* Ay Az. Also, from 
Gauss’s law, stated in Equation 3-11, A^ is equal to the charge, g, con- 
tained in the volume At. 


? = 


/ az)x , 

\dx ^ dy ^ dz ) 


At 


(3-16) 


From Equation 3*1 1, q is equal to the surface integral of the electric 
induction. Inasmuch as q is the total charge enclosed within the sur- 
face, it is also equal to the average charge density, p, multiplied by the 
volume Ar. Substituting for q in Equation 3-16, we find that 



D • ds 


\dx dy dz / 


(3*17) 


Each of these three equalities can be divided by the infinitesimal volume 
and still maintain the equality. 



D • ds 


At 


dP:, dPy dPz 
dx dy ^ dz 


(3-18) 


Equation 3-18 states that the surface integral of the electric induction 
over the surface of a volume, Ar, divided by that volume, is equal to 
the sum of the components of the derivative of the electric induction 
which, in turn, is equal to the average charge density within the volume. 
However, from Equation 2*44 in Chapter 2, the divergence of a vector 
field is defined as the limit of the closed surface integral of the vector 
divided by the volume contained within this surface as the volume is 
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allowed to approach zero. Thus the divergence of D is given by 


divergence D 


limit 



(3-19) 


This can now be applied to the equation for the surface integral of the 
electric induction, Equation 3*18. However, when the volume is al- 
lowed to approach zero, all the average values assumed become the 
actual values at the point about which the volume approaches zero. 
Combining Equation 3*18 and 3*19, we obtain the expression for the 
divergence of the electric induction, D, about a point: 

divergence D = == p (3*20) 

dx dy dz 

where Dx, Dy^ and Dz are the components of the vector D at the point 
under consideration, and p is the charge density at the same point. 
Thus in rectangular coordinates the divergence of D is equal to the sum 
of the components of the derivative of the vector D, which in turn is 
equal to the charge density at the point in question. 

Consider now the meaning of Equation 3-20. For the sum of the 
components of the derivative of D not to vanish, the number of lines of 
electric induction pointing into the infinitesimal volume, at the point 
under consideration, has to differ from the number of lines pointing out 
of the infinitesimal volume. Since all lines have to terminate on a 
charge, there must be a certain charge density at the point for the lines 
to terminate upon. This charge density will be proportional to the 
difference in the number of lines which, in turn, will be equal to the sum 
of the components of the derivative of D. As we can see from Equation 
3*20, in the M.K.S. system it is directly equal to that sum. 

The symbol V, called either del or nabla, is used to represent a vector 
operator where 


V 


+ 3~ + k — 
ax dy dz 


(3-21) 


Thus V is an operator which standing by itself has no meaning or value. 
It resembles a vector whose components are partial derivative operators. 
However, these components are only effective when there is something 
on which to operate. It is usually used in vector equations like any 
other vector; but in the final result, when one of the components of 
nabla appears multiplying a vector (or component of a vector), it sig- 
nifies the partial derivative of the multiplied quantity. 
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The dot product of nabla and the vector D will yield the sum of the 
components of the derivative of D, or, in other words — Equation 3*20 
— ^the divergence of D: 

dDx dDy dDz 

V . D = 1 H divergence D (3*22) 

dx dy dz 

It can be shown that in any coordinate system the dot product of nabla 
and a vector is equal to the divergence of the vector. Equation 3*20 
can now be written as 

V • D = p (3-23) 

Thus the divergence of the electric induction vector D at a point is equal 
to the charge density at that point. 

The same procedure may be followed using the magnetic induction 
B. In all practical applications, however, there is never a unit north 
magnetic pole without a corresponding unit south magnetic pole. 
Thus, in practice, the lines of magnetic flux do not terminate, being 
always closed loops. At any point, then, there will always be as many 
magnetic lines going into an infinitesimal volume surrounding the point 
as there are going out. The sum of the components of the derivative 
of the magnetic induction will therefore be zero, or 

V • B = 0 (3-24) 

Equation 3*24 states that within a medium the divergence of the mag- 
netic induction, B, is always equal to zero; or within a medium the 
lines of magnetic induction are everywhere continuous 

To obtain the divergence of current, let us assume a coordinate space 
with current flowing through it. Any volume, Ar, will have a total 
current flowing away from it, /, which is equal to the rate of cLange of 
the charge, g, enclosed within the surface: 



The charge g, however, is equal to the average charge density, p, times 
the volume At. Since the volume is a constant, substituting this rela- 
tionship into Equation 3*25 will give 

/ = Ar^ (3-26) 

This states that the current flowing out of an infinitesimal volume. At, 
is equal to the product of the \olume and the partial derivative with 
respect to time of the average charge density. Equation 3*26 can 
now be used in deriving the equation for the divergence of the current 
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density vector field, I. I is a ve(‘-tor equal in magnitude to the current 
density flowing at any point in the field and having the direction of the 
current flow. The divergence of the current density can now be de- 
rived in a manner similar to the derivation of the divergence of the 
electric induction. The result is 

Vl-j' (3.27) 

Since, in deriving the divergence, the volume Ar is allowed to approach 
zero, the charge densit 3 ' p be(*omes the (*harge density at the point under 
consideration. Thus the divergence of the current density at a point 
is equal to the derivative of the charge density at the point. (Note: 
The symbol I for (iurreut density must not be confused with the symbol 
i for the unit vector in the positive x direction.) 

Once the idea of divergence bec^omes clear as signifying the lines of a 
vector force spreading out from a point, the equations for divergence 
become rather self-evident. 'Fhe divergen(*e is always a scalar and can 
be readily recogniz(*d as sucli, being (*(|ual to tlie dot product of nabla 
and a ve(;tor. 

3*4 The curl of H and E 

The magnetomotive force between two points is defined as the work 
done in carrying a unit north pole, if such a pole existed, between the 
two points. In a magnetic field, H, the magnetomotive force, mmf, 
between the two points A and 5 is equal to the line integral of the 
vector H between the two points. 

pB pB 

J H ’ dl = J H cos 6 dl — mmf (3*28) 

where H is the magnitude of H; r^l, a differential length of line between 
A and B] and the angle between H and dl — the direction of dl being 
the direction it would be traversed when moving from A to B along the 
line. The mmf equation states that when a unit north pole is carried 
around a closed path the mmf is equal to the (mrrent enclosed within 
the path. The current enclosed is defined as the total current crossing 
any surface the closed path outlines. Since the value of current is 
unique, no matter which of the infinite possible surfaces is chosen, the 
value of total current obtained will always be the same. Calling the 
closed path line I, we can write 

= I (3-29) 

where I is the total current enclosed within the closed path. 
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The curl of H is obtained when Equation 3*29 is reduced to a point 
relationship. To do this, let us consider the spatial relationship where 
a current density, I, is flowing and a vector field, H, is present. In 
Figure 3*2 is shown, in rectangular coordinates, an infinitesimal sur- 
face Ay Az, This surface is located in the x plane and the sides of the 



Fio. 3*2 An infinitesiniul surface Ay A 2 , with an average value of current ix flowing 
normal to the surface. Th(» average values of the components of H are also shown. 


infinitesimal area are chosen parallel to the coordinate axes. The 
component of I flowing through the surface is ix- Hz is average 
value of H acting along the side of the area from y, z to y, z + Az. By 
means of Taylor’s theorem, and since second-order difTcrentials can be 
neglected for infinitesimal distances, the average value of H on the 
opposite side of the area acting from y + Ay, 2 to y + Ay, z + Az is 

Hz + ~Ay (3.30) 

dy 

Similarly, the average value of H from y, 2 to y + Ay, 2 is taken as Hj, 
so that the average value of H along the opposite side from y, 2 A 2 
to y + Ay, 2 + A 2 is 

H„-\ -Az (3-31) 

dz 

The next step is to take the line integral of H around the area Ay A 2 . 
The counterclockwise direction is positive in the figure since it con- 
forms with the direction of rotation of a right-handed screw advancing 
in the direction of ix- The H vector components involved are parallel 
to the sides of the area; thus the dot product for each side is equal to 
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the product of the magnitude of the H vector component, pointing in 
the direction of the side and the length of the side. The closed line 
integral around the area is given by 


H • dl *= — Hz Hy Ay -f* 






Az 


(3-32) 


Carrying out the operations indicated in Equation 3*32 and simplifying, 
we obtain 

However, from Equation 3*29, the line integral of H about a surface 
is equal to the current flowing through the surface. In Figure 3*2 is 
shown the average value of the nonnal component of the current den- 
sity, ix) flowing normal to the surface Ay Az, The total current, A/*, 
flowing through the surface is equal to the average value of the normal 
component of the current density times the area of the surface. Thus 

Alx = ix Az (3‘34) 

This current can he equated to the line integral around the surface as 
expressed in Equation 3-32: 

f H • fil = (— - Ay Az = Ay Az (3-35) 

Ji \dy dz / 


All three terms of Equation 3-35 can now be divided by the area of the 
surface Ay Az: 


• dl 

l dHz ^Hy 

Ay Az dy dz 


(3-36) 


The values of Hy, //«, and ix are all average values. However, the 
component of the curl of a vector normal to a surface is defined as the 
limit, as the surface approaches zero, of the closed line integral around 
the surface divided by the surface; or, stated in equation form, 


curl H 


component 
iioriital to 



(3-37) 


where As ih the surface, in this case Ay Az. Since the surface is in the 
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X plane, the component of the curl obtained is the x component. It is 
noted as curia; H. 

When the surface is allowed to approach zero, the average values 
become the values of the quantities at the point about ;ivhich the surface 
vanishes. Allowing the surface Az to approach zero, we obtain the 
X component of curl H: 

1 __ dHz dZ/ji . , 

curl* H = — — = lx (3-38) 

dxj dz 


where Hy and Hz are the y and z components of H at the point in ques- 
tion and ix is the x component of the current density at the same point. 
Hence the x component of the curl of H is ecjual to the rate of change 
of the 2 component of H with respect to y minus the rate of change 
of the y component of H with respect to z, and is also equal to the x com- 
ponent of the current density at the point in question. The y and z 
components of the (‘url of H can be obtained in a similar manner by 
taking the line integral around surfaces at right angles to those compo- 
nents. The values obtained are 


, „ dHx dllz 

curb H — ■— iz 

dx dy 


(3-39) 


where curly H is the y component of the curl and curb H is the z com- 
ponent of the curl. Ha- is the x component of the magnetic intensity 
vector, H; and iy and b are tlie y and z components, respectively, of the 
current density, I. The curl of H is now defined by Equations 3*38 
and 3*39. 

Since the curl of a vector has direction and magnitude, it is also a 
vector and, like any other vector, it is equal to the sum of its compo- 
nents, each component being multiplied by the proper unit vector. 
Summing up the three components, we obtain 


curl H = i (— 

V dy 



The curl, from Equations 3*38 and 3*39, is also equal to the sum of the 
three components of the current density multiplied by their proper unit 
vectors. This is equal to the current density vector, I, so that the curl 
of H is, therefore, equal to the current density at the point in question. 
Thus 


curl H = I 


(3-41) 
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Using the definition of the vector operator nabla, V, given in Equation 
3*21, we can express the curl of a vector as the cross product of nabla 
and the vector. Applying this operator for the curl of H, we obtain 

curl H = V ^ H (342) 


The cross product of nabla and H can be expressed by means of a 
determinant as demonstrated in Chapter 2, Equation 2*14. The com- 
ponents of the operator nabla are used in the second row taking the 
place of the components of the first vector of the cross product: 


V^H 


i j k 

A. — 

dx dy dz 

Hy H, 


(3-43) 


When the determinant operation is carried out the curl, as given by 
Equation 3-40, is obtained. 

To obtain the curl of E we use Faraday^s law, which states that the 
line integral of E around a closed path is equal to the negative rate of 
change of the magnetic flux through any surface bounded by the path. 
Expressing the law as an equation, we obtain 

<^E • (/I = (3-44) 

Ui di 


where <l> is the total flux through an area bounded by the closed-path 
line 1. Since the value of this line integral is unique, the rate of change 
of the total flux through any area bounded by the line will be the same. 
The total flux, <;>, through any area is equal to the average value of the 
normal component of the magnetic induction times the area. Thus 

<t> = Bn^s (345) 

where As is the surface enclosed by the closed-path line, Z, and Bn is 
the normal component of B. When the surface is allowed to approach 
zero, the average value as in the previous cases becomes the specific 
value at the point. The similarity between Equations 344 and 3*29 
is evident so that the result may be stated immediately: The curl of 
E is equal to minus the time rate of change of the magnetic induction 
vector, B. Using the opeiator nabla, we obtain 

dB 

V - E = ~ — (346) 


This equation can be derived in the same manner as the curl of H 
equation. 
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In a vector field, the curl of that vector, if it does not vanish, is an- 
other vector field related to the original field by V This is true in 
both the cases of H and E as well as any other case concerning a vector 
field. 


3*5 Displacement current 

Four equations have been obtained so far, two divergence equations 
and two curl equations. Gathering these equations together, we ob- 
tain 


VD = p 
V B = 0 


V X E = — 


dt 


(3-47) 


However, the equation for the curl of H is not complete. Maxwell 
noticed this and made one of his outstanding contributions to electrical 
theory, his conception of displacement (current. The conception of a 
displacement current was first needed to explain the so-called flow of 
alternating current through a dielectric. The reason for calling it a 
displacement current is the pictorial explanation first given. The 
dielectric was considered to be made up of positive and negative charges 
bound together elastically in the molecules of the material. Now, 
when a voltage is im])ressed across the faces of the dielectric, a current 
will flow through the dielectric. In direct current it may be the charg- 
ing current of a condenser. This current was explained by stating that 
the charges were slightly disi)laced in opposite directioas. However, 
even in a vacuum dielectric where there are no charges present the 
phenomenon of displacement current still exists. Maxwell pointed out 
that the changing electric field within the dielectric is what provides 
the so-called current flowing through the dielectric. Even though the 
explanatory idea of charges being displaced is no longer accepted, the 
name displacement current has remained, signifiying the equivalent 
current of a changing electric field. 

To obtain the equation for displacement current, let us consider the 
condenser of capacitance C, shown in Figure 3-3. At any instant, 
the value of the charge, g, on the plates of the condenser is given by 

q^CV (3-48) 

where V is the voltage across the condenser. The capacitance of the 
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condenser is directly proportional to the dielectric constant of the di- 
electric material within the condenser. Let us assume that the con- 
denser is constructed of two parallel flat plates of area A, separated by 
a distance d. The intervening space is filled with a dielectric having a 
dielectric constant of ke€o. The capa- 
citance of such a condenser is given 
by 


C = Vu j 


(349) 


The total current, /r, flowing through 
the condenser is equal to the time rate 
of change of charge on the plates. 


g + 


It = 


dq 

di 


(3*50) 


Substituting Equation 348 into Equa- 
tion 3-50, we obtain 


d 

A 


9 - 


It 


dt 


(3.51) 


Fig. 3-3 A flat plate condenser of 
capatataneo C for illustrating dis- 
placement current. 


Equation 3.51 now has to be reduced to terms of current density and 
electric field intensity to fit in with the equations of Equation 347. 
The displacement current density, Ic, is a vector equal to — ^assuming 
uniform distribution in the case of this condenser — the total current 
divided by the area, A : 


It 

A 


(3-52) 


Similarly, if the lines of electric flux are assumed straight and evenly 
distributed, the voltage across the condenser is equal to the dot product 
of the electric field intensity and the vector distance, d: 

7 = E • d (3-53) 


Substituting Equations 349, 3-52, and 3-53 into Equation 3-51 and 
noting that the vector distance, d, and the vector area. A, have the 
same magnitude as A and d, we obtain for the displacement current 
density 


1(7 — ke€o 


(3.54) 
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where the partial derivative is used because E may be a function of 
other variables. But the electric induction, D, is equal to the product 
of the dielectric constant and the electric field intensity, E. Equation 
3*54 becomes 


Ic = 


dt 


(3.55) 


Equation 3*55 demonstrates that the current density which appears 
to be flowing through the dielectric is equal to the rate of change of the 
electric flux density. When all types of currents have to be considered 
Equation 3*55 must be taken into account. The general expression for 
current density in any medium may then be written 

dD 

current density = I + — — (3-56) 


where I reprei?ents the conduction current density only. To complete 
the third equation of Equations 3*47, the displacement current is added 
to the conduction current present in the equation. The eciuation then 
becomes 

dD 

= I + — (3.57) 

at 


If free magnetic poles are proved to exist, the fourth equation of 
Equations 3*47 would have to be modified to include a magnetic conduc- 
tion current in addition to the partial of B with respect to time. How- 
ever, since it is of no practical use at the present time, this aspect is not 
considered. 


3*6 Maxwell's equations in differential form 


The vector form of notation is very useful for writing and handling 
the field equations of Maxwell, Equations 3*47 and 3*57. However, 
for rectangular coordinate calculations, it is usually easier to handle the 
equations when written in the complete differential form. No vector 
symbols are necessary in this case since the subscripts identify the 
separate components of the vector quantities: 


dDx , dDy dDg 

— - d d ^ 

dx dy dz 


(3-58) 


^ ^ ^ 

dx dy dz 


(3-59) 
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dH, dHy . 3D, 

dy dz dt 

dH^ dH^ . , dD„ 

dz dx “ + at 

dHy dHx _ . dDg 

dx dy 

dEz dEy _ dBx 

dy dz dt 

dEx _ d^ _ ^ dBy 

dz dx dt 

dEy dEx dBz 

dx dy dt 

Equation 3*58 is the divergence equation for the electric induction 
expressed in terms of the components of D at the point under consider- 
ation, and p is the charge density at that point. The divergence equa- 
tion for the magnetic induction is given in Equation 3 ‘59 in terms of 
the components of B at the point. This equation is equated to zero 
inasmuch as no free magnetic poles are considered. The curl of H 
results in three equations, Equations 3*60. These equations are ob- 
tained by using the theorem that for two vectors to be equal, their 
components must be equal. Equating each of the three components 
results in the foregoing equations. Again the values shown are the 
values for the point at which the curl is being taken. Repeating the 
same procedure for the curl of E equation results in the three equations 
of Equations 3*61. Similarly, the components shown are the com- 
ponents of the vectors at the point at which the curl is being taken. 

However, the foregoing equations use both E and D, and both H 
and B. It is sometimes desirable to eliminate the induction variables, 
D and B. This can be accomplished by using the substitution 


B = kmfioH. 

D = A:e«oE 

(3-62) 

Substituting the equalities of Equations 3*62 into Equations 3*58 to 
3*61, inclusive, the Maxweirs equationai become 

dEx dEy ^ dEx P 

dx dy dz keto 

(3-63) 

dHx , dHy dih _ _ 
dx dy dz 

(3-64) 


(3-60) 


(3-61) 
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(3-65) 


( 3 * 66 ) 


These equations are, of course, restricted to a homogeneous, isotropic 
medium wherein the parameters ke and km have the same value in all 
directions. If the medium is of the crystalline or anisotropic type, 
this is not true and more intricate equations have to be employed. 

3*7 Maxwell^s equations in alternating current form 

Since, primarily, MaxwelPs equations are applied to fields which vary 
harmonically with time, the derivative with respect to the time, f, can 
be (iarried out in the equations. As in the case of the traasmission 
lines, it is possible to designate the harmonically varying vec^tors as 
the real part of an exponential function. As before, the symbol 91 
designating the real part of the function will be implied and henceforth 
omitted. Thus the vector E, if it is varying harmonically with time, 
may be noted as a vector multiplied by a time factor as follows; 

E = EV"^ (3-67) 

The three equalities possible from the vector equation are obtained by 
equating similar components from each side of the equality sign: 

Ey = (3-68) 

E^ = 


— lx + ke^O 


dH^ 

_dj^ 

dy 

dz 

an. 

an. 

dz 

dx 

dHy 

dH^ 

dx 

dy 

dE, 

_ ^ 

dy 

dz 

dE^ 

dE^ 

dz 

dx 

d^ 


dz 

dy 


dE^ 

dt 


• . 2 . 

Xy + AjgCO 


dEz 
dt 

djh 
dt 


iz + kz^Q 

= — kmtM) 


= — km/Mi 


dUz 

dt 


where the p superscript components represent magnitudes only. 
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The same process may be repeated for the H vector: 

H = (3*69) 

where is the peak vector value of H. Again three equations are 
obtained by equating components: 

H:, = 

Hy = (3*70) 

H, = 


The p superscript components of H represent only magnitudes as in 
the case of the electric intensity equations. Equations 3*68 and 3*70 
for E and H are true when both E and H are in phase. If they are not 
in phase, a modifying phase angle U added to one of them. If the E 
vector is used as the reference vector and the H vector lags by an angle 
6, the expression for the time factor for H will have to incorporate the 
angle 6, The equation for H then becomes 

H == (3-71) 

(A word of caution: The term j signifying the imaginary quantity, 
the square root of minus one, should not be confused with the vector 
quantity j denoting the unit vector in the positive y direction.) 

As there are no time derivatives in the divergence equations, they do 
not change in the alternating current form. Inasmuch as the derivative 
of a vector is equal to the sum of the derivatives of its components, each 
direction being maintained by keeping the proper unit vector, the form 
of the time derivative may be obtained by differentiating one of the 
components of Equations 3*68 or 3*70. Choosing Ex and taking its 
derivative with respect to time, we obtain 

dt dt ^ ^ 

However, since Ex^ does not vary with time, the derivative of Ex is 
equal to Ex^ times the derivative of which yields 

^ TP 

(3-73) 


But the expression within the brackets is equal to Ex ; thus 


dEx 

dt 


=* joiEx 


(3-74) 


showing that the time derivative of the component of a vector varying 
harmonically with time is equal to j(a times the component. Since all 
the components of the two vectors are similar with respect to time, the 
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derivative of a vector which varies harmonically with time is equal to 
jo) times the vector. As before, o) is equal to 27r times the frequency. 
From alternating current theorj^ it can be understood that the deriva- 
tive is the same even if there were a phase angle involVed. Thus, in the 
case of Hx at a phase angle 6^ 

^ (3-75) 


Hence the phase angle shift is a multiplying constant and does not 
change the differentiation result. 

Applying this result for the time derivative to the first part of Equa- 
tioas 3*65, the curl of H, we obtain 


^^2 • I • 7 TP 

"T 7 — = + jOike^oEx 

by bz 


(3-76) 


This equation can be further simplified by substituting for the conduc- 
tion current, ix, from the expression, in accordance with Ohm’s law, 
which states that 

ix = (tEx (3-77) 

where c is the conductivity of the medium. Substituting into Equa- 
tion 3*76, we obtain 


bUt 


(3-78) 


which is the final alternating current equation for the first part of Equa- 
tions 3*65. 

The form of the other two parts of Equations 3-65 is the vsame as the 
first so that they also may be written in the form of Equation 3-7G. 
The vector equation for the curl of H thus becomes 


7 X H = ((T + jo)keeo)E 


(3-79) 


The same procedure may be repeated for the curl of E equations. 
Equations 3*66. Substituting the alternating current form for H and 
assuming no phase angle, we find that the first part of Equations 3*66 
becomes 


bEz bEy 
by bz 


(3-80) 


Again, all three equations have the same form so that the vector expres- 
sion for the curl of E is 

7"E = (3-81) 

Gathering together the alternating current equations developed above 
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and adding the divergence equations, we find that the equation of Max- 
well in the alternating current vector fonn are 


V-E = ^ 

(3-82) 

V -H = 0 

(3-83) 

V E = — jcofcmMoH 

(3-84) 

V * H = (ff + ja)i‘<,«o)E 

(3-85) 


These equations may be written in the differential form l)y equating 
similar components from each side of the ecjual sign. Thus 


dE^ 

4- 

dEy 

dx 


dy 

a//* 

1 

dHy 

dx 


dy 

dE, 


dEy 

dy 


dz 

dEj. 


dE^ 


dz dx 
dEy dEx 


dx 

d// 

dH, 



__ 

dz 

dllx 

dHz 

dz 

dx 

dHy 

dlL 

dx 

dy 


dEz 

dz ke€o 



dz 








((7 + jcokeeo)Ex 

(a + jo)ketQ)Ey 
(or + j(akeeo)Ez 


(3-86) 

(3-87) 


(3-88) 


(3-89) 


3*8 Discussion of Maxwell's equations 

Maxwell's equations, as given in Equations 3*58 to 3*61, inclusive, 
and the various forms derived therefrom are point relationships, inas- 
much as they de' ermine the electric and magnetic field at any point 
where the boundary conditions are known. They indicate all the forces 
that must be in balance at any point under any of the ordinary condi- 
tions of electromagnetism. All known experimental evidence, so far, 
indicates that all ordinary electromagnetic phenomena are governed by 
Maxwell's equations. 
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Of course the real test is the application of boundary conditions to the 
equations and the correspondence of the resultant solution with ob- 
served results. No single result would prove it. Only many consist- 
ently proved results have justified their application. Fundamentally, 
then, the solution of electromagnetic problems is taken as the solution 
of Maxweirs equations when applied to the problems. 

Thus any electromagnetic field is completely defined by the values 
and distributions of the E, H, D, and B vectors. These vectors are 
assumed to be finite throughout the field and continuous functions of 
time and position at all ordinary points. Their derivatives are also 
assumed to be continuous. The only place where discontinuities are 
assumed is on those surfaces where the medium changes properties. 

It has been stated that Maxwell's equations show a point relationship. 
It was, however, assumed that a macroscopic matter is concerned, 
wherein the distribution of electric charge and electric current is con- 
tinuous. This condition is met for the comparatively large-scale effects 
which are considered in even the microwave frequency range. 

Let us consider now each of Maxwell's equations and attempt to 
obtain a physical picture of their meaning. The divergencie equations 
are 

V-D = p (3-90) 

V • B = 0 (3-91) 

Equation 3*90 indicates that when an electric field terminates, it 
terminates only on a charge. The equation states that there can not 
be any change in the continuity of an electric field without a concentra- 
tion of charge. Equation 3*91 indicates (according to present experi- 
mental data) that there are negligible isolated magnetic charges. Ele- 
mentary physic courses teach that magnetic lines of force are always 
continuous. Every north pole is accompanied by a south pole. Thus 
the equation ndicates that magnetic lines of force do not terminate in 
any of the cases considered. 

The curl equations are 



(3-92) 

VxH = I + — 
dt 

(3-93) 


By using the definition of curl. Equation 3-92 states that the line inte- 
gral — around an infinitesimal surface — of an electric field intensity, E, 
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is equal to the time rate of change of the magnetic field passing through 
the surface. In Figure 3*4 is shown a flat surface s perpendicular to a 
magnetic field B. If this magnetic field, B, should change with time, 



Fig. 3-4 The curl of E about a Fig. 3-5 The curl of H about 

surface s perpendicular to a a surface s, with a normal cur- 

changing magnetic field B. r<»nt I flowing through the 

surfac(‘. 


and electric field E will exist in the plane of .s‘, as indicated by the vec- 
tors on the line ahc. The relationship is given by Equation 3*92. Thus, 
if the direction of B is known, the direction 


of E can be determined immediately. This 
E is present about the changing B whether 
a wire is present or not. 

From well-known electrical circuit theory, 
a current /, [as shown in Figure 3-5, has a 
magnetic field surrounding it, the magnetic 
lines being in a plane perpendicular to the 
direction of current flow. What is some- 
times not realized is that a changing electric 
field in space is also surrounded by a 'mag- 
netic field at right angles to it. This is 
illustrated in Figure 3-6, where D is chang- 
ing with time. Thus, in free space, a closed 
loop of H is possible even when no conduc- 
tors are present within it. It can be appre- 



Fig. 3‘6 The curl of H about 
a surface « cut by a changing 
normal electric field D. 


ciated more fully now that a changing 


electric field is known to be similar in effect to an electric current as far 


as the magnetic field produced is concerned. 
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3*9 The continuity of the tangential components of E and H 

In Figure 3‘7 is shown a small segment of the boundary between two 
materials, material 1 and material 2. A rectangle abed is inscribed 
perpendicular to the surface. The size of the re(itanglc is I units in 
length and w units in width. It is so placed that it is half in material 



Fici. 3-7 Till' variation of E at tho boundary of two materials, showing the normal 
and tangential eoinponeiits of the electric intensity vector. 


1 and half in material 2, with the sides ah and dc parallel to the surface. 
Eit is the average value between a and b in material 1 of the component 
of E along the line ab. E 2 T is the average value between d and c in 
material 2 of the component of E along the line dc. Similarly E^^ is the 
average value between a and d of the component of E along ad and Ebn 
the average value between h and c of the component of E along he. The 
line integral of E around rectangle abed is equal to minus the time deriva- 
tive of the surface integral of B over the surface of the rectangle. Taking 
the line integral, we obtain 

E 2 TI “ E\tI + EsnW = — (3*94) 

Let us allow Bav to be the average value of the normal component of 
B in the rectangle. The total flux through the rectangle is then equal 
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to /^av times the area of the rectangle, I times w. This value can be sub- 
stituted for the surface integral in Equation 3*94, yielding 

dB 

E 2 tI ““ ^an'^ ~ EitI '^Esn'^v Iw (3»95) 

at 

Dividing both sides of Equation 3*95 by the length Z, we obtain 

E2T - Eit + Ej,!,- (3-96) 

L i at 

Now let us allow the width w to api)roach zero in order to obtain con- 
ditions on the surface. Since I remains finite, the quantity w/l ap- 
proaches zero. The only quantities which do not vanish are the aver- 
age tangential components. Hence 

E 2 T — = 0 (3*97) 

or 

E 2 T ^ E IT (3 ‘98) 

The length I can now be made small enough so that the average values 
of the tangential component^ become the actual values at a point. 
Since w is zero, these tangential components become the tangential 
components at the surface. In other words, Eit is the tangential 
component of E in material 1 at the surface and E 2 T is the tangential 
component of E in material 2 at the same surface. Thus Equation 
3-98 proves that the tangential component of E is continuous, even across 
surfaces of discontinuity between media. 

In a similar manner, using the curl of H equation, we can show that 

Hit = H 2 T (3‘99) 

where i/ir is the tangential component of H in material 1 at the sur- 
face and JI 2 T i« the tangential component of H in material 2 at the 
same surface point. 

The divergence equations also yield two interesting results. It has 
been shown that when there are no charges present, the lines of electric 
induction are continuous. Thus, if there are no charges present on the 
surface of discontinuity of media, 

Ein = D 2 N (3*100) 

where Din is the normal component of D in material 1 at the surface 
and D 2 N is the normal component of D in material 2 at the same sur- 
face point. Similarly, 


Bin = B2N 


(3*101) 
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where Bis is the normal component of B at the surface in material 1 
and B 2 iv is the normal component of B in material 2 at the same surface 
point. 

Care should be taken, when using MaxwelFs equations, that the 
dielectric constant or the permeability constant should not be factored 
out prematurely lest erroneous results be obtained. An example is 
factoring out the permeability constant in the divergence of B equation 
and then applying the resultant equation to a problem concerning a 
discontinuity at which the permeability constant of the medium changes. 
The result obtained would be in error. 
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PROBLEMS 

3*1 Derive the divergence equations in cylindrical coordinates. 

3*2 Derive the divergence equations in spherical coordinates. 

3*3 Derive the curl equations in cylindrical coordinates. 

3*4 Derive the curl equations in spherical coordinates. 

3*5 Discuss the composition of the electromagnetic field in free space a differen- 
tial distance away from a perfectly conducting surface. 



Chapter 4 

PLANE ELECTROMAGNETIC WAVES 

4*1 The electromagnetic wave 

The propagation of energy by means of mechanically generated waves 
is a well-known concept in elementary physics. An example of this 
tjrpe of propagation occurs when a taut string, such as may be found 
in a violin or a piano, Ls plucked. A wave may be observed to travel 
down the string, be reflected, and then travel back again. Similarly, 
a disturbance, such as plunging a stick into a body of water, will cause 
waves to be generated. The water under the sti(‘k is pushed down, and 
as it rises and falls in an oscillatory manner some of its energy is trans- 
mitted to the adjacent water, which in turn rises and falls. This 
energy in turn is transmitted to the water still further out so that the 
rise and fall of the water, the water wave, travels outward in an ever- 
widening circle. We notice that the water does not travel with the 
wave but it is, rather, the oscillating energy contained in the rising and 
falling water which travels with the wave. 

The concept of electromagnetic waves traveling without a guiding 
wire is a little more difficult to visualize. Let us first consider the 
interchange of energy in water waves. When the wave is at its peak 
the water contains an excess of potential energy. This excess causes 
the water to fall until it has a deficiency of potential energy at the 
bottom of the wave valley. At these two extreme points of excursion 
the water contains no kinetic energy. As the water falls from the peak 
to the valley, while the wave is traveling outward, the potential energy 
decreases and the water builds up its kinetic energy. At the instant 
when the water level passes the average level of the water, the wave 
contains no potential energy, but only kinetic energy. The same 
thing happens when the water is rising with the wave. It is this inter- 
change of energy which causes the wave. The fact that the variation 
in motion and height of the body of water is not independent of the 
surrounding water causes the wave to travel outward from its source. 

In electromagnetic waves a changing magnetic field will induce an 
electric field and, as indicated by the concept of displacement current, 
a changing electric field will induce a magnetic field. Also, the induced 
fields are not confined but will normally extend outward into the adja- 
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cent space. I..et ns imagine that a changing magnetic field exists in a 
region of space; hence a changing electric field also exists. The changing 
electric field will extend outward into the adjacent space. This electric 
field, in turn, will cause a changing magnetic field to Be created in space 
still further out. The sinusoidal form of the wave causes the energy 
to be interchanged between the magnetic and electric fields in a manner 
similar to the interchange existing between the two forms of energy in 
the water wave. The fact that the interchange of energy is not inde- 
pendent of the surrounding space normally causes the wave to travel 
outward; unless, of course, there is a change in the medium which may 
reflect or absorb the wave. 

There are three important vectors to be considered in the propaga- 
tion of electromagnetic waves: the magnitude and direction of the E 
vector, the magnitude and direction of the H vector, and the magnitude 
and direction of the phase velocity vector. The E and H vectors are 
usually functioas of time and position, but the velocity vector is usu- 
ally a function of position only. 

A plane wave is a wave which has a plane front; a cylindrical wave, 
one which has a cylindrical front; and a spherical wave, one which has 
a spherical front. The front of the wave is sometimes referred to as 
an equiphase surface inasmuch as it is a surface which connects points 
of similar phase. When a wave is generated at the antenna it is 
normally of the spherical type; but, at the receiving antenna, a great 
distance from the transmitting antenna where only a smaii portion of 
the spherical surface is intersected — a very small portion in comparison 
to the complete sphere — it can be treated, for all purposes, as a plane 
wave. This treatment is very similar to the treatment of a small por- 
tion of the circumference of a large cin^lc as a straight line, for all 
purposes of calculations. In fact, the curvature is so small it can 
hardly be detected and, if taken into account, would not change the 
results perceptibly. 

A ray is a line, usually straight, which is everywhere perpendicular 
to the equiphase surface. In a spherical wave the rays arc all radial 
lines. In a plane wave the rays are all parallel lines. 

In free space the electric and magnetic vectors are normally perpen- 
dicular to the ray. The type of wave in which this is true is known 
as the transverse electromagnetic wave, abbreviated TEM wave. 
Under some conditions only the electric vector is perpendicular to the 
ray, and then the wave is known as a transverse electric wave, abbre- 
viated either TE wave or H wave. In other cases only the magnetic 
vector is perpendicular to the ray, and the wave is (‘ailed a transverse 
magnetic wave, abbreviated either TM wave or E wave. 
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MaxwelTs equations are used to obtain the equations for the different 
types of waves described. It is done usually by substituting the va- 
rious boundary conditions into Maxwell’s equations and solving the 
resultant equations. Maxwell’s equations apply to all of the cases 
considered and they alone determine whether or not the wave exists. 

4*2 The plane wave solution of Maxwell’s equation 

Consider the boundary conditions of a plane, TEM wave in free 
space. This, first of all, means that both the electric and the magnetic 
vectors are perpendicular to the ray. The coordinate system is ad- 


2 



Fig. 44 The vectors of a plane eleciromagnetic, wave in free space with the co- 
ordinate system aligned so that the x plane is an equiamplitude and equiphase plane. 


justed so that the x plane becomes the eejuiphase plane; the plane deter- 
mined by X equal to a constant now intersec^ts the wave in such a man- 
ner that all points of the wave in that plane are at the same phase. In 
this plane wave it is also assumed that the x plane is an equiamplitude 
plane; hence all points at which the wave intersects the plane have the 
same amplitude as well as the same phase. There are two vectors 
involved, E and H, so that the coordinate system may also be adjusted 
for the E vector to point in the direction of y only. In other words E 
will have no a: or 2 components. The final coordinate system is shown 
in Figure 44. In this figure H is drawn in the direction of + 2 . This 
cannot be rigorously assumed but the results will show it to be true. 

In free space in Equations 3‘63, 3-64, 3*65, and 3*66 — the differential 
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forms of Maxwell^s equations in E and H — ^it is known that 


P = 0 

I “ 0 ~ “ %y 

ke = 1 
km “ 1 


(4-1) 


The charge density, p, is assumed zero because in free space there is no 
means for the charge to accumulate. Since free space is a perfect insu- 
later, the current density, I, is zero. By their very definition the di- 
electric constant ke and the permeability constant km are equal to 1. * 
From the way the coordinate system of Figure 4*1 is aligned, the 
derivatives of the E and H vectors with respec to y and z are zero. 
This results from the x plane being an equiphase and equiamplitude 
plane wherein the vectors do not vary with a variation in y or z. Substi- 
tuting this result and the qualities of Equations 4*1 into Equations 3*65, 
the differential equations for the V ^ H, we obtain 



dHz 

dHy _ ^ 

dx ~ dt 


(4-2) 


All other terms in Equations 3-05 drop out. The first equation of 
Equations 4*2 merely shows, since €o is not zero, that the partial deriv- 
ative of Ex with respect to time, i, is zero at all times. For this to be 
true Ex itself has to be zero inasmuch as there can be no constant com- 
ponents of E in the traveling wave. Repeating the same substitution 
for Equations 3*66, the differential equations for the V E, we obtain 


0 = Mo 


dHx 

dt 

dEz dHy 

~ Mo “77" 
dx dt 


(4-3) 


dEy _ dHz 

dx ^ dt 


wherein all other terms of Equations 3*66 are zero. Again the first 
equation merely indicates that the partial derivative of Hx with respect 
to the time, t, is equal to zero; it is equal to zero because the traveling 
wave can contain no constant values of H. 
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Thus there are only four equations from Equations 4*2 and 4*3 that 
can be used. However, the coordinates were aligjied so that there is 
no z component of the vector E. In other words, Ez is zero for all 
time. The partial derivatives of zero is also zero; hence the partial 
derivative of Ez with respect to the time, t, and the partial derivative 
of Ez with respect to the coordinate x are also zero. Thus from two 
of the equations of Equations 4-2 and 4-3, 


dHy 

dt 



(44) 


revealing that Hy will not vary with t or x. 

It has already been shown that the H vector will not vary with y 
or with z] hence Hy will not vary with y or 2 . However, as stated be- 
fore, the traveling wave (cannot contain any fixed components of H. 
Thus Hy is identically equal to zero. Inasmuch as Hx is also identi- 
cally zero, this proves the previous statement that H will possess only 
a z component and justifies drawing the H vector in the +z direction 
in Figure 4*1. Now only two equations from Equations 4*3 and 4*2 
are left to be considered. They are 


dx ~ ^ dt 
dEy dHt 

dx dt 


(4-5) 


These equations are a great simplification from Maxwell’s original 
equations. Their solution should yield the plane electromagnetic wave. 
The equations are very similar to the original transmission line con- 
tinuity equations and will be solved in a similar manner. 

Differentiating the first equation of Equations 4-5 with respect to x 
and the second equation with respect to tj we obtain 


d^Hz _ _ ^ 

dx^ ~ *^dxdt 
d^Ey ^ ^ 

dtdx~ ^ dt^ 


(4.6) 


However, the second partial of Ey taken first with respect to t and then 
with respect to x is equal to the second partial of Ey taken first with 
respect to x and then with respect to L The order in which the partial 
derivatives are taken does not change the final value. This rule can 
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be used to combine the two foregoing equations: 


Bx^ 


B^H^ 


( 4 - 7 ) 


Similarly, taking the partial derivative of the first equation of Equa- 
tions 4-5 with respect to t and the second with respect to x, we find that 


dx^ 


= Mo^o 




(4.8) 


The solutions of Equations 4-7 and 4*8 will be exponential functions of 
both X and t. 

Let us assume now that the wave propagated is a harmonic function 
of time as stated in section 3*0. Ey is equated to the constant Ey^ 
times the time function thus: 

Ey^^ Ey^e^^^ (4-9) 


Taking the second derivative of Ey with respect to /, we get 


Be 


Be 




( 4 - 10 ) 


However, Ey^e^"^ is equal to Ey. Substituting this value for the second 
derivative of Ey with respect to t in Equation 4'8, we obtain 


d^Ey 

dX^ 




(4.11) 


This equation states that for a constant frequency wave where w is a 
constant the second partial with respect to x of Ey is equal to Ey times 
a constant. 

The solution to this type of equation is an exponential function of x. 
Calling the multiplying constant of x, F, we find that the solution for 
Ey is given by 

Ey = Ey^h^’^e’’^* ' (4-12) 

where Ey^^ is a new constant which does not vary with x or t. How- 
ever, since both Ex and Eg are zero, the vector E is equal to jEy, Let 
us replace jEy^^ by the vector constant Thus the complete solu- 
tion for the electric field intensity for a plane wave is 

E = jEy = EP^e^V"^ (4.13) 

r is a constant determined by the transmission constants of free space 
and E^^ is a vector constant determining the peak amplitude and the 
relative phase of the wave. Since E always points in the y direction. 
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it has only a y component indicating that the electric field intensity is 
always in the y direction but is a function of x and L 

To obtain the expression for F, we substitute Ey as given by Equa- 
tion 4-12 into Equation 4-11 : 

(444) 

Dividing both sides of the equation by we get 

= - 0,^060 (445) 

and taking the square root of both sides, we find that 

r = jo) (rfcV^/io^o) (446) 

Thus r comes out to be a pure imaginary, a function of the frequency 
inasmuch as w is equal to 2irf. Both yo and cq arc constants. T is 
called the propagation constant in the manner of the nomenclature 
referring to traveling waves on transmission lines. In the case of 
transmission lines, T was considered to be a complex function made 
up of the attenuation constant a and the ])hase constant 0: 

T^a+j0 (447) 

The same equation is used for the propagation constant for electro- 
magnetic waves. We see from Ecjuation 446 that there is zero atten- 
uation; hence a is equal to zero. This is logical inasmuch as free space 
was assumed to be a perfect insulator so that no energy is absorbed 
from the wave during its transmission through space. 0^ on the other 
hand, has two values, one a plus value and the other a minus value. 
Now let 0 assume the magnitude given by 

0 = +wVjUoeo (448) 

Thus the solution for T is +j0 and —j0. 

Whenever there are two solutioas to an exponential function, as in 
the case of F, there are two arbitrary constants involved, resulting 
in two solutions, the complete solution being the sum of the two indi- 
vidual solutions. Let one constant be E“^ and the other E“" (similar 
to the constants used in the case of the transmission line solutions). 
The plus and minus superscripts are used because it will be shown that 
they are two traveling waves, one traveling in the plus direction and 
the other traveling in the minus direction. We notice that the con- 
stants are vectors. They have to be in order for their sum to be equal 
to a vector, in this case the electric field intensity vector, E. The com- 
plete solution for E, with the time variable factored out, thus becomes 

E = (E+e--^'^^ + (449) 
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Since the expression for Hz given in Equation 4*7 is similar to the 
equation for Ey as given in Equation 4*8 (of which the foregoing is a 
solution), the solution for Hz can be written down immediately. Also, 
inasmuch as Hz is the only component of H which is not equal to zero, 
the result can be written in terms of the vectors involved as in Equa- 
tion 4‘19, yielding for the magnetic intensity vector 

H = -f (4-20) 

The phase constant, has the same magnitude as in the electric inten- 
sity solution, Equation 4*18. and H“ are vector constants which 
determine the magnitude and relative phase of the two traveling mag- 
netic intensity waves. As in the case of transmission lines, the time 
factor may be omitted so that the solutions become 

E = -f EV^® 

H = 

These are the traveling wave equations for the plane electromagnetic 
wave. The phase factor, indicates a delay in phase as x is in- 

creased. If the equiphase planes with the factor are plotted with 
time as a variable, they will, as time increases, move outward in the 
plus X direction. Similarly, the equiphase planes with the terms 
move in the direction of minus x when the time, i, increases. Equa- 
tions 4-21 are the same type of equations that were discussed in detail 
in section 1 *0 of Chapter 1 . 

When is expressed in the number of radians per meter, the velocity, 
Vf with which the plane wave is traveling in the direction of its ray is 
given by 

27 = - meters per second (4-22) 

If the velocity should be measured along any other line making an 
angle of, let us say, a to the ray, a velocity larger than the true velocity 
will be obtained. It will be equal to the true velocity divided by the 
cosine of the angle a. A physical picture of this phenomenon can be 
obtained by placing together two pencils and a ruler, the ruler on top 
of the pencils. One pencil is placed so that its length is normal to the 
edge of the ruler, the other not normal to the edge of the ruler. As the 
edge of the ruler is moved at right angles to the normal, in other words 
along the pencil which is perpendicular to the edge, the edge will tra- 
verse the pencil not normal to it with a velocity greater than the true 
velocity of the ruler. The reason for this greater velocity is that there 
are two components concerned, the velocity with which the intersec- 
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tion between the pencil and the edge is moving and the velocity of the 
ruler itself. 

The same error is encountered if the velocity of an electromagnetic 
wave is measured along any other line but its ray line, the line perpen- 
dicular to the equiphase plane. The actual value of the velocity can 
be obtained by substituting for ^ as given in Equation 4"18 into Equa- 
tion 4‘22; 

(4-23) 

Substituting for and €o their values as given in Equations 34 and 
3*7, we obtain for the velocity 3 X 10® meters per second. If the 
exact values of mo and cq were used, the result would be the same as the 
measured velocity of light in free space. This is what first indicated 
that light is also an electromagnetic wave. A medium, the ether, was 
assumed for the transmission of light waves leading to the assumption 
that electromagnetic waves were also transmitted in that indefinable 
medium, the ether, which fills all space. Actually the necessity of 
defining a medium for the transmission of the electromagnetic wave has 
become negligible because of all the definite proofs that electromagnetic 
waves exist and can be used irrespective of their medium of transmis- 
sion. Whether the medium exists or not is unimportant and does not 
seem to worry scientists or engineers any more; but the fact that electro- 
magnetic waves do exist and travel through free space at a definite rate, 
following the conditions laid down by Maxwell’s equations, is now gen- 
erally accepted. 

Not all the constants of the traveling wave equations, Equations 4-21, 
are independent. Out of the four constants, E“^, E"”, H"*", and H“, only 
two are independent. This dependency can be shown by substituting 
the solutions obtained in Equations 4*21 into either equation of Equa- 
tions 4*5, recalling at the same time that H has only one component 
Hz and E has only one component Ey. Although is not shown in 
the equations, it is used to obtain the time derivatives of the functions. 
The derivatives to be used are 

^ = -M H+ -t- j0 1 H- 

OX ax 

SE 6lEl 

^ = J«1 E+ M E- 

Inasmuch as the vectors have only one component, the derivatives of 
the components are equal to the derivatives of the magnitudes of the 
vectors. Putting in directions by using vectors will not affect the re- 
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suits provided the symbols meaning the magnitudes of .the vectors are 
used throughout the solution of the equations. The first equation of 
Equations 4*5 then becomes 

= jtoeoJSr^e-^'^* + jweoBT^^^ (4-25) 
Collecting similar exponential terms, we obtain 

(wtoE^ - pH+)je-’ * + (wtoE- + = 0 (4-26) 

Equation 4*26 states that the sum of two exponential functions is equal 
to zero. Since this equation was derived dire(*tly from MaxwelPs equa- 
tions, it is true throughout the field or, more explicitly, for all values of 
X. However, one exponential, increases with an increase in x 
whereas the other, decreases with an increase in x. The only 

way for their sum to be zero is for both coefficients to be zero. Conse- 
quently, 

o)eoE^ — = 0 

(4-27) 

oitoE- + pH" = 0 


Replacing p by its value from Equation 4*18 and solving for and 


E , we obtain 



(4-28) 


This indicates that the magnitude of the vector constant is equal to 
V/xo/cq times the vector constant. Similarly, the H“ vector con- 
stant is related in magnitude to the E“ vector constant by a factor 

The magnetic intensity can be coasidered to be similar to a current 
inasmuch as it is a manifestation of a current. Keeping this in mind 
and comparing Equations 4*28 to the transmission line equations (Equa- 
tions 1-32) in (ffiapter 1 where the magnitudes of the current traveling 
waves and the voltage traveling waves are related by the characteristic 
impedance of the transmission line, we find that the form is exactly the 
same. For this reason, the quantity V /xq/cq is often referred to as the 
intrinsic impedance of free space. 

From the result showing that the electric intensity vector possesses 
only a y component and the magnetic intensity vector possesses only 
a z component, it can be said that in a plane wave the electric intensity 
vectors are always at right angles to the magnetic intensity vectors. 
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When the plane wave propagation does not take place in free space, 
the conKstants ke and km may not he equal to one. If the material 
through which it is being propagated is lossless, the derivation will be 
exactly the same except that everywhere cq appears it will be multiplied 
by ke and everywhere mo appears it will be multiplied by km^ Following 
these rules, we obtain as a solution for a lossless medium wherein ke and 
km need not be equal to one. 

E = 

H = 

where 

= (>)\^kekmtMi^0 

H+ 


FT = - 





(4*30) 


V = 


kekm^Ot^O 


Z 



Fig. 4-2 VtM'tor rt‘lationships in a plane electromagnetic wave at 
one instant of time. 

Equations 4*30 shows that the intrinsic impedance, which in this case 
is equal to will increase as the permeability constant in- 

creases and will decrease as the dielectric constant increases. The 
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velocity, on the other hand, decreases with an increase of either the 
permeability constant or the dielectric constant. Since the velocity 
decreases in the medium and the frequency remains the same, the 
wavelength in the medium, 27r/i3, will decrease with an increase in either 
of the constants. 

In Figure 4*2 is presented a diagram of the vector relationships at 
one instant along a ray of the plane wave. Only one of the traveling 
waves is shown. We notice that E, H, and v are mutually perpendicu- 
lar and that E and H go through zero at the same point, being in phase 
along the x axis. This is true because their magnitudes are related by 
a magnitude, the intrinsic impedance of space. In a lossless medium 
this impedance contains no phase angle. 

Example 4*1 Detcnriine the intrinsic impedance of free space. 

The intrinsic impedance is given by the square root of the permeability 
constant of free space divided by the dielectric constant of free space. Sub- 
stituting their values from Equations 3-4 and 3-7, we obtain 



Zq = 377 ohms 


Ans. 


Example 4-2 A plane wave is transmitted through a medium which has 
a comparative dielectric constant of 2.3 and a comparative permeability con- 
stant of 1. Determine the intrinsic impedance of the medium and the veloc- 
ity at which the wave travels through the medium. 

In a dielectric material such as this, equations 4-30 have to be used. The 
intrinsic impedance Zo is given by 



Zq = 249 ohms 


Am. (a) 


The velocity, v, is given by 


Vke€oMo 
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3 X 108 



V = 1.98 X 108 meters per second Ans. (b) 

4«3 Poynting’s radiation vector 

To show the convenience of the vector handling of equations, vector 
analysis reasoning is used throughout this section. It will be the only 
section where the vector analysis reasoning is employed, but it should 
be noted how this type of manipulation simplifies the mathematical 
handling of the equat’ons. 

Before deriving the radiation vector, we must prove the vector rela- 
tion 

= (4-31) 

Equation 4*31 is true if expanding both sides, in terms of the compo- 
nents of the vectors and their derivatives, results in identical equations. 
The cross product must always be worked out first in the above equa- 
tion or there will be the problem of taking the cross product of a vector 
and scalar — an impossibility. Expanding the left-hand side of Equa- 
tion 4 * 31 , we obtain 

V • E X H = I- (EJI, - E,Hy) + ^ {EM. - EM.) 
ox oy 

+ ^ {EMy - HMy) (4-32) 

OZ 


This can be simplified by ditferentiating the products and collecting 
terms: 



Now considering the right-hand side of Equation 4*31 and expanding 
it, we obtain 
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H.VxE — E-V^H 


(dEy dEA (dH. ^ dHy\ 

^ \ d2 dx) ^"\dx dy ) 


(4-34) 


Comparing Equation 4-34 with Equation 4-33, we find that they are 
identical, proving the relationship in Equation 4*31. 

Returning now to the discussion of power, we shall examine the small 
segment of volume Ar shown in Figure 4.3, where 

At = Ax Ay Az (4-35) 



Fig 4-3 A small segment of volume Ar in a field of electric field intensity 
E and current intensity I. 


Let US call E the average electric field intensity throughout the 
volume, At, its components being the average value of the true com- 
ponents of the actual field intensity; I the average value of the current 
density in the volume, Ar, its components being the average values 
of the components of the actual current density in the volume. The 
power, P, being dissipated, can be calculated for any direction; it is 
the product of the electromotive force in the desired direction and the 
conduction current flowing in that direction. 
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The y component of V, is equal to the y component of the elec- 
tric field intensity, Ey, times the thickness, in the y direction, of the 
volume At. This results in 

ATy = Ey Ay (4*36) 

The total conduction current flowing in the y direction, Aly, is equal 
to the y component of the conduction current density times the area 
through which it flows. This current density, ^y, is taken as the con- 
duction current only which is flowing. 

Aly = iyAx Az (4*37) 

The total power being dissipated in the volume by the conduction cur- 
rent flowing in the y direction is ecpial to the product of Equations 
4*37 and 4*36. Hence the power dissipated, APy, is given by 

APy = Eyiy Ax Ay Az (4-38) 

In a plane wave oriented as shown in Figure 4-1, this would be the only 
component that would exist; but in the general case, the electric field 
intensity would j)ossess all three components. If this should be true, 
the X component of the ])ower, A/^j, and the z component, AP„ would 
be obtained in a similar manner, yielding 

APx = Exlx Aa: Ay Az 

r. rt (4-39) 

APz = Eziz Ax Ay Az 

The total power, AP, dissipated n the volume Ar is obtained by taking 
the sum of the three components as given in Equations 4*38 and 4*39. 
Taking the sum and factoring out Ax Ay Az, which is equal to Ar, we 
obtain 

AP = {Exix + Eyiy + Eziz)AT (440) 

Dividing both sides of the equation by At and letting the volume Ar 
approach zero, we find that 

^ = E • I (4-41) 

ar 

E is now the actual electric field intensity and I is now the actual con- 
duction current density at the point about which the volume At was 
allowed to approach zero. This equation shows that the derivative of 
the power in any medium with raspect to the volume is equal to the 
dot product of the electric field intensity and the current density. 
Repeating the curl H equation from Maxweirs equations, 

dD 
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and solving for the conduction current density I, we get 


VxH « 


dD 

dt 


( 443 ) 


This equation for the current density — wherein the current density is 
equal to the difference between the curl of the magnetic intensity, H, 
and the partial with respect to the time, /, of the electric induction, D 
— ^is correct for any medium since Maxwell’s equations apply to all 
mediums. Replacing the conduction current density in Equation 441 
by its equivalent from Equation 443, we obtain for the derivative of the 
power with respect to volume 


dP « — tt -n 

dr dt 


(4-44) 


Using now the identity noted at the beginning of the section, Equation 
4*31, we obtain a symmetrical form 


dr 


dt 


(445) 


Again, from Maxwells equations, the curl of E is equal to the nega- 
tive of the partial of B with respect to time, t. Substituting this 
equality into Equation 445, we find that 


dr 


-H 


’ dt 


- V • E>^H - E 


dt 


(446) 


However B is equal to A;wMoH. Simplifying the first term on the right- 
hand side of Equation 446, we get 


dB 

H— = H 

dt 




dK 

dt 


(447) 


From vector considerations, since the result is the same, this can now 
be written as the derivative of the square of the magnitude, H, of the 
vector H: 



(448) 


Similarly the third term of Equation 446 can be simplified to the deriv- 
ative of the square of the magnitude, Ej of the vector E: 
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Equations 448 and 449 can now be substituted into Equation 446 to 
obtain the power as the sum of the derivatives of two scalar quantities 
and the divergence of a cross product. Combining terms, factoring 
out the time derivative, and multiplying both sides of the equation 
by the differential volume, dr, we obtain the equation for the power in 
the differential volume: 


dP = - 


dt\ 2 2 / 


dr — ( V • E ^ H)dr 


(4-50) 


However, the second term of the right-hanil side of the equation is 
the divergence of a vector. The detail that this vector happens to be 
the cross product of two other vectors does not affect the result when the 
surface integral over the surface, &*, of the volume involved is substi- 
tuted for the divergence. This is true for the divergence of any vector 
as stated in the definition of divergence. Replacing the divergence in 
Equation 4*50 by the equivalent surface integral, we find that the 
power equation resolves into 


dP 




The power can now be (*onsidered to be made up of two terms. The 
first is the time derivative of a quantity which will be called P^, where 


^ V — o > o 


(4-52) 


This term is a volume term and represents the power contained in the 
static fields of E and H. There is a minus sign in front of the term in 
the equation for power. The change in this term with respect to time 
multiplied by the differential volume may be taken as representing the 
decrease in the amount of magnetic and electrical energy stored in the 
differential volume dr. 

The portion inside the integral of second term for power in Equation 
4‘51 will be called Pr, where 

P, = E ^ H (4-53) 

The power in this term, the negative of the surface integral as applied 
in Equation 4*51, represents the energy moving inward through the 
surface of the volume. Notice that Pr is a vector having both mag- 
nitude and direction. It is usually called Poynting^s radiation vector 
after its discoverer, Professor J. H. Poynting, Interpreting the vector 
terminology we see that it represents a vector at right angles to both 
E and H and pointing in the direcjtion a right^-handed screw would 
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move if E were turned into H through the smallest angle between them. 
This vector defines the magnitude and the direction of the flow of power 
in an electromagnetic wave. 

In free space and in other perfect insulators the actual conduction 
current flowing is zero. Thus the power absorbed by the medium is 
zero; dP is zero. In this case 

|(^.) = -/jfPr-rfs (4-54) 


stating that the change in the electrical and magnetic energy stored in 
the medium is equal to the electromagnetic.* energy flowing into the 
volume through the surface. In this manner electric and magnetic; 
fields are built up around a receiving antenna by means of electro- 
magnetic energy flowing through space. 


Example 4-3 Determine the value of Poynting^s radiation vector in 
a traveling electromagnetic wave having an electric; field intensity of one 
volt per meter. The medium is free space. 

In a traveling electromagnetic wave the electric vector and the magnetic 
vector are at right angles. Hence the magnitude of the cross product of E 
and H will be equal to the product of the magnitudes of the vectors. Thus 

|p, I = |Exh1 = js/f 


But from Eciuation 4-28 the magnitude of H is related to the magnitude of E 
by the intrinsic impedance of free space. Substituting for // its eciuivalent, 
E divided by the intrinsic impedance of free space (377 ohms), we obtain 


Pr = E- 


377 


377 


2.65 X 10 ^ watts per square meter Arts, 


4*4 Reflection from a plane of arbitrary incidence 

Figure 4*4 illustrates a plane wave whose ray W lO makes an angle Bi 
with the normal of a perfectly conducting plane surface M. The re- 
flected wave is assumed to have a ray OW 3 that makes an angle 6^ to 
the normal of the plane M. Any point on the incident wave must 
satisfy the condition 

lx my + nz = s (4.65) 

where Z, m, and n are the direction cosines of a ray. Since all rays in 
a plane wave are parallel, it will apply to all rays in the plane wave. 
The distance, s, is measured from the point at which the ray intersects 
the plane, M, to the equiphase wave front under consideration. Also, 
inasmuch as the wave under discussion consists of a wave traveling in 
only one direction, it can be expressed as a function of the time, Z, minus 
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the distance, s, divided by the velocity, Vy of the wave. Calling the 
vector function Fi and using it to define the electric intensity vector, 
El, we may write 

El = Fi - 0 (4-56) 



Fi(}. 4-4 Reflcc.tion of a jjlano cloctromagn(*tic wave 14^ from a 
pt^rfectly conducting plane surface. 

The components of Equation 4-56 may be written using the subscripts 
IXy ly, and 12. For Equation 4-56 to be true, all values of similar com- 
ponents on opposite sides of the equation must be equal. Thus 

E.. - f .. (t - f) 

= (4-57) 

Eu = Eu (t - j) 

where Fix, Fiy, and Fu are the functions of — 0, components of the 
vector function Fi. 

It has been shown before, in section 3*8 of Chapter 3, that the tan- 
gential components of the electric intensity vector, E, must be the same 
on both sides of a surface. However, inside a perfectly conducting 
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surface the electric intensity vector must be everywhere zero inasmuch 
as an electric current would immediately flow to equalize it. 

Let us assume, as shown in Figure 44, that the nprmal to the surface 
is taken as the x direction in the system of coordinates being used. 
The coordinate system can always be arranged to make this true. 
Thus when x is equal to zero, the total tangential electric intensity 
must be equal to zero. The total electric intensity at the surface {x 
equal to zero) is made up of the incident wave impinging on the sur- 
face plus the reflected wave from the surface. Only if the reflected 
wave has a magnitude and phase which will just neutralize the tangen- 
tial component of the incident wave will the total electric intensity on 
the surface be zero. Inasmuch as the normal to the surface was chosen 
as the X direction, the y and z components are the tangential components. 

The reflected wave can also be expressed as a function of the velocity 
of the wave, y, the time, and the distance, s\ The distance s' is the 
distance from the point of intersection of the reflected-wave ray OTF 3 
and the plane M to the equiphase wave front under consideration, 
measured along the ray OTF3. This definition assumes that the re- 
flected wave is also a plane wave, a logical assumption. Using the 
subscript 3 for identification, we may write for the reflected wave and 
its components 



Returning now to the discussion of the tangential components of the 
electrical field intensity on the surfa(?e of the plane, we find that the 
sum of the y components of the incident and the reflected waves and 
the sum of the z components of the incident and the reflected waves 
must equal zero. Taking the sum of the y and z components of Equa- 
tions 4*57 and 4*58, and equating them to zero, we obtain 




( 4 - 59 ) 



PLANE OF ARBITRARY INCIDENCE 


113 


where 5o and sq' are all points at which x is equal to zero. All these 
are points on the plane M, Calling j/q and zo any point on the plane, 
we obtain 


So = ^1^0 + niZo 
So' = msPo + nsZo 


(4-60) 


where mi and ni are two direction cosines of the ray PTiO. Similarly, 
m 3 and ns are two of the direction cosines of the ray OWs along which 
s' is measured. Substituting Equation 4-60 into Equation 4*59, we 
obtain 


(( - - 


W3J/0 + nsZo 


0 = f u I 


i^zVo + nzZo 


(4-61) 


Equations 4-61 must be true for all values of t. For this to be correct, 
the following equalities must exist: 

Pjy = -Ply 

P-iz = -Pu 

m 3 = till 


(4.62) 


^3 = /U 

Hence the two functions, two components of the reflected wave, are the 
negative of the incident wave components. The direction cosines of 
the y and z components are the same as the incident wave. Thus the 
reflected wave is in the plane of the incident wave ray and the normal 
to the surface M, 

However, the sum of the squares of the direction cosines of any 
straight line is equal to one. Therefore, the sum of the squares of the 
direction cosines of the ray WiO and the sum of the squares of the di- 
rection cosines of the ray OW^ are both equal to one and they may be 
equated to one another, yielding 

li^ + mi^ + = ^3^ + m3^ + 713 ^ (4.63) 

The subscript 3 identifies the direction cosines of the ray OWz- But 
mi is equal to m 3 and rii i'> equal to so that Equation 4*63 reduces to 

i," = (4-64) 

Taking the square root of both sides of the equation, we find that 

(4-65) 


I3 = ± li 
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Hence there are two solutions, one wherein Z 3 is equal to l\ and the other 
wherein h i« equal to — Zi. If Z 3 is taken equal to Zi, it means that s* is 
identical with .s or that the ray WiO and the ray would coincide. 
However, the y and z components are equal and opposite so that the 
sum of these field intensity components would everywhere be zero. 
No wave would be reflected inasmuch as this would leave the wave 
with only an x component; the wave would be traveling parallel to the 
plane M, When Z3 is taken equal to ~Zi, the law of reflection from a 
perfectly conducting surface is obtained. This law states that the 
reflected ray is in the plane determined by the incident ray and the 
normal to the surface. Furthermore, the angle of reflection is equal 
to the angle of incidence. 

Concerning the intensity of the reflected wave, all that we have to 
determine is the function It can be obtained ))y using the prin- 

ciple that the electric intensity in the wave front of the reflecited wave 
is the same as in the wave front of the incident wave. Using the equal- 
ities of Equation 4-62 and the result that Z 3 is equal to — Zj, we find that 
Fzx is equal to Fix, Thus we come to tlu^ interesting conclusion that 
at the surface of the perfectly conducting plane the normal component 
of E is doubled while the other (‘omponents are reduced to zero. 

Similarly, it can be shown that the nonnal magnetic intensity is re- 
duced to zero whereas the tangential magnetic intensity is doubled. 


4*5 Refraction of an electromagnetic wave 

If the reflecting surface is not a perfect conductor but rather a per- 
fect dielectric with a dielectric constant and perhaps a permeability 
constant different from the constants of the first medium, the reflected 
ray will still follow the direction given by the law of reflection but the 
refracted ray will follow the direction determined by the index of re- 
fraction, a factor proportional to the velocities of the waves in each of 
the two materials. An incident ray. A, is shown in Figure 4-5 impinging 
on a surface, S, dividing two materials, material I and material 2 . 
The electromagnetic wave velocity, vi, in material 1 and the electro- 
magnetic wave velocity, V 2 , in material 2 are given by 


Vi 


vq 

^k^ikniX 


V2 


^0 

^ke2km2 


(4-66) 


The term vq is the velocity of an electromagnetic wave in free space and 
the subscripts 1 and 2 apply to the respective mediums involved. The 
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refraction angle, 62, is related to the angle of incidence, ^1, by the fol- 
lowing equation: 


sin $1 ^ vi 
sin 62 V2 


(4.67) 


This equation is stated without proof, being a well-known relationship 
for light waves. 



Fig. 4*5 Tho roflection and refraction of a plane electromagnetic wave 
at the surface dividing two electrically different media. 


Fresnel’s equations give the relationship between the magnitude of 
the reflected wave, and the magnitude of the incident wave, Ei^ in 
terms of the angles 62 and As shown, the magnitude of the electric 
intensity is used to define the magnitude of the wave inasmuch as the 
magnetic intensity is related to the electric intensity by the intrinsic 
impedance of the material. Two cases are possible, one with the elec- 
tric vector parallel to the surface and the other with the magnetic vector 
parallel to the surface. All other cases can be considered to be com- 
binations of these two. For an incident plane v/ave with the electric 
vector perpendicular to the plane of incidence, i.e., parallel to the sur- 
face of refraction, the electric vector magnitudes are related by 

^ ^ sin ($1 - 62) ' . 

El sin (^1 + ^2) 


For an incident plane wave with the magnetic vector perpendicular to 
the plane of incidence, i.e., parallel to the surface of refraction, the elec- 
tric vector magnitudes are related by 

Es _ tan (^1 — ^2) 

El tan (^1 ”f" ^2) 


(4*69) 
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Example 4-4 Determine the angle of reflection and the angle of refrac- 
tion when a plane electromagnetic wave, with its electric vector perpendicu- 
lar to the plane of incidence, impinges in free space upon the surface of a di- 
electric wherein ke is equal to 4 and is equal to 1 . The angle of incidence 
is 45®. Determine also the ratio between the reflected electric intensity and 
the incident electric intensity. 

The angle of reflection can be stated immediately since it is equal to the 
angle of incidence, 45°. The angle of refraction, ^ 2 , is obtained by substituting 
into Equation 4-67. Solving for 02, we obtain 

02 = sin”^ ( [sin 0i] ~ 

\ 


However, Vi is equal to ro, lyiic vnv^v^iuv m ucc ssj/avjc, mm 1/2 w i/| 

divided by the square root of ke, as given in Equation 4-66.|LSolving, we find 


. _,A’(/V'4 . \ 

= Sin * I sm 45 I 

\ / 




02 

02 = Mil 
02 = 21 ® 


Vo 

(0.354) 


Ans, (a) 


The ratio of reflected to incident electric intensity is given by Equation 4*68: 

^ ^ sin (45° - 21®) ^ sin 24® 

Fi ~ sin (45® + 21®) “ sin 66® 


£3 


0.45 


Ans. (b) 


4*6 Waves in conducting media 


In a conducting medium, the conductance of the medium, <r, must 
be taken into account when the equations are solved. Solving the 
equations with the conductance results in the same form as the solution 
in free space except that the propagation constant, P, becomes complex. 
Similarly the characteristic, imjiedance becomes complex. T being 
complex means that there will be attenuation as the wave is propa- 
gated and the E and H vectors will be out of time phase. Attenuation 
is to be expected since energy is lost by currents flowing in the medium. 
The propagation constant F is given by 

r *= ^j2TrfkmiM)(r — {2'Kf)^kekm^QiiQ (4*70) 


Similarly the intrinsic impedance, Zq, obtained will be given by 

/ j^Trfkmfio 


\lj2Trfketo + <T 


(4-71) 
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In both Equations 4*70 and 4*71, / is the frequency of the wave under 
consideration. An imperfect conductor is defined as a conductor where 
the conductivity, <r, is very much greater than 2Tfke€o. Hence the dis- 
placement currents are negligibly small with respect to the conduction 
currents. With this simplification the propagation function, F, re- 
duces to 

r = ^TrfkmtM)a + j^TrfknitJLo<T (4*72) 

With this propagation factor the wave will decrease to 1/e of its origi- 
nal value when it has traveled a distance of 1 / V TrfkmtxoiT meters. This 
distance is referred to as the depth of penetration of the wave into the 
material. 

Example 4-5 Determine the depth of penetration of copper whose con- 
ductivity is 5.8 X 10^ mhos per meter. 

The depth of penetration is given by one over the real part of F in Equa- 
tion 4*72. In the case of copper, km is equal to 1. Thus 

1 1 
Vtt/moo- ViT >< 47r X 10-^ X 5.8 X 10^ X/ 

Depth = — meters Ans. 

vy 
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PROBLEMS 

4*1 An electromagnetic wave in free space has an electric intensity with a maxi- 
mum value of 2 millivolts per meter. Determine the value of Poynting’s vector. 

4*2 Find the relationship between E^ and if ke is equal to 2.5 and km is equal 
to 1.1. 

4*3 Determine the direction of the reflected ray and the refracted ray when 
an electromagnetic wave in free space is incident at an angle of 50® on the surface 
of the material specified in problem 4*2. 

4*4 Determine the magnitude of the reflected ray electric intensity veetDr in 
terms of the incident ray electric intensity vector in problem 4-3 if the magnetic 
vector is parallel to the reflecting surface. 

4*5 Find the intensity of the electric and magnetic fields when power is being 
transmitted through space at 25 microw^atts per square meter. 



Chapter 5 
RADIATION 


5*1 Radiated energy 

The existence of an electromagnetic wave capable of conveying power, 
as discussed in Chapter 4, introduces the problems of transmission, 
reception, and shielding — the often annoying problem of debarring it 
from circuits where it is not desired. Sound waves, in a very limited 
fashion, are utilized in an analogous manner. They are used to con- 
vey intelligible energy from one point in a medium to another, carrying 
the energy as a multiplicity of complex waves. These waves are, and 
we can use the same term, radiated from the human vocal organs or 
from mechanical sources such as loud speakers, tuning forks, and simi- 
lar disturbances in the medium. The sound waves convey intelligence 
by means of their frequency, their amplitude, or combinations of both. 

In radio the spectrum of electromagnetic wave frequencies available 
is very large and is growing continuously as our ability to use the 
higher frequencies improves. Many wave trains may be transmitted 
through the medium and be separated at the receiver; 1 cnee the waves 
do not interfere with one another. In sound, however, two sounds 
reaching the receiver, a human ear or a microphone, will interfere with 
one another. For this reason acoustical engineers carefully shield 
(better known as soundproof) their transmitting studios. A similar 
effect occurs in radio applicatioas; electromagnetic energy must be kept 
from entering a circuit where it would interfere with the energy already 
in the circuit This, of course, is the well-known process of shielding, 
or arranging a circuit so that no extraneous energy Ls picked up. 

The problems encountered in the transmission and reception of elec- 
tromagnetic energy are: First, what type of radiator or antenna, as it 
is better known, is to be used and how does it function? Second, what 
are the characteristics of the antenna, its impedance, its directional 
pattern, its losses, and so on? Third, how is energy fed into the trans- 
mitting antenna? Fourth, what type of device is used to receive the 
energy (the receiving antenna)? And, fifth, what are the character- 
istics of the receiving antenna, the amount of energy it receives, its 
impedance, and so on? The problems are further complicated by the 
facts that the antennas are not usually known to exist in nature. It 
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is desired to create antennas that yield specific results. Not all the 
problems have been solved analytically, and the final results are a 
combination of mathematical anal3^sis and practical tests. 

The problem of shielding: a circuit from eleciromagnetic waves is no 
less important. One solution is to use the directive properties of the 
transmitting element and the directive properties of the receiving ele- 
ment, combine them, and obtain the proper orientation of the circuits 
to prevent interaction. At the higher frequencies this solution is not 
usually possible and a metal shield is employed. What takes place is 
that the shield itself acts as a rec.eiver and reradiates the energy it 
receives. This reradiated energy tends to cancel the direct wave 
energy penetrating the shield so that practically no foreign field is left 
within the shield. It is interesting to note that, similarly, any reradia- 
tion from a receiving antenna will affect the field surrounding it. A 
receiving antenna placed (^lose enough to the transmitting antenna will 
cause the operating characteristic's to change. As the distance be- 
tween the receiving antenna and the transmitting antenna is increased, 
this mutual coupling effect grows smaller and smaller until its effect is 
negligible. How large the distances are for no interaction is determined 
from the electromagnetic calculations. 

5*2 Polarized spherical wave 

The electromagnetic field is generated by a distribution of charges 
and currents in a circuit. This electromagnetic field then interacts 
with the charges and currents in another (drcuit, causing the energy to 
be removed from the held. It is by this means that the energy is radi- 
ated and received. As mentioned in the previous chapter, at the origin 
of the electromagnetic held the wave expands in a spherical manner. 
Hence, to determine the radiation equations, it is desirable to study 
the polarized spherical wave. 

Hertz used the following method of derivation in his book Electric 
Fieldn.^ To obtain the equations for the polarized spherical wave 
obtained from an antenna, the boundary conditions for this type of 
wave are substituted into Maxwell’s ecjuations and the resultant equa- 
tions solved. This is one of the standard methods followed in electro- 
magnetic problems. In many cases, however, the resultant equations 
have not been solved and the answer has to be obtained by trial and 
error and judicious guesswork. Fortunately, however, thfe polarized 
spherical wave equations are capable of solution. 

* See also G. W. Pierce’s Electric Oscillations and Electric Waves^ New York, 
McGraw-Hill Book Co., 1920, for a thorough treatment of this derivation. 
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For convenience, Maxwell’s equations in the differential form are 
repeated below: 



dEy ^ 

a> 

dy 

dz 

dt 

dE^ 

dEi 

dBy 

dz 

dx 

dt 

dEy 

dEx 

dB^ 

dx 

dy 

dt 

dy 

dJJ y 

dz 

. , dD, 

dH, _ 
dz 

dH, _ 
dx 

" dt 

dHy _ 
dx 

dHx 

;c= 

dy 

. , dP, 


(5-la) 

( 6 - 16 ) 


(5-lc) 


(6-2o) 

(5-26) 


(5-2c) 


dP^ dPy dP^ 

dx dy ^ dz 

dB^ dB„ dB, 

dx dy dz 


(6-3) 

(54) 


A simple type of field to consider is the one caused by a current, /*, 
flowing in a wire along the z axis at the origin. When this is used there 
will be no z component of H since there can be no component created 
parallel to the current flow. The exact form of this current and the 
effect of the discontinuity of the medium at that point is not yet speci- 
fied. The medium everywhere else is assumed to be homogeneous. 
In mediums where radiation takes place the charge density is nearly 
always equal to zero. It is also assumed, therefore, that the charge 
density everywhere throughout the medium is equal to zero except at 
the origin. This assumption is true when radiation takes place in free 
space. Thus the equations can be further simplified by having the 
radiation take place in free space. The only added factors that have 
to be taken into account are that the relative dielectric constant, key 
and the relative permeability constant, kmy are both equal to one. 
Gathering together all the boundary conditions, we obtain 
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= 0 


P = 0 (except at the origin) 
7 j: = 0 (at the origin) 
ly — 0 (at the origin) 
u = 0 

iy - 0 

iz = 0 (except at the origin) 

ke ~ kni = I 


(5-5) 


Ix and Iy are the currents which may flow at the origin and must not be 
confused with the conduction current densities, ix, iy, and which 
are everywhere zero in free space except at the origin where the current 
exists. In other words, the type of field to be analyzed was so chosen 
that when the coordinates are aligned correctly there will be no z com- 
ponent of H throughout the medium. This is accomplished by having 
Ix and Iy always zero, as indicated in Equations 5-5. The type of oscil- 
lator at the origin will be determined later. 

The next step in the solution calls for substituting the boundary con- 
ditions, as given in Equations 5*5, into MaxwelFs equations, given in 
one form in Equations 5-1 to 5*4. First the condition that Hz is equal 
to zero is substituted into the equation for the z component of the curl 
of E, given in Equation 5*lc. 


dEy ^ 
dx dy 


(5-6) 


Equation 5*6 is a well-known type of differential equation wherein the 
existence of a scalar function is implied. Calling this scalar function 
of position G, we find that Ex and Ey are defined by 


dx 

" dy 


Ex 


(6-7) 


When Ex and Ey, as given in Equations 5*7, are substituted into Equa- 
tion 5*6, it should yield an identity. This is valid because the second 
derivative of G taken first with respect to y and then with respect to 
X is equal to the second derivative of G taken first with respect to x and 
then with respect to y. This, of course, is also correct for partial de- 
rivatives. 

The boundary condition that p is equal to zero can now be substi- 
tuted into Equation 5*3. Using, in addition, the relationships given 
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in Equations 5’7, we find that the divergence equation becomes 

dx^ dz ' 


(5-8) 


Solving for we obtain 


E 


Z 



(5-9) 


Equations 5*7 and 5*9 express the (‘omponents of E in terms of the de- 
rivatives of the scalar function (r. To solve Equation 5-9, we must 
obtain the function whose partial derivative with respect to z will be 
equal to the function G. ('ailing this new function F, we evaluate G by 

G=-~ (5-10) 

dz 


This value will have to be true if Equation 5*9 is capable of solution. 
The function F, when it is obtained, will be sufficient to define all the 
components of the electric intensity. To secure the expression for Eg 
in terms of the scalar function F, we first substitute the equation for G 
from Equation 5*10 into Equation 5-9 and integrate with respect to z: 


dx^ dy^ 


(5.11) 


The constant of integration is neglected because it would define a com- 
ponent of E which would not vary with jiosition. A component of this 
type cannot exist in a traveling electromagnetic, wave. To solve for 
the scalar function F, it is desirable to transform the eciuation for Ez 
into a simplified form. This is ac(‘omplished by first adding and sub- 
tracting the second derivative of F with respect to z from the right-hand 
side of Equation 5.11 


dz"^ dx^ dy-^ dz^ 


(5.12) 


A new operator, V^, is now introduced. As was discussed previously, 
the square of the magnitude of a vector is obtained by taking the dot 
product of the vector and itself. Similarly, the symbol can be 
thought of as representing the dot product of the vector operator nabla, 
V, and itself. The actual use of the term “magnitude'^ with respect to 
the operator nabla is meaningless and should not be employed. How- 
ever, it is used symbolically in conjunction with this new operator for 



POLARIZED SPHERICAL WAVE 


m 


convenience; actually, it is used because of the similarity between the 
appearance of the result and the dot product. It is called the ‘^La- 
placian*’ after the French mathematician and is defined as follows: 


- ^ 
dx^ dz^ 


( 6 - 13 ) 


It is used like a scalar and may be utilized as a imilti])lying factor of 
either a vector or a scalar. There is no (*ross or dot between and 
the vector or scalar it is multiplying. When used in conjunction with 
a scalar, it signifies the sum of the second ilerivative of the scalar with 
respect to x j)lus the second derivative of the s(‘alar with respect to y 
plus the second derivati\'e of tlie scalar with respect to z. The result 
of course is also a scalar. When used in (*onjunction with a vector it 
also signifies the sum of the three second derivativt^s of the vector, with 
res])ect to with respect to and with respect to z. The result is 
another vector. 

Examining the right-hand side of Equation 5*12, we find that its last 
three terms are ecjual to the Laplacian of E, exi)ressed as Substi- 

tuting the Laplacian of F into Equation 5' 12 and the expression for G 
as given in Equation 5*10 into Equation 5-7, we obtain the three com- 
ponents of E as functions of the scalar variable F: 



To completely define the field in terms of the scalar function of posi- 
tion, F, the components of H have to be determined as functions of this 
scalar. The boundary conditions of Equations 5-5 are now substituted 
into the curl equations, Equations 5*2a and 5-26: 


dHy __ dEjr 

dz ~ dt 


dH^ 

dz 


= €0 


dEy 

dt 


( 5 * 15 ) 


Ex and Ey have already been expressed in terms of F, Equation 5*14. 
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Replacing these two terms in Equations 5*15, we get 

dz dt Lto v? / J 

dz *" dt \dy \ dz/j 


(516) 


These two equat ons may be integrated to obtain the two existing com- 
ponents of the magnetic field intensity. The constant of ntegration is 
again equated to zero nasmuch as no constant term exists in the travel- 
ing wave. From the boundary conditions stated in Equations 5-5, the 
z component of H is always zero; hence the three components of the 
field intensity H are 



(5-17) 


Equations 5-14 and 5-17 express all the components of the electric 
and magnetic field intensity vectors of the spherical field in terms of 
the derivatives of only one scalar variable, F. All that remains is to 
obtain the solution for F as well as its relationship to the method of 
wave generation and the equations will be solved. Actually, the solu- 
tion desired is the relationship of this function, F, to the distribution 
of currents and charges in the generating circuit at the origin. 

Solving for F, we must return to MaxwelFs equations and use those 
equations which have not yet been employed in the derivation of Equa- 
tions 5-14 and 5-17. First, the expressions for Ey and Eg as given in 
Equations 5*14 are substituted into Equation 5-la: 



However, from the theory of differential calculus, the partial derivative 
with respect to y of the second partial derivative with respect to z of the 
function F is equal to the partial derivative with respect to z, then with 
respect to y and then with respect to z of the function F, In other 
words, the order in which the derivatives are taken does not affect the 
result. Thus, simplifying Equation 5-18, we obtain 

However, is given in terms of F in Equations 5-17. Replacing Hx 
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by its equivalent value from Equations 5-17, we get 


This is an equation in F only. If it can be solved, the field will be 
completely defined. Again, the order in which the derivatives are 
taken will not affect the result so that 


VdFX d ( d^F\ 
dt^\dy) ~ dy\!^'° Be) 


(5-21) 


Hence both sides of Equation 5*20 may be integrated with respect to 
y. The integration constants may be disregarded without any loss in 
generality: 

d^F 

Moeo^=V=*E (5-22) 


which is an equation in F onlj^ since im) and 6o are constants. 

To proceed with the solution of Equation 5*22 it is desirable to look 
into the type of wave which it will specify. Since it was shown that 
the plane electromagnetic wave solution of MaxwelFs equations speci- 
fies a traveling type of wave made up of two waves traveling in opposite 
directions, a good approach would be to see if this type of solution 
would satisfy Equation 5-22. 

In a spherical wave the equiphase surfaces are spherical. In the 
electromagnetic wave they are spreading out from the origin ; hence the 
origin is the center of all the spherical equiphase surfaces. Let s be 
the distance from any point in the coordinate space to the origin. In 
other words, s is a radial line. Since this spherical wave originates at 
the origin and travels outward, a logical assumption would be that the 
wave is a function of .s. The distance, s, in terms of the coordinates 
of a point, x, y, and z, is given by 

s = + y^ + !? (5-23) 


The wave will also be a function of the time, t. The assumption will 
be made now that the scalar function of position in space, the function 
F, is a function of the distance, s, and the time, L Calling this new 
function / (s, we assume that F is equal to f(Syt). Letting F be equal 
to this new function indicates that F may be completely expressed in 
terms of the two variables, s and t. We shall have to prove that such 
a function is a solution of Equation 5*22 as well as determine the func- 
tion itself. 
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Notice that s is a function of x, y, and z. All the derivatives with 
respect to rr, y, or z of the function F now have to be changed to deriva- 
tives of the function with respect to s. The partial derivative of F 
with respect to x is given by 


dx ds dx 


(5-24) 


where 


ds ^ d(Vx^ + y^ + z^) ^ x 
dx dx s 


(5-25) 


Substituting Equation 5-25 into Equation 5*24, 
live of the function F with respect to x: 

^ _x^ 

dx s ds 


we obtain the deriva- 

(5*26) 


However, ecpiation 5-22 contaias only the Second derivatives of the 
function. To obtain the second derivative of F with respect to Xy 
Equation 5-2G is differentiated with respe(‘t to x. Equation 5*26 may 
be considered to consist of the })roduct of three functions, x, 1/s, and 
dF/ds. In other words, each one of these is a separate function of x 
and the right-hand side of Equation 5-26 is the product of the three. 
The derivative of such a product is equal to the sum of three terms, 
each term being the derivative of one of the functions multiplied by 
the remaining two functions. It is merely an expansion of the deriva- 
tive of the produ(*t of two functions. The derivative of Equation 5*26, 
the second partial derivative of F with respect to x, is exiiressed by 


X dF d^F 

dx^ s ds dx ds s dx ds^ 


(5-27) 


This may be simplified by using p]quation 5-25. 

_ 1 _ x^ a E x^ d^F 

dx^ s ds s'^ ds s^ ds^ 


(5-28) 


In the expression for .s*, as given in liquation 5-23, we see that s is 
exactly the same function of y and z as of x. Hence the second partial 
derivatives of F with respect to y and z (*an be written down directly 
by substituting the new variable for x everywhere that x appears in 
the solution as given by Equation 5*28. Thus 

1 y^ d^F 

dy^ s ds s^ ds s^ ds^ 

dz^ s ds s^ ds ^ s^ ds^ 


(5-29) 
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These second derivatives, Equations 5*28 and 5*29, enter into Equation 
5*22 in the form of being equal to the sum of the three second 

derivatives. Taking the sum and substituting for (x^ + 2/^ + we 
obtain 


2 dF d^F 
ds ds^ 


(5-30) 


This expression can be further simplified by recognizing the relation- 
ship that the right-hand side of the equation is the second partial de- 
rivative of the product of .s and F divided by s. To prove this, the 
first derivative is obtained — 


ds ds 


(5-31) 


and the second partial derivative is expressed by 
d^i^F) ^dF d^F 

ds^ ds^ 


(6-32) 


When these are substituted into Ecjuation 5*30, the resultant expression 
for the Laplacian of F is given by 


S ds 


(5-33) 


Thus V^F is expressed in terms of the variable F, a function of s 
and and the variable s itself. Actually sF can be considered to be a 
single function of .s and i, as will be shown later. 

The Laplacian of F, as defined by Equation 5-33, can be substituted 
into the equation to be solved, namely, Liquation 5*22: 


d^F 

Moeo 


1 

ds^ 


(5.34) 


This equation is not completely satisfactory inasmuch as there are two 
functions involved, F and sF. It can be rectified by moving the .s, 
which is not a function of from the right-hand side of Equation 5*34 
over to the left-hand side and incorporating it into the time derivative: 


d^{sF) d^{sF) 


(5-35) 


The quantity sF can now be considered to be a single variable. Let us 
compare this equation with Equations 4*7 and 4*8, which are the equa- 
tions solved in the plane wave case. We notice the similarity. Hence 
the assumptions were correct and the solution of Equation 5-35 will be 
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the sum of two exponential functioas, one being a wave traveling in 
the plus s direction and the other a wave traveling in the minus s direc- 
tion. Continuing the analogy between this solijtion and the plane 
wave case, we notice that the result will involve, in a harmonically 
generated wave, the term co, which Ls equal to 2x/, where / is the fre- 
quency of generation, and /S, the term which determines the phase ve- 
locity through the medium. Thus 

sF = g{o)t- 0s) + h{o)t + 0s) (5-36) 

where g{o)t — 0s) represents an exponential phasor function of (o)t — 0s) 
defining a wave traveling in the plus s direction. In other words, 
— 0s) j preceded by a j term, will appear in the solution as the ex- 
ponent of e, defining the solution as a traveling wave. It does not 
mean that the rest of the solution is independent of s and t; it is not as 
will be shown. Similarly h(o3t — 0s) represents an exponential func- 
tion of (o3i — 0s) defining a wave traveling in the minus .v direction. 
Let us glance back now at Equatioas 5*14 and 6*17 and notice that F, 
when it is obtained, will completely define the electromagnetic field 
but is, in itself, a scalar position of space. We must not confuse the 
function F with the vectors E and H. 

The functions g and h, if they are sinusoidal, (»an be expressed as func- 
tions of two amplitude factors, K'' and A"*^, as follows: 

g{o)t - 0s) = 

+ /3.s) = 


where and K~~ are boundary condition constants. These equations 
follow from the analogy with the plane electromagnetic wave. We 
notice the absence of an attenuation factor; it is left out inasmuch as 
the medium is assumed to be free space. The phase constant, 0, may 
l)e obtained by substituting either equation of Equations 5*37 into 
Equation 5*35. As in the -plane electromagnetic wave, 0 comes out to 
he eciual to coVjLtoco. 

The functions may be ex])ressed in terms of the velocity of propaga- 
tion of the wave, Vj by substituting for 0 in the exponential where, 
from the plane wave solution, v is equal to I/V/^ocq. Thus 

(d -- 0s = (d ^ coVjLtoeo s 
cot -- 0s = (o(t -- Vmo^o «) 


cot — 



(5-38) 
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Similarly, 


“I" /3s 




(5-39) 


The function F can now be exi)resse(l as a function of (-0 plus a 

function of . Incorporating o) into the constants and dividing 

through by s, we obtain 


Assuming now that the generator is located in free space with no 
reflecting surfaces present, we can equate the h function to zero. The 
refle(*ted wave can usually be determined by the method discussed 
under the topics of reflected and refracted waves in Chapter 3. As 
will be shown later, if the reflecting surface is not comparatively close 
to the generator, it will not affect the generator and therefore not affect 
the g function. Thus, to solve for the y function in Kirms of the dis- 
tribution of currents and charges in the generator circuit, the h function 
is equated to zero. Henc^e 


F = 



(541) 


Equation 5*50 is now substituted into the expressions for E and H as 
given in Equations 5*14 and 5*17. From the result, the function 

will be obtained in relation to the generator so that E and H 
can be calculated. For convenience, let g represent g so that 


everywhere g is indicated it will represent a function. It is done to 
simplify the equations as much as possible without modifying their 
meanings. It should be noted that the derivative of g with respect to 



is equal to the derivative of g with respecjt to t. 


The deriva- 


tives necessary to substitute Equation 541 into the equations for E 
and H are 



130 


RADIATION 


^ _ 1 ^ 

ds V dt 


dz .s'^ ^ s^v dt 


(-hi +^.^ + L^\ 

3x\c) 2 / .s'* \.S' tn> dt df^J 

dz^ ~ V .S'" .s'*/ ^ Vs''^- .s-<’/ dt ^ .S=*r' dt- 


V^F = \i 

r“ 




1 

dt^ 


( 542 ) 


Substituting Equations 542 into the equations for the components 
of E as stated in Equations 5*14, we obtain 






+ ■” ^ + 
sv dt 


xz / 3 dg 

.^*V.s 


+ '■ + 
- av dt 


1 

df-J 

1 

dty 


( 6 - 43 ) 


w - K^- j.1^ - £!_±j! 4 _ '1 ^ 4 . L 

* s^\6' V dt) \.s^ sv dt d<V 


Substituting Equatioas 5.42 also into Equations 5* 17 for the compo- 
nents of H, we get 


Hy = 


^ _i. 1 

.s^ V.s dt'^ V di^) 
^/l ^ , 1 

\s dt'^ V dt^) 


( 6 - 44 ) 


= 0 


Equations 543 and 544 express the electromagnetic field in terms of 
the function g. 

Since the field is spherical, it is best to transform the equations into 
spherical coordinates. In Figure 5-1 we see the rectangular and spheri- 
cal coordinates of the point x, y, z. The spherical coordinates are: p, 
the distance from the point in question to the origin; d, the angle that 
a line from the origin to the point makes with the positive segment of 
the z axis; and 0, the angle between the projection of the line on the z 
plane through the origin and the positive segment of the x axis. By 
transforming the equations to these coordinates the implications of the 
equatioas become more evident. 
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Let us allow r to be equal to the length of the projection on the z 
plane of a line from the origin to the point y, z. Thus 

r = Vi* + (5-45) 

The distance p will be given by 

p = + 2/^ + «* = s (5*46) 



Fig. 51 SphtTical coordiiiatos showing a vootor of magnitude 
p as well as its coinimnents in rectangular coordinates. 


The components of E and H are now transformed from the x, and 
z components of rectangular coordinates to the p, and 0 components 
of spherical coordinates. The p component is that component taken 
in the p direction which, in these coordinates, is the radial direction; 
hence the p component is the radial component. The 6 component is 
taken in the direction determined by a differential change in d\ hence 
the 6 component is perpendicular to the radial line and in the plane 
containing the point in question and the z axis. The component 
similarly is in the direction determined by a differential change in the 
angle <<); consequently, it is also perpendicular to the radial line but is 
parallel to the z plane. As in rectangular coordinates, these three com- 
ponents will completely define a vector. The magnitude of the com- 
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ponents are determined by the projections of the vector on lines ex- 
tending through the base of the vector in the direction of the compo- 
nents. ^ 

Transforming first the components of H, we obtain for 

H4, = Hy- - (647) 

r r 


Substituting Hx and Hy from Equation 544 into Equation 547 and 
remembering that r/p is equal to sin 6, we get 

sin^/’ 






9/1^ , i^\ 

\p dt V dt^J 


(648) 


The 6 and p components of H come out to be zero, a very convenient 
result inasmuch as it means that the magnetic intensity vector is com- 
pletely defined by a single component. Thus the direction of the mag- 
netic field is immediately tied down to the 0 direction, and we find that 
a magnetic line of force will be a circle in a z plane with the z axis at its 
center. 

The components of E are now obtained in the same manner. The 
p component of E is given by 

Ep = -Bx - + Ey- + Eg- (549) 

P P P 


This equation is standard inasmuch as the radial component is equal to 
the sum of rectangular components multiplied by their respective direc- 
tion cosines. Replacing the rectangular components by their equiva- 
lents from Equations 543 and noticing that z/p is equal to cos P, we 
obtain 


E, 


2 cos 6 / P , 1 

p2 \p^ V dt) 


(5-50) 


Referring now to Figure 5-1 , we see that the 0 component is given by 
Eb = Er cos 0 — Eg sin 0 (5*5l) 


where Er is used only as a convenient means of obtaining the solution. 
Actually there is no need for such a component except for visual under- 
standing. It is equal to the following: 

Er = Ex cas 6 -h Ey sin 6 (5*52) 


Substituting Equation 5*52 into Equation 5-51 and then replacing the 
rectangular components from Equation 543, we obtain 


Eb = 


sin 6 


0 


Vp dt dt^J 


(6-53) 
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The < i > component of E comes out to he zero. Gathering together all 
the spherical components of the electric and magnetic field intensities 
of the spherical electromagnetic wave, we have 


= 60 


sing / 1 ^ , 1 

p \p dt V dfi ) 


H, = 0 

//p = 0 


( 5 - 54 ) 


£« = 0 


E!$ 


sing /£_ , 1 ^ , 2 
p \p^ pi’ dt dt^) 


E 


P 


2 COS e /g , 1 M 
\ p^v dfj 


(5-55) 


These two sets of equations completely define the field around a genera- 
tor and meet the boundary conditions set forth in Equations 5*5. The 
type of generator is as yet unknown. 


5 ‘3 The doublet as a spherical field generator 

For Equations fi*54 and 5*55 to he useful they should be linked, 
through the function f/, to a j)ra<*tical and usable generator. Because 
it is so coni moil in nature and because it is easy to obtain and is nearly 
always used in electrical circuits the resultant field will be assumed to 
vary sinusoidally with time. 

JOxamining Juiuations 5-54 and 5*55, the equations for the field, we 
notice that the function g is the only item that varies with time. This 
function enters into the equations either directly or as a derivative 
with res])ect to time. If a function is sinusoidal with respect to time, 
all its derivatives will be sinusoidal, the time equation being shifted 
in phase 90° with each derivative. It is lor this reason that g is con- 
sidered to be a sinusoidal function, the real part of an exponential with 
an exponent of jco/. Again, o) is the angular velocity of the phasor, 
equal to 27r/, where / is the frequency of rotation and the frequency of 
the wave. 

Let us consider the case wherein 


1 


1 


— 


<- 

9 

V 

dt 

P 


This means that p is relatively small. However, with g a sinusoidal 
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function as has been assumed, the derivative of g with respe^'t to time 
is equal to jojg, inasmuch as the derivative of an exponential function is 
the original function multiplied by the derivative of the exponent. 
Substituting this result into Ecjuation 5-57, wo obtain 

0 ) 1 

• (5-57) 

V p 

However « is equal to 27r/ and v is ecjual to the wavelength X times /. 
Using these relationships, we find that the frequency cancels out. In- 
verting both sides of the equation, whi(‘h also means that the inequality 
signs will have to be reversed, we obtain 

(5-58) 

Thus Equation 5-56 indicates that p, the radial distance from the genera- 
tor, is assumed to be very small with respect to a wavelength of the 
wave under consideration. 

To investigate the field as close as this to the generator it is advisable 
to examine Equations 5-14. The equation for Ez involves the Laplacian 
of F. Remembering that .s* is equal to p and referring to the last two 
(‘(luations of Equations 5-42 we se(‘ that V^F is negligible with rosp(‘ct 
to d^Ffdz^, From Ecjuaiion 5-14 at this distance from the generator, 
Exy Ey, and Ez are the x, y, and z derivatives of the same quantity 
dF/dz. Hence the electric force near the origin has the form of an 
ordinary static potential where 

d F 

— (5-59) 

OZ 

The derivative of F with respect to z is given in the second equation of 
Equations 5*42. The second term, which is negligibly small, may be 
dropped and the expression for ^ becomes 

- (5-60) 

p 

It will be shown now that Equation 5-60 is exactly the same potential 
as that obtained from a doublet at the origin whose moment is €o^, pro- 
vided its length is negligible in comparison with 2p. 

A doublet consists of two opposite charges separated by a definite 
distance as shown in P'igure 5-2. In this case the charges are +q and 
— g, as shown, and separated by a distance d. They are lying along 
the z axis with the origin midway between them. The electrostatic 



THE DOUBLET AS A SPHKHI(\\L FIELD GKNERATOK 135 


potential, at a point P, which is p distanc^e from the origin, is given 
by 


^0 = 


g 

47r€oPl 


g 

47reoP2 


(5.61) 


The Air enters into the equations because the M.K.S. system of units is 
used throughout. However, pi can be taken as ecjual to the mean dis- 



Fig. 5*2 A doublet at Hie ongin orieiiled in the z din'ction and its dimensions 
with respect to the point F in space. The chargi* at oiu* in.stant of time is shown 

as — g and -\-q. 


tance p minus {d cos 6) over 2, and P 2 as equal to p plus the same factor 
— provided, as stated above, the distance p is large with respect to d. 
Expressing Equation 5*61 in terms of the mean distance p and simpli- 
fying, we obtain 


^0 = 


ad cos 9 


(6.62) 


The second term in the brackets in the denominator has a maximum 
value of d^/4, which, with the assumption that d is negligible with 
respect to 2p, drops out. Putting in the equality that cos 0 is equal to 
to 2 /p, we find that the expression for becomes 
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Now let us compare the result obtained here with the expression for yp 
obtained in Equation 5*60. They are similar if 


qd 

47r€o 


= g 


(5-64) 


This result now establishes that a minute doublet can create a field 
similar to that obtained in the spherically polarized case for very small 
values of p. The value of the func tion (j for the dipole is given in Equa- 
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Fig. 5*3 Doublets and charges in a long wire brokc'ii iif) into segments. 

Dotted lines connect each segment witli its actual position in the wire ah. 

tion 5*64 in terms of the charge q, the distance d, and the constants tt 
and €o. Thus we have the interesting cont^lusion that the spherically 
polarized field, with the boundary conditions given in Equations 5-5, 
may be generated by a doublet of very small length. This conclusion 
has proven to be true and calculations made from it have proven to be 
correct. 

To be useful, the doublet case has to be extended to take in currents 
flowing in a wire. In Figure 5-3 is shown a wire broken up into small 
segments, 1, 2, 3, and so on. Each of these segments, when removed 
from the wire, is assumed to have ecjiial and opposite charges on its 
ends, as shown. Thus each one of these segments is a small doublet 
whose length can be made as small as desired. When the doublets are 
connected end to end to form the original wire, all the charges on the 
ends which touch will tend to neutralize one another. Those on the 
very end can be assumed to be connected acToss the terminals of a gener- 
ator. Thus the wire could be considered to be made up of very many 
minute doublets connected end to end. 

Before the expressions for g can be substituted into the equations, 
it is desirable to determine the derivatives found in the solution. One 
is the partial derivative of the doublet moment, qd (as given in Equa- 
tion 5 * 64 ), with respect to time, t: 

dt ~ dt\^ir€o) 


( 5 - 65 ) 
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However, everything in the equation except q is constant with time so 
that Equation 5*65 reduces to 


dg d dq 
dt dt 


(5-66) 


But the derivative, with respect to time, of the charge q is equal to the 
current, ^, flowing in tlie wire at the doublet under consideration. Thus 
the derivative, with respect to time, of the function g may be expressed 
in terms of the current. Allowing the length of the doublet to be the 
differential distance, ds, we obtain 



dt 47r€o 


( 5 - 67 ) 


The second partial derivative of g with respect to time can be written 
down directly since it only involves taking the partial dervative of the 
current, i: 


d^g r/.s‘ d) 

“ 4^ Jt 


(5*68) 


There are now enough terms to obtain the field (‘omponents of the elec- 
tromagnetic field in terms of the current and charges on a small segment 
of length, rf.s, situated in a wire carrying current. The complete equa- 
tions, including the exponential factor contained in therefore, 

are 


dH^ = 



1 

47reoC df / ^ 




dHe = 0 


( 5 - 69 ) 


dH, = 0 


dE^ = 0 


dE> 

dE, 


["(: 

1*2 cos B / 

L V 


47r€oP^ 
Q 


+ 


47r€opv 47r€o^’ 




.47rcoP 4ir€uZ’)l 


+ 


( 5 - 70 ) 


The reason the differentials of the field components are used in the 
equations is that, actually, these equations express only the field caused 
by a small differential length of the radiating wire; to obtain the com- 
plete field, the equations have to be integrated over the whole length 
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of wire concerned. The foregoing equations represent, however, the 
complete field generated by a minute doublet of length ds, 

5*4 The induction field 

Equations 5-69 and 5-70 are complete and represent the field around 
the generator both close to the generator and distant from it. The 
laws for the region close to the generator are the simple laws of electro- 
statics and magnetostatics. This close region, sometimes called the 
near zone, is defined by Equation 5*58, the distance from the generator 
(or wire as has been chosen) being less than the wavelength under con- 
sideration divided by 27r. 

It has already been shown in the derivation of the doublet equations 
how the equations reduce to the ordinary electrostatic equations. 
This does not mean that the other portions of the equations do not 
exist but rather that those portions are so small in the near region that 
compared to the other terms they may be neglected without any ap- 
preciable effec*t on the results. As soon as distances are involved which 
do not meet the limitations for the near zone, the complete equations 
have to be employed unless it is proven that other portions of the 
equations may be neglected. 

In the near region, the distances are small with respect to a wave- 
length; hence the time involved, which is equal to cas/v, is so minute 
that the effects may be considered to be felt instantaneously throughout 
the near zone. It is not really instantaneous but it is so very close to 
instantaneous that making this assumption will not influence any of 
the results detectably. Of course this assumption leads to an infinite 
electromagnetic velocity which, although it is known not to be abso- 
lutely true, is acceptable for calculations. Very often, therefore, the 
near region is also referred to as the region where an infinite velocity 
of propagation of electromagnetic effects is assumed. 

Examining now the equation for the magnetic field intensity with the 
limitation of the near region, we find the second term to be negligible. 
The magnetic field is therefore completely specified by 

dH^, = i ^ (5-71) 

47rp 

This is the equation used in calculating the field in circuits at low fre- 
quencies where only the induction field is involved. Again, because 
the distances are very much smaller than a wavelength, the action is 
assumed to be instantaneous. 

We notice how the size of the region in which the induction field can 
be used is dependent on both the actual divstances involved and the 



THE RADIATION FIELD 


139 


frequency. A circuit that at one megacycle can be treated throughout 
with induction field equations may show completely extraneous results 
if the same equations are employed for the same circuit at 100 mega- 
cycles. Of course at 10,000 megacycles there are very few circuits 
that can be treated in such a simple manner; great care should be taken 
if any are so treated to make sure that the limitations of the near zone 
are met. 

Before the radiated field is discussed a word should be said about 
that intermediate zone where both the induction field and the radiated 
field are present hi the region where the distances involved are of 
the same order as the wavelength divided by 27r, the most intricate form 
of the equations has to be employed. This is especially true when two 
antennas are situated close to one another. The intermediate zone 
problems are very complex and for that reason many have not yet been 
solved. 


5*5 The radiation field 


The field in the region distant from the generator, often called the 
far region or far zone, is known as the radiated field. It is this field 
which contains the energy radiated from an antenna. For the far 
region, p is taken very large so that 

(6-72) 


Consequently, 


i 1 di 

p V dt 



1 di 
dt 


(5.73) 


Examining the complete equations, Equations 5*69 and 5*70, we find 
that a large number of the terms can now be neglected. The equations 
reduce to only two components as follows, all other components being 
equal to or close to zero: 


sin B di 
Awvp dt 


dEe 


A 


sin B di 


3 


(5.74) 


These two equations now express completely, for calculation purpose.^, 
the radiated field. This again does not mean that the other portions 
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of the equations do not exist but rather that they are so small that they 
may be completely neglected without any detrimental effect. 

Notice that the <t> component is at right angles^ to the 6 component; 
hence the resultant vectors are always at right angles to one another. 
The magnitude of the E vector is equal to the magnitude of the H 

vector multiplied by the intrinsic impedance of free space, y/no/eo. 
P'or this reason only one integration is needed, and the other vector is 
obtained therefrom. Both vectors are in phase at every point in the 
far zone according to Equations 5*74. In this manner the spherical 
wave is similar to the plane electromagnetic wave. These results 
assume that there are no interfering or reflecting surfaces present in the 
zone. 

Replacing the current i at the point .s with its equivalent exponential 
form where Isitn&x) maximum value of the current in 

the small segment (ts and a? is equal to 27r times the frequency of the 
current. Differentiating, we obtain 


dH^ = ^ 

dE, = \j~^p 


(5-75) 


Taking the real part of the exponential, we find that the expression for 
and c/Ee may be written in terms of the (‘osine of the phase rela- 
tionships: 


= [. 


COS ((o( — d.s 

47rrp J 


’ cos (wf — jSp + 90®) (is 


(5-70) 


Examining Equations 5*70, we see again that at every point p dis- 
tance from the generating source the electric and magnetic fields are in 
phase. Thus it correctly represents a spherical field inasmuch as the 
equiphase surfaces are spherical and travel radially outward from the 
origin. The field is polarized because only one component of each of 
the vectors is not zero. The amplitude, however, is not constant over 
a spherical surface but varies with the angle 0. The amplitude does 
not vary with the angle so that a circle determined by a constant p 
and constant 0 will have both constant phase and constant amplitude. 
These circles can be pictured as the intersection of a z plane with any 
spherical surface about the origin. 
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5*6 Radiation pattern 

A radiation pattern is a graphical representation of the magnitude 
of the electromagnetic vectors at a constant distance from the antenna. 
Examining Equations 5*76, we see that if p is considered to be constant, 
at any value, the shape of the pattern obtained will be the same as for 
any other value of p. 

In Figure 5*4 is shown the polar pattern of a horizontal Hertzian 
doublet, which is an antenna so short that it can be considered to have 
a length ds and follow the pattern of Equations 5-76. In this case the 




Fio. 5-4 Th(' radiation pattorns obtain(*d from a Hortzian douhlot 
which is horizontal to the reference plane. 

z axis would be horizontal. Inasmuch as a three-dimensional pattern 
cannot be clearly shown on a flat sheet of paper, two sei)arate patterns 
are presented. The horizontal pattern indicates the magnitude of the 
electromagnetic field vectors as the detector travels around the dipole 
in the horizontal ])lane at a constant distance from the antenna. In 
the pattern the length of line from the center to the line of the pat- 
tern is the relative magnitude of the vectors in that direction. We 
notice that the horizontal plane does not liave to be the plane which 
includes the antenna but can be anywhere above or below the antenna, 
and the shape of the pattern will be the same. To avoid misunder- 
standing, the orientation of the antenna should always be showm on 
the pattern. 

The vertical pattern is obtained in a similar manner with the de- 
tector going around the antenna at a constant distance from the an- 
tenna but in the vertical plane. Again, the vertical plane does not 
have to include the antenna in order to indicate the shape of the pat- 
tern. 

In Figure 5-4 are shown the two patterns for the Hertzian doublet. 
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The horizontal pattern is an ordinary polar sine curve. It indicates 
that the maximum values in the field are obtainable in a direction per- 
pendicular to the doublet and that the field is zero off the ends of the 
doublet. In a simple doublet like this, the intensity curve may be 
pictured as the apparent length of the doublet that an observer would 
see if he went around the doublet with the detector. When he is per- 
pendicular to the doublet he sees a maximum length and when he is off 
the end of the doublet he sees zero length. The vertical pattern is 
circular since the orientation of the doublet with a detector is com- 
pletely symmetrical in the vertical plane. 

Let us try now to picture the three-dimensional pattern. It will be 
a three-dimensional surface where the length of line from the center to 
the surface indicates the relative magnitude in the direction of the line. 
Its shape will be a toroid with the inner radius reduced to zero. The 
doublet is in the center of the toroid, normal to the plane of the toroid. 

There are an infinite number of possible antenna radiation patterns, 
each dependent on the construction and feeding of the antenna. The 
radiation pattern determines the direction for the maximum values of 
E and H and shows, therefore, the direction in which the maximum 
power is being propagated. For that reason the pattern is often re- 
ferred to as the directive pattern of the antenna. 

5*7 Current distribution in antennas 

The radiation pattern of an antenna is obtained by integrating 
equations 5-76 along the length of the antenna, taking into account 
the phase and amplitude of the current in each segment ds of antenna 
and the position of the segment ds. Hence the current distribution 
along the length of the antenna has to be known or assumed before the 
calculation can be made. 

The current distribution along a two-conductor parallel wire line is 
known to be sinusoidal; but when the two wires are separated and 
spread out so that an antenna is obtained, the distribution is not neces- 
sarily sinusoidal any more. A study of the distribution of current 
along a symmetrical center-driven antenna gives a good deal of insight 
into this problem. The center-driven antenna is a length of wire 2L 
units with a generator of very small size located in the center of the 
wire. This problem cannot be directly analyzed from ordinary cir- 
cuit concepts as in the case of an ordinary transmission line. There 
the conductors are situated so close together that the forces acting on 
any element of either conductor is confined to those exerted by neigh- 
boring elements of the circuit; these forces are all near zone effects. 
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In a well-built transmission line the radiation is negligible and can be 
neglected. These assumptions, near zone forces and negligible radia- 
tion, cannot be made for an antenna; here the forces exerted by the 
fields are also determined by far and intermediate zone effects, and 
radiation, of course, does take place. 

There are two methods of attacking this problem. One method of 
solution suggested by Schelkunoff and Feldman* takes into account 
the effect of radiation on the current and charge in an antenna by add- 
ing a simple term to the resistance of the wire. The voltage is assumed 
to be unaffected. In this manner transmission line theory may be 
applied to the problem and correct results obtained. C'alculations 
based on the assumption that the antenna and the space surrounding 
it are two wave guides have also been made by Schelkunoff .f Another 
method of solution, first suggested by Hall^nt and carefully studied 
by King and Harrison, § is to analyze the antenna as a boundary value 
problem in electromagnetic theory. The solution for the current dis- 
tribution is thus obtained and curves for the distribution of currents 
for a wide range of antenna lengths and ratios of length to radius are 
given in the literature.! Although these curves are for the symmetrical 
center-driven antenna only, the concept can be carried over to other 
types of antenna (configurations. 

I In Figure 5*5 is shown a center-driven symmetrical antenna com- 
monly known as a dipole antenna. If the wire is very thin, in other 
words if the radius of the wire from which the antenna is constructed 
is vanishingly small, a sinusoidal distribution of current, which is con- 
ventionally assumed, will be a very good approximation of the true 
distribution. If L is the half length of the antenna and x the distance 
from the center to the point, S, under consideration, the current /* * § at 
the point s is given by 

Ix = I sin 

* S. A. S(!helkunoff and C. B. Feldman, **On radiation from antennas,” Pro- 
ceedings of the L R. E., Vol. 30, pp. 511-516, November, 1942. 

tS. A. Schelkunoff, Electromagnetic Waves, New York, D. Van Nostrand Co., 
1943. 

X E. Hall6n, ‘‘Theoretical investigations into the transmitting and receiving quali- 
ties of antennas,” Nova Acta Royal Society of Science, Vol. 11, pp. 1-44, November, 
1938. 

§ R. King and C. W. Harrison, “The distribution of current along a symmetrical 
center-driven antenna,” Proceedings of the I.R.E., Vol. 31, pp. 548-567, October, 

1943. 


(L 


- I a: 1) si 


Sin w* 


(5-77) 
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where X is the wavelength of the wave being radiated. This approxi- 
mation Ls also fair for thicker antennas which do not exceed greatly a 
half wave in length. For the thicker, longer^ antenna the current 
varies from the sinusoidal distribution mentioned above. The cur- 
rent at the open end is still zero, of course, but the maximum value 
rises above the maximum in a sine wave distribution and the nodes 



F'Ki 5‘5 A dipoh* antc'iina of longth 2fj units and a point P sf) far distant 
that linos connocting it with i)oints on the anU*nna may bo considered parallel 


along the antenna, other than at the very end, do not come down to 
zero. For the most part, assuming a sinusoidal distribution of current 
in an ordinary antenna configuration will give a fair picture of the 
radiation pattern that will be obtained from the antenna when con- 
structed. 

5*8 The radiation pattern of a dipole antenna 

Let us consider now the center-driven symmetrical dipole antenna 
shown in Figure 5*5. The wire is assumed to be very thin so that the 
sinusoidal current distribution, given in Equation 5*77, can be used. 
The wire of the dipole antenna, or any antenna for that matter, can be 
considered to be made up of a series of small Hertzian doublets placed 
end to end, as shown in Figure 5-3. The problem now is to obtain the 
vector sum of the radiations from all the Hertzian doublets at a dis- 
tance p from a reference point on the antenna. 

There are two important considerations to be taken into account: 
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One is the magnitudes and phases of the rurrents flowing in each of the 
doublets; these will determine the phase and the magnitude of the 
electromagnetic field vectors radiated from each of the doublets. The 
other consideration is the phase shift caused by different path lengths. 
The radiation from each of the doublets has to travel a different distance 
to the point of reception inasmuch as all the dipoles are at different 
distances from the antenna reference point; hence the sum of the radia- 
tions at the point of reception to be correct will also have to take into 
account the phase shift caused by this difference in path length. 

In Figure 5-5 let us consider a small doublet of length rfs, which in 
this case becomes dx, at the point x distance from the center of the an- 
tenna. We will now determine the phase and amplitude of the current 
at the point N on the line. In this case a sinusoidal distribution is 
assumed; heu(*e, there is a standing wave along the line. Since it is 
open ended at x ec^ual to L, the amplitude of the current there is zero 
and increases with the sine of the distance, in electrical degrees, from 
the end. In a standing wave on a dipole, as in an open-ended line, the 
phase of the current remains constant for 180° and then changes in sign. 
However, as shown in Equation 5*77, the amplitude of the current de- 
pends only on the absolute value of the distance x. Therefore, the 
current will change abruptly at x equal to zero, the point at which the 
generator is located. If x is taken positive in one direction and nega- 
tive in the other, two equations will be necessary to express the current 
relationships along the line: 

(L-x) ] sin cot x > 0 

(6.78) 

(L + x) J sin ot X <0 

( Include the minus 
sign when sub- 
stituting values 
for —X. 

Ix is again the current at the point s and I is the maximum value of the 
current at the point {L — x) equal to X/4, provided the antenna is long 
enough. The 27r/X factor converts the distance into radians. X is the 
wavelength of the wave being propagated and o is equal to 2^/, where 
/ is the frequency of the wave. 
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In obtaining the radiation pattern, all the constants in the equations 
for the electromagnetic field vectors, including p which is assumed 
constant for the pattern, can be lumped under a single constant K, 
This constant K can also include the time retardation and the 
90° phase shift so that 

X = l^/^i/-/3p + 90» (5-79) 

47r \ to i’P 

By substituting K into the equation for the electric field intensity 
from a doublet (in a plane parallel to the doublet) the second equation 
of Equation 5*76 becomes 


f!Ee = ^w/a(niax) ^ + <t>) dx (fi-SO) 

The pattern for the magnetic field intensity will be the same; the only 
variation between the two will be a small change in the constant, as 
discussed previously. 

The center of the antenna is located at the origin. To obtain the 
radiated field intensity at an angle 6 and at a distance p from the origin, 
it is necessary to know the difference in phase between the received 
radiation from different points on the antenna. This difference in 
phase is noted as 0 in Equation 5*80. It represents the difference in 
phase between the radiation coming from the origin ajid the radiation 
coming from the segment dx at the point x and is caused by the condi- 
tion that they are at different points in space. 

Let point P be the point at which the field intensity is desired. This 
point P is taken in the far zone so that the distance from the point P to 
the antenna is very much larger than the length, />, of the antenna. 
Hence the line connecting the point P and the origin and the line con- 
necting the point P and the segment dx are so large, with respect to the 
distance x, that, for calculation purposes, at the antenna they can be 
considered to be parallel lines. 

As shown in the diagram, dropping a perpendicular from the line Px 
to the line PO will determine the difference in length between the two 
distances. This difference in length in degrees is equal to <^. <f> may 

also be expressed in radians by multiplying the distance OA with the 
factor 27r/X. 

However, is a* function of x as shown in the expression for 

the current, I xy at any point, x, in the antenna, h]quation 5*78. Sub- 

for /a(max) Equation 5*80 for one equa- 
tion and using a plus x to obtain another equation, we find that the 


stituting |7 sin 
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two resultant expressions are 
dEe = Kcal jsin 6 sin (L — cos 

dEe = K(al |sin 6 sin (L + a:) J cos {cot + <^)| dx 


dx 


x>0 
X <0 


( 5 . 81 ) 


To be able to integrate this expression, we have to express in terms 
of the variable x. From the diagram, shown in Figure 5*5, the distance 
OA is equal to (x cos 6) so that 0 in radians is given by 


<!> 


2TrX 

— - COS^ 

A 


(5-82) 


Substituting Equation 5*82 into the two expressions for dEe, as given 
in Equation 5-81, we obtain the radiation at the angle B of the segment 
of antenna dx: 


dEe = Ko)I Isin 6 sin (L — 0 *)^ cos cos dx x > 0 

(5*83) 

dEe = K(jil |sin B sin (L + x) J cos cos dx x < 0 


To obtain the radiation of the coniplete antenna in the direction of 
0, it is required that Equation 5.83 be integrated over the complete 
length of the antenna. The limits used will be, for the first equation, 
from zero to L, and, for the second eqiiation, from —L to zero. Adding 
the two integrals, we obtain the full value of Ee: 


Ee 


Kcol sin 6 




dx 


+ 



(L + x) 



2Trx 

~ 


cos 



(5*84) 


To integrate Equation o-84, the following integral equation * is used: 


/ 


sin {mx + a) cos {jix + h) = — 


cos (wx + r?x + a + 6) 
2{m + n) 

cos {mx — rix + — 6) 

2(A71 — 7l) 


(5*85) 


The quantities w, n, a, and b have the following values in Equation 
5‘84: 


* B. 0. Pierce, A Short Table of Integrals, New York, Ginn & Co., 1929, third re- 
vised edition, equation 479. 
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m (for the first equation) 

A 


m = H (for the second equation) 

X 

27r cos B 


(5-86) 


6 = 0 )/ 

Using Equations 5*85 and 5-86, we find it possible now to write down 
the integrated equations for Ee. Factoring out X over 27r, which is a 
common factor in the denominator of the result, we get 


KoilX sin 6 


cos - 

0 - 


(—a; + X cos B I 
2(1 — cos B) 


-f w/ 


(—a; — X cos 0 + L) -- w/ 


2(1 + cos B) 


0 r r2 

cos - 

-/. L 


(x + X cos B + L) + o)t\ 
2(1 + cos B) 


cos I — {x — X cos B + L) — 


L) - oj/ 


2(1 — cos B) J j 

The term coX over 27r is equal to c, the velocity of propagation of the 
wave in free space. Putting in this simplification and substituting in 
the limits, as shown in Equation 5-87, we obtain 


Ee = KvI sin B 


I cos I — L cos 0 + <jot 


2(1 — cos B) 


L cos B 


1 r2 

— (Jit cos - 


2(1 + cos B) 


2(1 — cos B) 
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+ 



r2-KL "I 

■2»L , 1 

r2irL 

I 

cos 


COS — — r 1 

cosj^ ^ 

- CDt 

2(1 + cos^) 

2(1 -f- COS B) 

2(1 — cos^) 


’ 27r , 


T 11 

Co 

cos 

L cos 6 

A 

^ -f- 0 )^ 1 cos — 

L cos 0 1 


2(1 + cos B) 

' 2(1 

— COS B) J 



Equation 5*88 can be used directly to obtain the radiation pattern of 
the antenna, but the equation can be better appreciated if the terms 
are combined and simplified. This is accomplished by multiplying the 
numerators and the denominators by the proper factor to make all the 
denominators equal to 1 — (^os^ (?, which in turn is equal to sin^ 6. The 
numerators are then combined using the equations for the cosines of 
the sum and differences of angles. C'anceling the sine term in the fac- 
tor in front of the brackets with one of the sine terms in the denomina- 
tor, we obtain the equation for Ee. This is, of course, the magnitude 
of the vector which has only a B component. Putting in this equality, 
we obtain 


E I = = 2KvI 


COS 



sin B 



cos 


(5-89) 


E(piation 5*89 gives the magnitude of the field intensity in any direction 
6, as a function of 0, in a plane parallel to the dipole. 

Since any one antenna can only have one length, the length L is a 
parameter which is the half length of the antenna in meters, provided 
X is in meters. L always should be expressed in the same units as X 
when substituting into Equation 5*89. Very often the total length of 
the antenna is given in wave lengths. Thus an antenna whose total 
length is said to be one wavelength, for instance, the dipole shown in 
Figure 5*5, has a ratio of L over X ecjual to 3^. The advantage of using 
wavelengths as a meavsure of antenna length is that similar antennas 
having the same L over X ratio have the same patterns. This result 
can be checked by examining Equation 5-89, the pattern for a dipole. 

The pattern in a plane at right angles to the length of the dipole is 
obtained in a similar manner. However, inasmuch as the field inten- 
sity is independent of </>, the radiation pattern of a dipole in a plane at 
right angles to the length of the dipole will be a circle. 

Example 5-1 Find the radiation patterns of a horizontal center-fed 
symmetrical dipole whose total length is equal to one half the wavelength of 
the wave being propagated. 
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The horizontal pattern is obtained by substituting into Equation 5*89. 
For a total length of 3^X the ratio of L over X is equal to 34* Substituting 
this value into Equation 5*89, we obtain 


El 


= 2Ki}I 



TT 

COS - 
2 


COS (at 



Fifj. 5 0 Th(* radijition i)attern, taken in a horizontal plane, of a 
half-wave dipole antenna. 


The cosine of t/2 is equal to zero so that the magnitude of £ becomes 


1 E I = 2KvI 

Only the term within the brackets varies with 6 so that the horizontal pattern 
is obtained by plotting this quantity. The pattern is shown in Figure 5-6. 

The vertical pattern of the dipole, neglecting the effect of the ground 
plane which normally is present, will be a circle. The effect of the ground 
plane will be studied in the next chapter. This concept of determining the 




sin 9 


cos cat 
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vertical pattern, nefflecting the ground plane, although it is usually a ficti- 
tious condition, is very Uvseful as will be indicated later. 

Example 5*2 Determine the horizontal radiation pattern of the antenna 
in example 5*1 when the operating frequency is doubled. 



Fig. 5-7 The horizontal radiation pattern, taken in a horizontal 
plane, of a horizontal full wave dipole antenna. 


If the operating frequency is doubled, the ratio of L over X is doubled, 
becoming Substituting this value into Equation 5-89 and simplifying, 
we obtain 


I E I = 2Kvl 


cos (x cos 6) \ 


sill d 


cos cot 


Again, plotting the quantity within the brackets will give the desired pattern. 
This is done in Figure 5-7. 


5*9 The radiation patterns of a very short dipole 

A very short dipole will be defined as a dipole whose L over X ratio 
is small enough so that the sine of 2xL/X can be taken equal to 2xL/X 
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itself. This is true to bettor than one ])er rent when L is one thirty- 
sixth of a wavelength or less. The pattern in the plane of the dipole 
will follow Equation 5-89. The form of the equation has to be modified 
to take advantage of the simplification stated al)Ove for a very short 
dipole. This modification is accomplished by substituting the product 
of two sine terms for the difference between the two cosine terms. Mul- 
tiplying, also, the numerator and denominator by sin we find that 
Equation 5*89 becomes 


!e| = 

2KvI sin 6 


( „ . ri 2irL , n . ri 2irL , n 

-2sin [_2~ ~ 


sin^ d 


? cos (j>t 
(5-90) 


The maximum value of the angles whose sines are taken in Equation 
5*90 occurs when the quantities within the parenthesis is equal to two, 
one occurring when cosine 6 is one and the other when cosine 6 is minus 
one. This means that the maximum value of the angle will be 27rL/X. 
But for a very short dipole the sine of this angle is taken equal to the 
angle itself. Making this simplification and substituting the product 
of (1 + cos 6) and (1 — cos 6) for the sin^ 6 term, we obtain 


KvI ^ 




sin 6 ’ 


(cos 0 + 1 ) (cos 6 


(1 + cos 0)(1 — cos 0)j 


n\ ! 


cos (d (5-91) 


The quantity within the brackets reduces to one so that the final equa- 
tion is 


E\ == KvI 



sin 6 cos cot 


(5*92) 


Thus, similar to the pattern of a doublet, the pattern in the plane of 
the very short dipole is determined solely by sin 6. llie pattern in a 
plane at right angles to the very short dipole will, as for the other 
dipoles, be a circle. The patterns, therefore, for a very short dipole 
will be the same as for a doublet. These patterns were illustrated in 
Figure 5*4. We notice that for a fixed current relationship along the 
dipole, the field intensity depends on the square of the length of the 
dipole and inversely as the square of the wavelength being used. 

5-10 Radiation from a terminated wire in free space 

In Figure 5-8 is shown a terminated wire in free space. The con- 
cept of a single terminated wire in free space is completely fictitious 
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but the problem is not. For instance, a terminated balanced trans- 
mission line may be analyzed by calculating the radiation pattern for 
each of the lines separately and then adding the results vectorially, 
taking into account the condition that they are displaced from one an- 
other in space. Since the radiation will be very small when the lines 
are electrically close together, the current distribution for this condi- 
tion is assumed to be that of a terminated lossless transmission line. 



Fi(i. 5-8 A terminated wire* in fret* space' te'nninated in ifs characteTiatic 
impedance Zq with re'spect to a fictitious ground. 


As the lines are spread apart the radiation is no longer very small, but 
a good approximation of the radiation pattern may still be obtained by 
making the same assumption for the eairrent distribution. 

A good example of the appli(*ation of terminated wires in antennas 
is the rhombic antenna. It consists of a transmission line fed at one 
end and terminated at the other. The wires at the center of the line 
are spread apart to form a rhombus. In this case the transmission line 
constants vary along its length and there is attenuation caused by 
radiation. The current distribution is a very intricate function, but a 
fair approximation of the radiation pattern may be obtained by assum- 
ing a constant amplitude, varying phase, current distribution, similar 
to the current distribution in a terminated lossless line. Care must be 
taken in making these assumptions because an attempt to calculate 
impedances and radiation resistances using them will yield erroneous 
results. 

Returning now to the wire shown in Figure 5-8, let us make the as- 
sumption that the distribution of current on it is of constant amplitude 
and varying phase, similar to the current distribution on a terminated 
transmission line wire without attenuation. The effect of the return 
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circuit for the current or of any ground plane is neglected and the wire 
is considered to be situated in free space.* The ground plane may be 
taken into consideration by means of images, as will be discussed in the 
next chapter. 

The center of the antenna wire, as shown in Figure 5*8, will be used 
as the reference point for the radiation pattern. Thus the origin of 
the coordinate system is situated at the center of the antenna wire. 
The total length of the wire is 2L, L being the distance from the origin 
to each end of the wire. The coordinate x is taken positive in the direc- 
tion of the terminating impedance, and 6 is measured from the line of 
the antenna wire. 

The current at a point B, assumed to be x distance from the origin, 
now has to be determined. As in the case of a terminated lossless line, 
the phase shift along the line is obtained by multiplying the distance 
along the line by 2t/\, Using the point at the origin as a reference 
point for the phase of the current in the line, we find that the phase at 
the point B is 2tx/\ radians advanced from the current at the center. 
In other words, there is assumed to be a single traveling wave along the 
transmission line, having a constant magnitude, /, and traveling in the 
plus X direction from the generator to the load. The expression /* for 
the current at any point x along the line is therefore given by 

Ix = f ^'in ^0)1 — 

Differentiating Ix with respect to time in order to use it in the radiation 
equations, we obtain 

dix , ( 2 t^x\ 

— = 0 )/ cos ( ci)^ ) (5‘94) 

As shown in Figure 5-8, radiation from the point B and radiation 
from the origin 0 have to travel a different distance in order to arrive 
at the point P in the far zone. Again P is assumed to be so far distant 
with respect to the wire length that the line BP can be assumed parallel 
to the line OP. Since the radiation from B has to travel a smaller dis- 
tance to the point P, it will actually introduce a leading angle, equal 
to the distance OA in degrees. Substituting Equation 5*94 into the 
equation for the dEe, Equation 5-76, which by the substitution of K 

* A. Alford, “A discussion of methods employed in calculations of electromag- 
netic fields of radiating conductors,” Electrical Commumcaiions^ Vol. 15, p. 70, July, 
1936, 
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may be simplified to the form of Equation 5-80, we obtain 


dEe = Kwl sin d cos 


^O)/ — 


+ 4']dx 


Since ^ is determined by the distanc^e OA , it is given by 

2Trx 

^ = — cos d 

X 


(5-95) 


(5-96) 


Thus the quantity ^ is expressed in terms of the variable x. Equation 
5'96 can now be substituted into Equation r)'95. Et is obtained by 
integrating Equation 5-95 between the limits of —L and L: 

X +L / ^TTX \ 

^ 'jcos f w/ ^ cos dj dx (5*97) 

Performing the integration, we obtain 


K<j3K , 

Ee = — I sin 6 

2ir 


sin o)t 


(1 — cos 6) 


cos 6 — 1 


Substituting in the limits of — L and L, we get 


Ee = 2KvI 


. . /2tL 

sin 6 sin I cos 6 

cos ^ ~ 1 


27 rL V 


cos Q)t 


(5-98) 


(5-99) 


Since the vector E has only one component, Eey Equation 5-99 deter- 
mines the magnitude of E in any direction, (9, with the other space 
variables, </> and p, remaining constant. In other words, it determines 
the pattern in a plane parallel to the length of the wire. ThLs plane is 
usually specified as the plane containing the terminated wire. Inas- 
much as the quantity within the brackets is all that varies with the 
angle 0, a graph of that quantity will specify the radiation pattern given 
by Equation 5*99. 

Again the radiation pattern in a plane at right angles to the wire will 
be a circle since the radiation is independent of the angle </> in this type 
of structure. We notice how this is obtained whenever all the doublets 
which are to be integrated are in a straight line in the antenna being 
analyzed. 

Examining Equation 5-99, we see that the radiation pattern in the 
plane of the wire is not symmetrical around a line perpendicular to the 
antenna. This is checked by substituting 6 plus 90® lor 0 and no- 
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tiring that the equation is no longer identical with Equation 6-99. 
Actually, most energy is transmitted in a line that makes an oblique 
angle to the direction along the wire towards the^ terminating imped- 
ance. This condition can be appreciated more clearly by assuming 
various values for L and substituting into Equation 5*99. 


Example 5*3 Determine the radiation pattern of a so-called terminated 
wire in free space which is a full wavelength long. Assume a current dis- 
tribution along the wire which is constant in amplitude but varies in phase 
similar to the current in a lossless terminated transmission line. 

The radiation from an antenna of this type is specified by the discussion 
in section 5-10. The pattern in the plane at right angles to the wire is again 
a circle. The pattern in a plane containing the wire is given by Equation 
.59*9. L in Equation 5*99 is equal, in this case, to X/2. Substituting for L 
in Equation 5*99, we obtain 


7. T f^^hi B sin (tt cos ^ — tt)] 

Eo = 2Kvl -\ cos wf 

[ cos 0—1 j 


The quantity within tlie brackets determines the radiation pattern, which is 
plotted in Figure 5-9. Thus it is seen that the maximum of the first lobe tends 
to approach the direction of the wire. As the wire is made longer, the maxi- 
mum of this first lobe will tend to approach this direction more and more 
closely. 


5*11 Feeding antennas 

To radiate energy from an antenna, the energy has to be fed into the 
antenna in some manner, j)referably an efficient transfer means from 
the source to the antenna. In some very special cases the antenna 
itself is a part of an oscillating circuit generating the r-f energy. In 
that case, the circuits are automatically matched, and the only special 
precautions to be taken are to see that no other parts of the circuit are 
radiating any waves which will interfere with the desired pattern and 
that no r-f energy is being lost through excessive resistance or currents 
in the circuit being used. Leakage to ground may also account for 
some losses. 

In the majority of cases the antenna is located remotely from the 
generating source, and the energy is led to the antenna through a trans- 
mission line. This transmission line may be any of the types dis- 
cussed in Chapter 1 or any special type that may be called for by the 
construction of the antenna. Feeding an antenna, like the dipole 
shown in Figure 5-5, by means of a balanced line is accomplished by 
considering the antenna to be a two-terminal impedance across the 
terminals G and F, One side of the balanced transmission line is con- 
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nected to G and the other to F, Since this is a balanced type of an- 
tenna no special precautions, other than checks for symmetry, have to 
be taken. If the antenna impedance is not the same as the character- 
istic impedance of the transmission 
line, matching means usually are 
employed. It can be of the stub 
type, discussed in Chapter 1, or any 
other type which will convert the 
antenna impedance to the charac- 
teristic impedance of the line. 

Any balanced type of antenna, one 
which has two terminals that are 
balanced to ground, can be considered 
to be a two-terminal impedance, pro- 
vided the two terminals are close 
enough together so that the normal 


/ 
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Fig. 510 A v(*rtical dipolo 
fod by mofins of a balanc<*d 
transmission lino. Ono side 
of the dipole is coupled to 
the transmission line be- 
cause of parallel proximity. 


Fifi. 511 A coaxial lim* feed for a 
vertical dij)olc anU‘iina using a quarter 
wav(‘length sleeve. 


transmission line equations can be applied to the transmission line con- 
necting them to the source. In other words, neither wire of the trans- 
mission line should couple to any part of the radiating system. 

In Figure 5*10 is shown a vertical dipole which is fed by means of a 
vertical transmission line. We notice the parallel proximity of the 
transmission line to one side of the dipole, namely side AC, This leads 
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to two basic defects: one, the impedance across the input is no longer 
balanced to the ground; and the other, some of the currents of the an- 
tenna will be introduced back into the transmission line. The second 
defect can be eliminated by shielding the transmission line but the 
shield will now have uncontrollable currents introduced on the outside 
of it. 

However, this type of antenna adapts itself very well to a coaxial 
type of feed line. In Figure 5*11 is shown how this is accomplished. 
A sleeve one quarter wavelength long Ls placed over the shield of the 
coaxial line. It is shorted, at the end of the line, to the shield. It is 
open at the far end, the point F in the figure. The inside of the sleeve 
and the outside surface of the shield form a coaxial transmission line 
shorted at E. Thus the impedance looking in at FG is very high, 
forcing the current at the point F to practically zero. This current 
will now correspond very closely to the current at the open end of the 
other half of the dipole, CD, Plotting the current distribution for a 
half-wave total length now shows symmetry. Since the current on the 
inside of the shield is equal and opposite to the current on the coaxial 
center conductor, the center conductor is connected of one side of the 
dipole as shown. The shorting conductor for the sleeve conducts the 
current on the inside of the shield to the input of the other side of the 
dipole at E, To maintain completely symmetrical conditions, the half 
of the dipole projecting up into free space, part CD, is made the same 
dimensions as the sleeve. 

Very often it is desirable to feed a balanced type of antenna with a 
coaxial line and vice versa. Special adai)ters to ])e used at the feed 
point can be constructed. The form that these adapters take and their 
analysis will be taken up in the chapter on complex transmission line 
network analysis, ( 'hapter 8. 

Where the losses in the transmission lines are negligible, because of 
low frequencies or short lengths, resonant lengths of transmission line 
or matching lengths may be used. For instance, if it is desirable to 
have the impedance of the antenna appear across the terminals of the 
generator, multiples of half wavelengths may be used. Quarter wave- 
length lines are often used to convert the impedance of the antenna to 
a more useful value. 

Thus the antenna is considered to be the terminating load on a trans- 
mission line and, if the input connection is properly made, it can be 
treated like any load impedance, as discussed in Chapter 1. Its im- 
pedance can also b(' measured using the slotted line technique dis- 
cussed in that (*ha})ter. Again, care must be taken that no radiated 
energy interferes with the measurements. It is best if the measuring 
equipment is comnletelv shk'ldcd from thp 
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5*12 Radiation resistance 

The input resistance of an antenna may be defined, for practical 
purposes, as the series resistance obtained by dividing the total power 
emanating from the antenna by the square of the rins current being 
fed into the input to the antenna. For comparative purposes between 
antennas, the current at the current maximum point in the antenna is 
used instead of the current at the feed point. Which is used is a matter 
of convenience, and one can be transformed into the other quite easily 
once the ratio of input current to maximum current is known. When 
the maximum current is used, the resistance obtained is called the 
radiation resistance. 

Besides the input resistance caused by radiation, the antenna has a 
loss resistance resulting from the loss of power in causing the current 
to flow through the antenna wires proper. Often, the power absorbed 
by near-by objects and therefore not radiated, is included in the loss 
resistance. It is the ratio between the loss resistance at the input and 
the input resistance that determines the efficiency of the antenna. 
Thus, it follows, to get the highest ratio of radiated power to lost power, 
which would yield the highest efficiency, it is necessary to obtain the 
highest ratio of input resistance of the radiated power to loss resistance. 

The radiation resistan(*e is really a fictitious quantity which is useful 
in comparing different types of antennas but does not give a true pic- 
ture of the oi)eration of the antenna as a power sour(*e. Care must be 
taken to find out what resistances are referred to when reading the 
specifications of an antenna. 

The total power being radiated can be ol^tained by taking the power 
passing outward through the surface of a si)here of arbitrary radius, p, 
surrounding the antenna. This is true because with waves traveling 
outward from the antenna, if none of the power is intercepted, the 
power passing outward through the sjihere must be ecjual to the power 
being radiated in order to maintain equilibrium conditions; the condi- 
tions being that there cannot be an accumulation of undefined power 
within the sphere. 

The power per unit area, AP, passing through the surface of the 
sphere, from Poynting\s vector, is equal to the magnitude of the cross 
product of E and H. However, the vectors are at right angles to one 
another so that the cross product magnitude is equal to the product of 
their magnitudes. The subscript — 0, <#>, p — denotes the point at which 
the vectors are taken: 

AP = Ee,4,Jie,4>,p (5-100) 

However from Equation 5-70, is eciual to divided by the 
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intrinsic impedance of space, or, in other words, multiplied by VcoZ/io. 
Substituting this factor into Equation 5*100, we obtain 


AP = 



(5-101) 


Thus the power is expressed in terms of the field intensity only, where 
is the rms magnitude of the field intensity at the point 6, P- 
To obtain the total power, P, passing through the sphere surface, 
Equation 5-101 has to be integrated over the whole surface. The limits 
of integration are taken as 0 to tt for 0, and 0 to 27r for <f>. Performing 
this step, we obtain 

P = (5-102) 

t/0 »0 =0 \ fXQ 

where ds is a differential area of the surface. The area ds in terms of 
the variables is given by 

ds = sin 0 d$ (5*103) 

Substituting Equation 5*103 into Equation 5*102, we find that the 
complete integral expression for power for a polarized spherical field 
becomes 

P = J- (P».0.p)V .sin0d<?d<#. (6-104) 

\ Mo 

To obtain the expression for resistance, the power of Equation 5*104 
has to be divided by the square of the rms current. Calling the re- 
sistance R, we obtain 


sin eded<t> (5-105) 

R is the input resistance if the current, Irmsy the rms value of the 
current at the input to the antenna. It is the radiation resistance if the 
current IrmB Is the rms value of the current at a current maximum point 
in the antenna. Actually the full name for input resistance should be 
input resistance of the radiated energy inasmuch as it does not include 
any of the loss resistance. 

Sometimes the antennas are so short that the current standing wave 
does not come to its full maximum value. This occurs, for instance, in a 
dipole whose full length is less than a half wave. The current then 
used in the calculation of radiation resistance is that current which is 
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obtained if the current distribution curve is extended, following the 
distribution equation, until a maximum is obtained. 


Example 54 Obtain the radiatien resistance and the input resistance 
of the half-wave dipole whose radiation pattern was oBtaiiied in example 5 - 1 . 

In example 5-1 it was shown that the field intensity is independent of 0 
and is given by 



Irna is used instead of 7 because the rins value of E $,<!>, pis desired. From the 
definition of I then, Irma is the riiis value of the current at the current maxi- 
mum point. 

An interesting feature of the half-wave dipole is that it is fed at a current 
maximum point. This means that Irms i^ both the rms value of the current 
at the feed point and also at the current maximum point. Hence, in the case 
of a half-wave dipole, the radiation resistance and the input resistance will be 
the same. This is true of any antenna fed at a current maximum point. 

Substituting the expression for the field intensity into the equation for 
R as given in Equation 5-105 and canceling out the two /rms values which, 
in this case, are the same, we obtain 


72 = . - 


^ _L 

Co 47r2 


r r 

€/0=o tA-o \ sin0 / 


sin 6 d<l>dd 


Simplifying by taking into account that the pattern is symmetrical for all 
eight quadrants of space, we obtain 


R 


f- 

t/ 0 =o \ sin 0 / 


sin 6 d4> dd 


Integrating first with respect to 0 , we get 



This integral with respect to 6 is rather difficult, and for illustrative purposes 
it will be accomplished graphically. The value of the ^constant is equal to 
the intrinsic impedance of space, 377, divided by tt. This is equal to 120. 
Substituting this value into the expression for R, we obtain 
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The function within the brackets is plotted in Figure 5-12. The area 
under the curve is divided into boxes, 4 ohms by 0.1 radian. Hence each 
box is equal to 0.4 ohm. The total number of boxes obtained, estimating 
those cut by the curve, is 182, and 182 times 0.4 yields 72.8 ohms as the re- 
sistance R, This is both the radiation resistance and the input resistance 
of the half-wave dipole. 



0 10 20 30 40 50 60 70 80 90 

0 in degrees 

Fig. 5*12 Graphical integration of the equation for R in Example 
5-4. Each box (outlined in heavy lines) is equal to 0.1 X 4. 

When the equation is integrated mathematically, R comes out to be 73.1 
ohms. The accuracy obtained by the graphical method depends upon the 
care with which the equation is plotted and the number of divisions used 
in the summation. 

5*13 The receiving antenna 

The receiving antenna is another complex electromagnetic bound- 
ary value problem. The electromagnetic field impresses a voltage 
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along the length of the antenna giving rise to currents in the antenna 
proper. The problem is difficult to solve, but upon solution it resolves 
into an equivalent generator and an effective height. The equivalent 
circuit consists of replacing the antenna by a gen- 
1 I erator with an internal impedance equal to the 

I input impedance of the antenna when used as a 

V transmitting antenna. The internal voltage of 

2 ^ ^ ^ the generator, whi(*h can be considered to be in 

“ 3 ► I series with the internal impedance of the genera- 

I tor, is equal to the effective height, he, of the an- 

tenna times the magnitude of the field intensity 
antenna. This is only true, however, 
antenna of effective when the antenna wire is in the equiphase plane of 
height he in a field with the electric intensity vector of the electromagnetic 
an electric intensity of field. 

E. Za is the input Figure 5-13 Ls shown the equivalent circuit 
impedance of the an- « , r ^ i • .• 

tenna and Zl is the antenna of effective height an input im- 

load impedance. pedance of Za and a load impedance of Z x,. Call- 
ing E the magnitude of the field intensity, we find 
that the voltage across the load impedance, F, is given by 


E. Za is the input 
impedance of the an- 
tenna and Z L is the 
load impedance. 


hgEZj, 

'zT+^l 


(5-106) 


The important factor to obtain, of course, is the effective height /?c. 
It depends on the configuration of the antenna and the current distribu- 
tion therein. It has been solved in the literature* for some configura- 
tions of receiving antennas. For the case of a very thin, symmetrical, 
center-fed, dipole antenna the effective height, is given by 



(5*107) 


where L is the half length of the antenna as shown in Figure 5-5 and X 
is the wavelength being used. The antenna is assumed to lie in the 
equiphase plane of the received wave. The angle yj/ is the angle between 
the antenna wire and the electric field intensity vector. 

When the antenna does not lie in the equiphase plane the calcula- 
tions become very complicated because the voltage being introduced 

* R. King and C. W. Harrison, “The receiving antenna,^* Proceedings of the I.R.E., 
Vol. 32, pp. 18-34, January, 1944. 

C. W. Harrison and R. King, “Tiie receiving antenna in a plane polarized field 
of arbitrary orientation,'' Proceedings of the LR.E., Vol. 32, pp. 35-49, January, 1944. 



PROBLKMS 


165 


into the differential portions of the antenna are out of phase along the 
antenna. Thus Equation 5*107 cannot be used in those cases. 


Example 5*5 Determine the effective height of a very thin, symmetrical, 
center-fed dipole which has a total length of a half wavelength at 300 mega- 
cycles, the frequency at which it is being used. It is used parallel to the E 
vector. 

At 300 megacycles the wavelength is one meter so that X in Equation 
5-107 is equal to one. Since it is used parallel to E, cos ^ is also equal to 
one. Substituting these values into Equation 5-107 with L equal to X/4, 
we obtain 


he 



0.318 meter 


A 718. 
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PROBLEMS 

5*1 Find the radiation patterns of a dipole antenna whose total length is 540®. 
Assume ii sinusoidal current distribution. 



Fig. 5-14 V antenna 
of problem 5-2. 


Fig. 5-15 U antenna of 
problem 5-4. 


5*2 Find the horizontal radiation pattern of a horizontal V antenna fed at the 
apex in each if the legs of the V is 90 electrical degrees long and makes an angle of 
60° between them. Assume a sinusoidal distribution of current (Figure 5-14). 

5*3 Find the radiation pattern of the antenna in problem 5-2 when the angle of 
the V is increased to 120°. 

5*4 Find the horizontal radiation pattern of the horizontal U antenna shown in 
Figure 5-15. Assume a sinusoidal distribution of current. 
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5*5 Find the radiation patterns of a t(*rminat<;d win* 270 electrical degrees long. 
Assumes a ct)ristant-amplitudc, varying-phase current distribution, 

5*6 Find the horizontal radiation pattern of a horizontal V antenna fed at the 
apex if each of the legs of the V is one wavelength long and terminated at the end. 
The angle b(*tween the legs of the V is 90°. Assume a con^ant-amplitude, varying- 
phase* current. 

5*7 Find tlu* radiation resistance of the antenna in problem 5*1. 

5-8 Find the radiation resistance of the antenna in problem 5*3. 



Chapter 6 

ANTENNA ARRAYS 

6*1 The purpose op antenna arrays 

An antenna array consists of a niiml^er of radiators so arranged and 
having the proper current magnitudes and phases to obtain a specific 
pattern of radiation. It may make use of individually fed antennas, 
or parasitically fed antennas, or perhaps just a single antenna with a 
reflector surface, or any other possible combination. One use is to 
obtain a greater field intensity in the direction or directions desired by 
sacrificing radiation in other directions. As discussed in the previous 
chapter, individual antennas may be constructed to obtain various 
types of radiation patterns, but the number of different types that can 
be obtaiiKid is necessarily limited. With an array, by i)roperly choosing 
the various elements, their position and their currents, practically any 
tyi)e of radiation jialtern desired may be obtained.* 

The shape of the i)attern desired is determined by the use for which 
the antenna is being designed. In point-to-point communication, it 
is desiral)le to concentrate as much as possible of the power being fed 
into the transmitting antenna in the direction of the receiving antenna. 
In this manner, the highest field intensity possible with the amount of 
power available is set up at the receiving antenna. Very often it is a 
question of economy — whether a simple antenna array in conjunction 
with a transmitter with a high power output or a complicated antenna 
array in conjunction with a low j)ower transmitter is cheaper. In 
point-to-point communication the actual shape of the pattern is not 
too important so long as the radiation in the direction of the receiving 
antenna is as large as desired. 

For the receiving antenna, in point-to-point communication, it is 
desirable to have as large a voltage as possible set up in the load across 
the output of the receiving antenna when the signal is coming from the 
direction of the transmitting antenna and to have the sensitivity as low 

* N. Marchand, “The design of antenna arrays by Fourier analysis,’^ Cmnmuni- 
cations^ August, 1943; and 1. Wolf, “Determination of the radiation system that 
will produce a specific directional characteristic,*’ Proceedings of the Vol. 25, 

p. 630, May, 1937. 
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as possible to signals coming from other directions. In this manner 
it is possible to avoid interference from extraneous signals which may 
set up comparatively large disturbances in the vicinity of the receiving 
antenna. , 

The desire for a specific horizontal pattern is fairly obvious, but in 
some cases a specific vertical pattern is also desirable. In short wave 
propagation the signal is transmitted along a straight line and does not 
follow the curvature of the earth. Normally this would mean that a 
receiving antenna beyond the horizon would not receive any signal. 
However, the ionosphere, which is an ionized region that exists in the 
upper atmosphere, reflects the ele(*tromagnetic waves at those fre- 
quencies back towards the earth. As an electromagnetic wave enters 
the ionized region, it sets up currents therein which absorb the incident 
wave and reradiate the energy back towards the earth. The 2-to-20 
megacycle short wave frequencies, in use for transoceanic communica- 
tion, have this property of reflection from the ionosphere. This now 
suggests a preferable vertical angle of transmission and reception inas- 
much as reception in the short wave band beyond line of sight can be 
pictured as taking place through the medium of a giant mirror placed 
in the up])er atmosj^here. Vertical angle selectivity is often incorpo- 
rated into point-to-point communication antennas for short wave com- 
munication. 

In broadcast transmission it is desirable to concentrate the power 
in the vicinity of the most receivers; hence the densely populated 
regions should be covered in preference to the sparsely populated areas. 
The best location would be in the center of the n^sidential portion ol 
the city area. In that case an omnidirectional horizontal radiation 
pattern is usually employed. Often, though, conditions make it neces- 
sary to locate the transmitting antenna on the outskirts of the city or 
other area to be covered. Thus the antenna has to direct the trans- 
mitted signal over a wide area to one side of the antenna. It is usually 
accomplished by a simple array, but with the added difficulty that an- 
tennas for the broadcast frecjuency band are very large and even simple 
arrays are difficult to construct. Directivity in the vertical plane is 
used to concentrate the power in the horizontal direction for coverage 
of the adjacent areas. 

Another use of antenna arrays, and perhaps one of the most impor- 
tant, is for search and navigational purposes such as radar, radio ranges, 
direction finders, radio beacons, aircraft blind landing systems, and 
ship guidance such as loran and shoran. The antenna arrays in most 
of these cases have to yield a radiation pattern meeting very close tol- 
erances. For instance, for radar antennas it is often desirable to have 
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a pattern in three-dimensional coordinates which resembles a thin pencil. 
The minor lobes of the pattern have to be kept down to a negligible 
value In aircraft blind landing systems, the line that the plane is to 
follow must be accurately determined and no possibility of a false path 
can exist. It is usually accomplished by using the line of intersection 
of two accurately determined patterns. In all navigation, human 
lives are at stake and it is extremely important that no indications are 
false. Ideally, the system should be comi)letely foolproof. 

6*2 Directivity 

The directivity of an antenna system,* sometimes referred to as the 
gain of the antenna, is a measure of the ability of the antenna to set up 
a certain field intensity in the direction dc'sired with the power avail- 
able. One method of determining the directivity of one radiating 
system compared to another is to determine the amount of power neces- 
sary to be fed to each one of them m order to set up the same field in- 
tensity at the desired point. Calling A) the directivity, Po the power 
fed into the standard radiating source, and P the ])ower fed into the 
array or antenna whose dir(H‘tivit> is dc^sired; to set up the same field 
intensity with the antenna in cpu^stion as the standard antenna with 
the input power of Po, we find that 

/A, = (6-1) 

The standard antenna is usually a fictitious antenna which has an 
omnidirectional jiattc^rn in any plane through the antenna. In other 
words, the thrcx'-dimcmsional space pattern vould be a sphere. This 
appears to be a physically ini^iossible antenna to obtain or construct 
but it makes a good standard to use Conijiarmg a half-wave dipole to 
this standard antenna yields a directivity of 1 64 for the dipole in the 
direction perpendicular to the length of the dipole. Very often the 
half-wave dipole is used as a standard and, when used, the result will 
differ from the result obtained ^\ith the fictitious omnidirectional an- 
tenna by a factor of 1.64. 

It is not necessary to use integration methods to obtain the powers 
used in the calculation of directivity if the radiation patterns and the 
input resistances are known. For instance, let us assume that an 
antenna array needs a current intensity at its input, 7a, which is n times 
the current intensity necessary in a half-wave dipole, Id, to set up the 

*G C Southworth, “Certain factors affecting the gam of directive antennas,” 
PfOffedinqs of thf I H PJ , Vol 18, )). 1502, St'ptember, 1930. 
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same field intensity at the point desired. Both antennas are oriented 
so that the currents necessary are minimums. Calling the input re- 
sistance of the array at the point where is measured, Ray and of the 
dipole, Rdy the relative directivity, Z), is given by thfe ratio of the powers 
fed into the antenna: 


h^Rd 

1 2P 


( 6 - 2 ) 


Substituting nid. for and canceling out the la, we obtain 


Ra 


(6*3) 


For the omnidirectional standard antenna the result would be 1.64 
times that directivity obtained in Equation 6-3. Usually the loss re- 
sistances arc left out in the (*aIculation of dire(*tivity and only those 
re^sistances (*aused by radiation are used. When an array of more than 
one antenna is used the power fed into all of them has to be taken into 
account. 


Example 6-1 Determine the directivity, relative to a half-wave dipole, 
of an antenna which needs only one fourth the input current as a half-wave 
dipole to establish a similar field intensity at the point desired. The input 
resistance of the antenna is 90 ohms. 

Substituting into Equation 6-3, where Ra is e(pial to 90, Rd from example 
5-4 is 73.1, and 7i is 14, we obtain 

1 73.1 

" (k)^ 90 

D — 13 Ans. 


6*3 Mutual impedance between antennas 

When a receiving antenna is located in the far zone of a transmitting 
antenna, it can be considered to l)e coupled to the transmitting antenna 
inasmuch as a current in the transmitting antenna will cause a current 
to flow in the receiving antenna. However, in this case, where the 
receiving antenna is far distant from the transmitting source, its pres- 
ence does not affect the input impedance of the transmitting antenna; 
the small current in the receiving antenna does not introduce another 
current back into the transmitting antenna. For this reason the re- 
ceiving antenna is not considered to be coupled back to the transmitting 
antenna. 

This is not true, however, when two antennas are placed close to- 
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gether as in an antenna array.* The current in one antenna will 
introduce a current in the other, causing the input impedances to vary. 
In multiple antenna arrays the calculations become very complex. By 
affecting the input impedances, these mutual couplings will change the 
voltages necessary to be imi3ressed across the input of the antennas in 
order to obtain the desired currents in them. 

Consider the general case shown in Figure 6*1 where two antennas 
are in close enough ))roximity so that they are couj^led by a mutual 
impedance, Z 12 . Each antenna is considered to be fed by a generator 
with an internal impedan(*e: antenna 1 by Uj with a scries impedance 
Zli and antenna 2 by ¥2 with a series impedance Zj^z. The input 
impedances of each of these antennas measured with the other antenna 
open-circuited will not necessaril}" 
be the same as the input impe- 
dance measured when the antenna 
is considered alone in free space / 

because, even though the other / T nV 

antenna is open (*ir(*uited at its 
in])ut, currents will be introduced ^ 

in the existing wires which affect 

the input impedance of the anten- Antenna 1 

na being measured. Calling Z\ / 

the input impedance of antenna 1 Antenna 2 

in the open-circuited presence of ^ , 

^ _ 1 ry .1 . . . Fig. b l Two antennas in dose proximity 

antenna 2 and Z 2 the input impe- ^ 

are coupled together by a 

dance of antenna 2 in the open- mutual impedance Z^. 

circuited presence of antenna 1, 

we find that the eejuations for the voltages may be written down in 
terms of the current, /i, in antenna 1 and the current, Tzy in antenna 2: 

Vi = + ^1) + ^2^12 

(64) 

V 2 = /l^l2 + /2(^L2 + Z 2 ) 


Antenna 2 


Fig. G 1 Two antennas in dose proximity 
so that they are coupled together by a 
mutual impedance Z12. 


The currents /i and 72 in these equations are the currents at the input 
terminals of the antennas. 

Solving for the current 7i, we obtain 

T Ei(Z ^2 + ^ 2 ) ~ V 2 Z 12 . 

(Zli + Zi)(Zl2 + Z 2 ) — -2^12^ 

showing that the antenna input current is now dependent not only on 

* P. S. Carter, “Circuit relations in radiating systems and applications to an- 
tenna problems,” Proceedings of the l.R.E., Vol. 20, p. 1004, June, 1932. 
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the voltage across the input but also on the voltage across the input of 
the other antenna and the impedances in the other antenna circuit. 
All these effects must be taken into account when designing an antenna 
array. These calculations are usually so complicated that in many 
cases the currents in the antennas in the final set up are adjusted by 
trial and error. 

6*4 Two SIMILAR ANTENNAS FED IN PHASE WITH EQUAL CURRENTS 

The calculation of radiation patterns for antenna arrays follows very 
closely the calculations made in the previous chapter for the individual 
antennas themselves. In those cases, the Hertzian doublet was con- 
sidered an individual antenna and the result was obtained by summing 
up the contributions of all the doublets in the antenna by the process of 
integration. In an antenna array ea(*h antenna has its individual 
pattern, magnitude, and phase; and the resultant pattern is obtained 
by the vector addition in spa(*e of the contributions of the several 
antennas. 

Let us consider the simple case of two similar antennas fed with 
equal currents in phase with one another. Since, because of symmetry, 
the input impedances of both the antennas will be the same, these rela- 
tionships can be obtained by connecting the two antennas together 
with a length of transmission line and feeding the input power into the 
(•enter of the connecting line. 

Let us assume now that each antenna is a vertical dipole. The hori- 
zontal pattern of such an antenna, taken alone, will be a circle, as 
shown in Figure 6‘2. The equation for that pattern is 

I E(0) ! = E (6-6) 

where E is the vector field intensity and E is the constant magnitude of 
that intensity when both p and B are kept constant at some arbitrary 
value. The horizontal i)attern, for the j)lane at right angles to the 
lengths of the two dipoles and passing through their centers, will now 
be obtained for the case where the antennas are spaced a distance 2d 
apart between centers. Very often the separation is noted in electrical 
degrees. To convert the distance d to electrical degrees, <S°, when the 
wavelength being propagated is X, we use 



The distance between centers is now said to be 25®. 

In Figure 6*3 is shown a top view of the layout of the antennas. 
Antenna A and antenna B are symmetrically spaced from a midpoint 
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0. This midpoint 0 will be used as the reference point for the pattern 
to be obtained and is usually called the center of radiation. In Figure 
6*3 the line ON, which is perpendicular to the line connecting the two 
antennas, is used as the reference line from which the angle </> is meas- 
ured. Thus the angle to the line from 0 to the arbitrary point P in 
the far zone is taken as <t>. Inasmuch as P is distant from the antenna, 
the lines AP, OP, and BP can be assumed parallel in the calculations. 



Fig. 6*2 The horizontal radiation patU*rn of a v(*rtical dipole antenna. 

The radiation from antenna A will have to travel a distance AP to 
reach the point P. Hence the field intensity at P set up by the radia- 
tion from A, to be referred to as Ea, part of a traveling wave that has 
to travel a distance AC greater than the distance it would have had to 
travel had A been located at the point O. The point C was obtained 
by dropping a perpendicular from the point 0 to the line AP, The 
resultant phasor Eaj lagging AC^ (the angle obtained by multiplying 
the distance AC by 360° over X), Ls shown in the phasor diagram in 
Figure 6*4. 

Similarly the radiation from antenna B will reach the point P by a 
path which is OD shorter than the distance OP. The point D is again 
obtained by dropping a perpendicular from the point B to the line OP. 
The phasor Kb, which leads OD° (the electrical degrees obtained by 
multiplying the distance 01) by 360° over X), and whose projection 
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represents the instantaneous magnitude of the field intensity set up 
at the point P by radiation from JS, is also shown in the phasor diagram. 

Inasmuch as the dipoles are parallel to one another, the two electric 
intensity vectors will have the same spatial direction. Hence the mag- 
nitude of the resultant field, Et^ may be obtained directly by adding 
the instantaneous magnitudes of the individual fields. Thus 

Et = Ea /-AC^ + Eb/0^ ( 6 * 8 ) 

The actual differences in distance that the two antenna radiations 
have to travel, even though large with respect to a wavelength, arc 


P 



Eb]±OD" 



Fui. G-3 Two ant(‘nrias, A and R, spaced a 
distance apart. The point P is so far distant 
from the antionna that lint*s conn(*cting P to 
points on the antenna may be considenHl i)aralleL 


I'kj. t> \ Phase relationships 
at the point P of the radiation 
vectors from the two an- 
temnas, A and /f, shown in 
Figure 6-3. 


usually very small with respect to the distance OP, Thus the effects 
on the magnitudes of the individual radiations by these variations in 
distance are negligible. Inasmuch as the two antennas are similar and 
are fed with in-phase currents equal in magnitude, Ea will be equal to 
Eb- Calling them both E and noting from Figure 6*3 that AC is equal 
to ODj we obtain 

Et = 2E cos AC^ (6*9) 

However, the angle AOC is equal to 0. Hence 

AC^ = sin 0 (6-10) 

Substituting Equation 6*10 into Equation 6*9, we find that the equa- 
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tion for the magnitude of the resultant field intensity as a function of 
<t> is given by 

Et = 2E cos (S® sin <i>) (6*11) 


Equation 6*11 is the horizontal radiation pattern obtained by placing 
two antennas, which have omnidirectional similarly polarized hori- 
zontal patterns, a distance 2S electrical degrees apart and feeding 
them with the proper currents. If they are similar antennas, the cur- 
rents will be equal and in phase. The value of E is obtained by calcu- 
lating the magnitude of the field that would result at the point P if 
only one of the antennas (with the desired current to be used in the 
array flowing in it) were placed at the point 0. 

It is interesting to note, in Figure 64, that as the angle <j> increases, 
the angular distances AC° and 0D° increase equally so that the result- 
ant, Et) is always superimposed on the real axis in the diagram. Hence 
the phase of Et^ around the circular path for which the above radiation 
pattern was calculated, remains constant. In Figure 6-5 are shown 
two calculated patterns: one for a value of iS® equal to 150® and the 
other for a value of S® equal to 450®. An interesting observation, 
upon examination of Equation 6*11, is that only two lobe patterns are 
obtained as long as S° is less than 90®. As the separation is increased, 
the number of lobes increases but does not disturb the result that a 
maximum always occurs along the normal to the line connecting the 
two antennas, at 0 equal to zero. 

When the individual antenna patterns are not omnidirectional in 
the plane in which the pattern is being calculated, the directional pat- 
tern for the individual antenna is substituted for E in Equation 6*11. 
This can be done because Equation 6-11 represents the sum of the in- 
dividual radiations from each antenna. For instance, let us assume 
that the plane in which the radiation pattern is being calculated in 
Figure 6*3 was rotated 90® so that the two dipoles lay wholly in the 
plane parallel to the normal ON (a vertical pattern when using vertical 
dipoles). Calling the angle to the normal 9 instead of <t>y we find that 
the E in Equation 6-11 will be given by 


i? = F' 



sin 9 


(642) 


where L is the half length of the dipole. Calling the angle to the nor- 
mal 9 will change the angle 0 to ^ in Equation 6-11. Checking to see 
that both angles, the one in Equation 6-11 and the one in Equation 
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Thus the field intensity Et obtained in Equation 6‘13 is equal to the 
field intensity obtained for antennas which have an omnidirectional 
pattern in the plane for which Et is calculated times the individual 
pattern of the antennas in that piano. This assumes, of course, that 
all the antennas being used are similar. For this reason the variable 
factor, such as the cosine term in Equation 6-11, which is obtained 
using the omnidirectional individual patterns is often called an array 
factor. In other words, it is a factor which modifies the individual 
patterns when the individual antennas are a part of an array of similar 
antennas. 



Fig. 6*6 Phase relationships of the magnitudes of the radiation vectors of the 
two antennas, A and 7^ (as shown in Figure 6*3), when fed with equal currents 
180° out of phase with one another 

6*5 Two SIMILAR ANTENNAS FED 180° OUT OF PHASE WITH EQUAL 
CURRENTS 

Let US assume now, in the antenna array shown in Figure 6-3, that 
the two antennas are fed with currents 180° out of phase with one an- 
other. Assuming the same type of omnidirectional pattern for an- 
tennas A and 5, we can apply the same type of analysis. The phasor 
diagram will be similar to that of Figure 64 except that one of the 
phasors, say Esy will be reversed. This difference will result in the 
phasor diagram shown in Figure 6-6. In this case the magnitude Et 
will be given by 

Et = 2E sin (S° sin <t>) (644) 

and the phase of Et is shifted 90° in reference to the radiation that 
would be received from antenna A if it were located at 0. 

As OD and AC increase with an increase in <#>, the phasor Et remains 
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at 90®; therefore, as a eirele of eoastant radius is described around the 
center of radiation (the point 0 in Figure 64), the phase of the result- 
ant field intensity remains constant. The horizontal pattern, which 
in this case is the pattern in the plane passing through the centers of 
the two vertical dipoles and at right angles to the dipole lengths, is now 
obtained by substituting the half spacing in degrees, S®, into Equation 
6-14. 

Example 6*2 Determine the horizontal radiation pattern of two vertical 
dipole antennas in a horizontal plane which passes through the centers of the 
two dipoles. The frequency being used is 300 megacycles and the spacing 
between the centers of the antennas is 0.834 meter. They are fed 180° out of 
phase with one another 

This problem meets the requirements of Equation 6- 14. One item that 
has to be determined is the half spacing in electrical degrees, The wave- 
length at 300 megacycles is one meter. Thus 

360 

0.834 = 300° 

A 

or 

.S° = 150° 

Substituting into Equation 6-14, we obtain 

Et = 2E sin (150° sin (j>) 

The pattern is plotted in Figure 6*7. 

Example 6-3 What happens to the pattern of example 6-2 when the fre- 
quency of operation is doubled? 

When the frequency is doubled the spacing in electrical degrees is doubled. 
This is caused by the condition that the wavelength is halved. It means 
that of example 6-2 is increased to 300°. Substituting into Equation 614, 
we obtain 

Et = 2E sin (300° sin 0) 

This pattern is also plotted in Figure 6-7. 

6*6 The loop antenna as an array 

In Figure 6-8 is shown a simple square loop antenna with the loop in 
a vertical plane. If the length of wire in the loop, namely ahcdef, is 
very much smaller than the wavelength being propagated, the instan- 
taneous current flow in the wires throughout the loop can be assumed 
to be in phase. The antenna is fed across the input terminals a and /. 
The instantaneous current flow for one instant of time is shown in the 
diagram as 7, with the accompanying arrows indicating direcition. In- 
asmuch as this loop is assumed to have dimensions that are very small 
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with respect to a quarter wavelength, the currents in all the branches 
are shown equal and in phase. 


200 * 160 * 
160 * 180 * 200 ’ 



340 * 0 * 20 “ 

20 * 340 ’ 


Courtesy of Communicatiom 

Fig 6-7 The horizontal radiation patterns of two horizontally omnidirectional 
radiating antennas which are fed 180° out of phase with one another and spaced a 

distance 2aS° apart. 


Let US consider now the radiation pattern in the xy plane, the plane 
perpendicular to the plane of the loop and passing through the center 
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of the loop. There will be no horizontally polarized field (a field 
wherein the electric intensity vector is horizontal) in this plane because 
the horizontal current in eb is equal and opposite to the horizontal cur- 
rent in dc, and any point in the plane is equidistant from eb and dc. 
The only radiation from the loop which will set up an electromagnetic 
field in this plane is the radiation from the vertical elements be and de. 

The radiation pattern of each of 
these wires, taken individually in 
this xy plane, will result in an omni- 
z' directional pattern, namely, a circle. 
Since these wires are fed 180° out of 
phase, one current flowing upward 
when the other is flowing down, the 

y combination of the two will yield 

a resultant radiation pattern that 
can be expressed by Equation 6* 14. 
The intersection of the xy plane and 
the plane of the loop is used as the 
reference line, and the center of ra- 
diation is the center of the loop. 
However, it is well known that the 
Fig. 6-8 A v<‘rtioal loop anfonna fed sine of a small angle is equal to the 
at the points / and a. The arrows angle itself expressed in radians (dLs- 
indicate the current flow at one instant section When S\ 

the width of the loop in degrees, 
meets this requirement, the radiation pattern may be simplified. ^Sub- 
stituting s' /2 for S in Equation 6*14 and taking the sine of the angle 
equal to the angle itself, we obtain 

Et = ES' sin 0 (6*15) 

which is similar to the radiation pattern of a very short dipole where 
the dipole pattern is taken in the plane containing the dipole; however, 
the above pattern. Equation 6*15, is in the plane at right angles to the 
loop. 

If the loop area is small enough, the pattern in any plane at right 
angles to the loop plane will be the same shape as determined by Equa- 
tion 6*15 and shown plotted in Figure 6-9; it is also independent of the 
shape of the loop provided the shape is symmetrical. An equilateral 
triangle or a circle is an example of symmetrical shapes. The radia- 
tion pattern in the plane of the loop, with the center of the loop as the 
center of radiation, is nominally a circle. We notice how the pattern 
is again similar to a very short dipole when the radiation pattern of 
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the very short dipole is taken at right angles to the length of the dipole. 
The major difference between the patterns for the loop and the very 
short dipole is that the polarization of the wave is shifted 90®. In the 
circular pattern of the very short dipole the E vector is perpendicular 


to the plane in which the pattern 



is taken; whereas with the loop the 
E vector is in the plane of the pat- 
tern and at right angles to a line 
connecting the point at which it is 
observed to the center of the loop. 
In the loon the magnetic vector is 
at right angles to this plane; conse- 
quently, the loop antenna is some- 
times referred to as amagnetic dipole. 

A loop antenna often contains 
more than one turn of wire. It is 
often used at low freijuencies where 
the loop size is extremely small 



Input 


Fio. 6-9 The* radiation i)att(*ru of a loop Fi<; O-IO A tliivo-turn ►square-loop 
aiik*nna in a plain* at ri^Iit angles to the antenna fed at the points a and /. 

plane of the loop The* radiation n'sistanoe is increased 

by a factor of 9 over that of a single- 
turn loop. 


with respect to a wavelength. A three-turn loop is shown in Figure 
6*10. Again the loop is so small that the current can be considered to 
be equal and in phase in all the wires involved. We notice that now 
with the same current input at the input terminals the current is tripled 
in each side. The displacement of the wires in each side is so slight 
that it may be neglected and the radiation calculated as though the 
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total current were flowing through a single wire. Hence the field in- 
tensity is tripled. Trii)ling the field intensity with the same pattern 
and the same input current results in an increase in the input resistance 
of nine times. % 

In fact for an N turn loop the input resistance is increased by a 
factor of The input resistance of a small multiturn loop that is 
remote from ground* is 

R = 31,200iV2-^ (()•!()) 

X 

where N is the number of turns, A the area of the loop, and X the wave- 
length being used. A and X should both be taken in the same units. 

The field intensity in the plane at right angles to the plane of the loop 
at a distance p from the loop is obtained by substituting for E in Equa- 
tion 6*15 

100-2 

Et = — ^iV/Asinc^ (6.17) 

pX^ 

where I is the current input to the loop and the other terms retain the 
same meaning as before. 

In the ultrahigh frequency range of frequencies the loops are no 
longer very small with respect to a wavelength and the current can no 
longer be assumed constant. The distribution of current is usually 
assumed to be the same as for a shorted lossless transmission line. This 
distribution is a sinusoidal amplitude variation with constant phase 
along the length of the loop and with a maximum equidistant from the 
input. Only one turn is usually used. There are many variations 
striving to duplicate the low frequency loop and obtain constant cur- 
rent around the circumference of the loop.f 

Example 6-4 Determine the input resistance at one megacycle of a one- 
turn loop which encloses an area of 0.1 scjuare meter. Assume that the loop 
is located remotely from ground. 

The values given may be substituted directly into Equation G-16 with X 
equal to 300: 

(0.1)2 

«- 31 . 200 ( 1 ).^. 

R = 3.85 X 10-8 

* A. Alford and A. G. Kandoian, ‘‘Ultra-high-frequency loop antennas, Trans- 
actions of the American Institute of Electrical Engineers, Vol. 59, p. 843, 1940. 

t F. E. Terman, Radio Engineers* Handbook. Sec. 11, Par. 19, New York, McGraw- 
Hill Book Co., 1943. 
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Example 6-5 What is the effect of increasing the number of turns in 
example 6*4 to 50? 

From Equation 6- 16 we see that the input resistance increases as the square 
of the number of turns. Multiplying the resistance obtained in example 6*4 
by (50)^ or 2500, we obtain 

= 9.6 X 10“^ ohm Ans, 

6‘7 The effect of the ground plane 

When an antenna is in the vicinity of the ground, as it usually must 
be on all practical ground installations, any energy radiated towards 
the ground will be reflected and will modify the radiation pattern of 
the antenna in those planes in which it is effective and, hence, will 
affect the field intensities set up by the antenna. The field intensity 
may be calculated directly by using the reflection equations discussed 
in Chapter 4, but it is usually more convenient to use the method of 
images. In most practical antenna installations it is permissible to 
assume that the ground surface is a perfect plane reflector. The error 
introduced is usually negligible, but if will be pointed out later how the 
ground constants may be taken into account if necessary. 

There are two important precej)ts in the refle(*tion of the electromag- 
netic wave from a perfectly reflecting surface, in this case assumed to 
be a perfect conducting surface. 

1. The electric field intensity vector parallel to the plane of the re- 
flector is reflected with a 180° |:)hase shift and equal amplitude, 
yielding the result that the tangential component of E is zero. 

2. The electric field intensity vector normal to the reflecting surface 
is reflected equal in magnitude and phase to the incident vector so 
that the normal component of E is reinforced at the surface of the 
reflector. 

Any electric field intensity vector can be considered to be made up 
of two components, one normal to the surface of reflection and the other 
tangent to it. The reflected wave is then calculated on the basis of 
the (‘omponents and the result obtained by taking the sum of the re- 
flected normal component and the reflected tangential component. 

In Figure 6-11 is shown a dipole at A, a distance OA above a perfect 
ground plane located at 0 in the xy plane and parallel to the plane. 
The dipole is oriented parallel to the x axis. The radiation from A to 
the point P will consist of two rays, one direct from A to P and the 
other from A to the ground plane at R and reflected from R to P. At 
P, since in this case the electric intensity vector, E, is parallel to the 
reflecting plane, the E vector upon reflection will be reversed in phase. 
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According to the laws of reflection, the incident angle a will be equal 
to the reflection angle 

Now, for calculation purposes, this reflected ray can be considered 
to come from the image A This image, A ', is a mirror image of the 
antenna A. It is on a line drawn normal to the plane from A and is set 
back of the plane just as far from the plane as the antenna A is located 
in front of the plane. The distance A^R will equal the distance AR. 



Fi<?. 611 Radiation from a (iipolc A paralH to tho x axis an<i s(‘t a distance 
OA al)ovo a perfcMd ground plain* at (>. 


Now let us assume that the jilane no longer exists but that the image A' 
exists. To account for the change in phase that normally takes place 
at Rf the current in A \ /Ji, is assumed to be the negative of the cur- 
rent in A, I A- The direct ray from A to is not affected but the re- 
flected ray, from A to to l^j with its 180° phase shift, is now replaced 
by a ray from A' to P, going through R, Since AR is equal in length 
to A'R and the 180° phase shift is taken care of by reversing the phase 
of the current in the image, the two cases are equivalent. 

The vertical radiation pattern in the zy plane is now calculated by 
the method (discussed in section 6-5) used for two similar antennas 
fed 180° out of phase with equal currents. The angle between a line 
parallel to the y axis and a line in the direction of P is called <t>. The 
pattern obtained in terms of the radiated field intensity magnitude E is 
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where X is the wavelength being propagated. The angle <l> is taken only 
between 0® and 180®, because in the case of a perfectly conducting 
plane the field intensity is everywhere zero below the plane. E is the 
magnitude of the field intensity when only the direct radiation from 
A was taken into account. The quantity within the braces in Equa- 
tion 6*18 is a modifying factor for the radiation pattern of an antenna 
or an antenna array, when the electric field intensity vector being 
radiated is parallel to the ground plane and the radiating system is 
placed a distance OA above the ground. 

If the electric field intensity vector being radiated is normal to the 
ground, such as may be obtained by substituting a vertical loop in the 
yz plane for the dipole at A, the voltage vectors will add at the ground 
plane. The radiation pattern for this case will be given by 


Ey = E^ 


|2 cos OA sin 


0 < (/> < 180® (6*19) 


where E^ is now the field intensity magnitude obtained by taking into 
account only the direct ray from the loop to P. 


B C 
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Image 


B' C' 


Image Image 


Fig. 6-12 Images of a vertical dipole, a 45® dipole, and a vertical 
monopolc situated above a perfectly conducting reflecting plane. 


We notice that the modifying factor in the case of an antenna or an 
antenna array which radiates an electric field intensity vector normal 
to the ground plane is now a cosine term. This is true because where 
the radiating elements are vertical, the current is assumed in the image 
to flow in the same direction as in the actual element. In Figure 6*12 
are shown a number of differently oriented current elements and their 
images below a perfectly conducting ground plane. 

An interesting case is the vertical monopole. This type of antenna 
is widely used in the broadcast frequency range. It consists of a ver- 
tical tower insulated from ground. It is usually fed by means of a 
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coaxial line, the inner conductor being connected to the base of the 
tower and the outer shield grounded at that point. In Figure 6*12 it 
can now be seen that the combination of the antenna and its image 
is exactly the same as a center-fed dipole where the height of the mono- 
pole is equal to the half length of the dipole. Hence the radiation 



(perfectly conducting) 

Fi(^. 6*13 The vtTtical radiation pattern of a quart (»r-wave vertical monopole. 


pattern of the monopole will be the same as the dipole pattern that 
would be obtained if the dipole were substituted for the monopole and 
the ground plane. In Figure 6*13 is shown the radiation pattern of a 
quarter wavelength vertical inonopole taken in the vertical plane. We 
notice how similar it is to one half the pattern obtained for a dipole a 
half wavelength long, shown in Figure 5*6. Because only one half the 

radiation of a dipole takes place in a 
monopole (half the space pattern is 
eliminated) the radiatiun resistance of 
a monopole is one half the radiation 
resistance of the equivalent dipole that 
withouriMdi'ng would be obtained by assuming the 
image actually exists as a part of the 
antenna. 

Examining the pattern of the verti- 
cal monopole in Figure 6-13, we can 
Fig. 6*14 The current distribution ^low well this antenna is adaptable 


Current 
distribution 
with loading 


Top loading 


Current 

distribution 


V////////7//7 77 

Ground plane 



in a top)-loadod vertical monopole 
illustrating the increase in current 
with loading. 


to broadcast work. The energy is di- 
rected primarily to the horizontal plane 
so that it would cover the surrounding 
community. Very little is wasted by being propagated into the air 
in a vertical direction. The horizontal pattern, since it is that of a 
vertical dipole, is circular as it should be for broadcast work. 

Sometimes, when a large antenna is too difficult to construct, a 
shorter vertical antenna with top loading is used. The top loading 
may consist merely of a large mass or ecjuivalent structure which has 
a large capacitance to ground. This large capacity, from transmission 
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line theory, is equivalent to an added length of line when determining 
the current distribution. Hence the current at the top is no longer 
zero but is that which would be obtained at a point some distance 
before the end, depending on the loading. This means that the current 
all along the line will be increased, resulting in a more efficient radiator. 
The antenna is shown in Figure 6*14, where the current distribution 
without loading is shown as a dotted line and with loading as a solid 
line. 



Fig. 6-15 Tlie vortical radiation patt(‘rii.s of a horizontal dipoh* sot a distant* 
d dogroos above a perfectly conducting ground piano. 

Example 6-6 Determine the vertical radiation patterns of a horizontal 
dipole antenna set 10° in electrical distance above the ground in the plane 
perpendicular to the dipole. Of one sot 150° above the ground. 

The pattern of the dij)ole in the plane perpendicular to it is a circle; hence 
all that is necessary is to plot the modifying factor as given in the bracketed 

equal to 10° and to 150°. This is done 

in Figure 6*15. 


term of Equation 618 with 




X 


6«8 The broadside array 

The broadside array consists of similar antennas carrying similar 
currents and equally spaced along a straight line. The rectangular 
array consists of a number of similar broadside arrays stacked one 
above the other in a vertical plane, the distance between them being 
equal to the distance between antennas in the broadside array. It 
resembles the array obtained by putting a similar antenna at the inter- 
section of every line of a checkerboard, where the number of vertical 
and horizontal lines need not be the same. These arrays are much 
used where a thin narrow beam is desired, such as in radar work. 

In Figure 6*16 is shown a horizontal broadside array of horizontal 
dipoles, each oriented with its length along the length of the array. 
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Dipoles are often used in this type of array to cut down the side radia- 
tion. The dipoles are spaced 2d between centers and all have equal 
in-phase currents flowing in them. There are 2n antennas in the array, 
and the center of radiation is taken as the midpdint between the two 
center antennas. 

The radiation in the plane passing through the line of the array, which 
in this case may be the horizontal pattern, can be obtained by adding 
together the radiation patterns of the n pairs of antennas. This 



Fic. 016 A horizontal broadside array of horizontal dipoI(*s 
sfiaced a distance 2d Ik* tween centers. 


can be done because each pair of antennas equally spaced from the 
center of radiation, the center of the array, will follow the analysis of 
two antennas fed in phase, as given in so(*tion 04, resulting, for any 
antenna pair, in an equation similar to Equation 6-11. The several 
field intensities obtained for ea(*h pair will be in time phase and, since 
they are originating from similar antennas, they will als^- have the same 
vector polarization. 

Calling the magnitude of the field intensity sei up by each dipole 
at a distance p and at an angle f to the normal of the array (that is, set 
up by each dipole if it were to be considered individually) we find 
that the sum of all the radiations is given by 


Et — 2 cos 


/2Trd . 

I sin 

\ X 


0 


-j- 2£'{ cos 



+ ... 


cos 


\[2n -1] — sin n 


( 6 - 20 ) 


The half spacing depends on d as shown in the diagram. E^, however, 
is a function of the angle $ also. First factoring it out of Equation 6*20, 
we obtain 



THE BROADSIDE ARRAY 


189 


where the factor within the braces is the broadside array factor. Any 
type of antenna may be used if the individual antenna’s pattern is sub- 
stituted for 

In this case of the dipole, is given by Equation 5*89, where f is 
equal to 6 plus 90®. It is equivalent to changing cos 6 to sin f and sin 6 
to cos Assuming a length of dipole equal to 2L, we obtain for the 
equation for E^ 

■ /2wL . \ 27rL“ 

cos I sm ^ “ cos — ^ 


E^ E 


cos ^ 


Combining Equation 6*21 and Equation 6*22, we obtain 

2tT' 


Et — 2E 


cos 


/27rL . \ 


cos 


cos { 


cos 


(2Trd . \ 

smej 


+ POH 


/ . \ 


+ • • • + COS 


/r , 27rd 

►s I [2n — 1] sm 


-)1 


Array Factor 


( 6 * 22 ) 


(6-23) 


Equation 0-23 gives the radiation pattern of a broadside array of 2n 
horizontal dipoles fed with equal currents in phase. The dipoles are 
oriented parallel to the line of the array and the pattern is taken in a 
plane containing the line of the array. We notice the care that has to 
be taken to make sure that the angles referred to in radiation patterns 
to be combined always refer to the same axis. In many cases, such as 
above, some reference angles have to be changed to make all uniform. 

The array factor shown in the braces of Equation 6*21 remains the 
same when the antennas are arranged in a vertical stack. This is 
known as a stacked or colinear array. The angle f in a stacked array 
is measured from a horizontal line, and the radiation pattern obtained 
is the pattern in a vertical plane. This type of array is used when it 
is desired to concentrate as much energy in the horizontal plane as 
possible at frequencies where the size of the array necessary is not too 
great. It is used extensively in the frequency-modulation band, where 
any energy directed skyward in a broadcast installation is not profit- 
able. Stacked loops, with the plane of the loops horizontal, may be 
employed to obtain horizontally polarized radiation, or other antennas 
may be employed which yield the same result. 

When a series of broadside arrays are stacked one above the other 
the array is known as a rectangular array. The spacing between the 
vertically stacked arrays is usually the same as the spacing between 
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the antennas in the broadside arra}^ but it does not have to be. The 
array factor, shown within braces in Equation 6*23, will modify both 
the horizontal pattern and the vertical pattern of the individual an- 
tennas used in the array. If the array is made^large enough, it will 
confine the radiated energy to a fine spatial pencil beam perpendicular 
to the plane of the array. Very often a reflector is used behind the 
array to concentrate the energy in one direction. 



Kkj. 6-17 R(*ctaiigular array with rofloctor .sliowinj? tiu* approximate spatial 
pattern for half-wavelength spacing betwec'ii the centers of the* antennas. 


In Figure 6-17 is shown a 16-antenna rectangular array with a reflec- 
tor. The approximate spatial pattern for half-wave dipoles spaced 
a half wave apart is shown. This pattern is obtained by substituting 
n equal to 2 and d equal to X/4 in the array factor for a broadside array 
and then using it as a modifying factor for the vertical and horizontal 
pattern of a half-wave dipole. The factor is 

(6.24) 

To cut down the side lobes, which are usually not desired, the cur- 
rent is sometimes tapered off towards the ends. That is to say, the 
currents in the end antennas are reduced from the normal currents 
flowing in the other antennas. This will be illustrated in the binomial 
array. 

The problem of feeding power to a broadside array or a rectangular 
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array, at firf^t glance, seems very difficult. They cannot be connected 
simply in parallel across the input voltage source because the mutual 
coupling between the antennas will cause the antennas in different parts 
of the array to have different input impedances. However, referring 
now to Equation 1-61 in Chapter 1, we find that the voltage, F?, and 
current, /?, at a distance / from the load end of a dissipationless trans- 
mission line is given by 


Vi = 


1 1 = 


(6-25) 


At a distance I from the end of the line where is equal to j and 
is equal to —j, which in the dissipationless line is a quarter wavelength, 
the voltage equation reduces to 

V.. = jE^ - jpE+ (6.26) 


where Fi^ is the input voltage to the quarter wavelength line. Sub- 
stituting I'^Zq for E'^ in Equation 6-26, we obtain 

r,, = jZo(/+ - p/+) (6-27) 

But the load current, 1 1 , flowing in the load impeHlance is given by the 
equation for the current in Equations 6-25, when / is zero; and 
are both equal to one: 

/i, = /+ - p/+ (6-28) 


Now substituting I l into Equation 6-27 aiui solving for 1 1 ,, we get 


II 


./ y 
^0 


,(6*29) 


Equation 6*29 shows that for a quarter- wa^'elength line the current 
flowing into the load impedance, namely 7^, de])ends only on the char- 
acteristic impedance of the transmission line, Zq, and the input voltage 
to the line. It is independent of the load impedance. This may be 
explained by the fact that the quarter-wavelength transmission line acts 
as a transformer to transform the load impedance to whatever value is 
necessary to obtain that result. It is true for any odd multiple quarter 
wavelengths except that care must be taken to prevent a reversal of 
phase. For a line equal in length to an odd number of half wave- 
lengths plus a quarter wavelength the phase is reversed from that of a 
length equal to an even number of half wavelengths plus a quarter 
wavelength. Zero is considered to be an even number. The reversal 
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in' phase may be taken into account by reversing the connections at 
the antenna. 


Reversipd 

connection 



Fi(j. 6*18 A method of feeding a broadside array with equal in-phase currents 
by employing odd multipli's of quarter-wavelength lines. 


V 


Branch points 




In Figure tv 18 is shown the connections to three antennas of a broad- 
side array.* They are fed from a common point with transmission 

lines that are odd multiples of quarter 
r nennas-j^ wavelengths. We notice the reversed 

connection for antenna B because the 
transmission line in that case is an odd 
number of half wavelengths plus a quar- 
ter wavelength in length. A single feed 
point is not necessary for the whole array 
as long as each feed point used has the 
same input impedance as the others. For 
Fni. 6- 19 Branch f(*(*ding of a instance, the two halves of a broadside 

broadside array where each an- bisected at its center would 

tenna is lo(!ated a quarUT wavti- 


Input 


length from a branch point. 


be symmetrical so that the input can 
divide into two branch points. In this 
way the practical connections can be made easier. This type of 
branch feeding is illustrated in Figure 6* 19. 


Example 6*7 Determine the horizontal radiation pattern of a horizontal 
broadside array consisting of 6 antennas spaced five-sixths of a wavelength 
apart. Each antenna is a half-wave vertical dipole and is fed with current 
at the same amplitude and phase as the others. 


* John Ruze, Design Considerations in Broadside Arrays^ Institute of Radio 
Engineers, Winter Convention, New York, 1946. 
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The horizontal radiation pattern of the individual antennas are circular 
so that reduces to a constant E. Substituting 5/12 X for d and 3 forn in 
Equation 6*21, we obtain 

„ f \ /IStt \ /257r M 

Et = 2E jcos I — sin { I + cos I sm f I -f cos I sin f U 

This is shown plotted in Figure 6-20. 180* 


6*9 The binomial array \ 

Let us consider a case concern- 
ing antennas which have omni- 
directional horizontal radiation 
patterns like that of a vertical 
dipole. It is desired to combine 
a number of these antennas into 
an array which will have no 

minor lobes in its horizontal ra- M /) 

diation pattern. By no minor 

lobes is meant that only two ^ 

lobes should exist, one along the m m VLine of 

normal to the center of the array / 

directed forward and the other 

along the normal directed to the 

rear. The rear lobe can always 

be removed by using the proper 

reflector back of the array. 

The maximum directivity with- 
out minor lobes for a single ^ 

pair of antennas is obtained W 

when the antennas are spaced T 

a half wavelength apart between 

centers. They are, of course, Fig. 6-20 The horizontal radiation pattern 
fed with equal currents in phase ^^f horizontal broadside array consisting 
with one another. Since what five-sixths of a 

IS true for single antennas is 

also true for groups of antennas, two arrays can be spaced half a wave- 
length apart between centers of radiation for the same result. If 
neither of the arrays has minor lobes and their radiations are in phase, 
no minor lobes will be created. Thus two pairs of vertical dipoles are 
placed with their centers of radiation a half wave apart, as shown in 
Figure 6-21. The two pairs of antennas, one called A and B and the 
other C and D, are placed as shown so that B and C will coincide. 
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Since antennas B and C coincide, they may be replaced with a single 
antenna with twice the current flowing in it of either A or D. Thus 
only three antennas are used in a 1-2-1 arrangement, named for the 
current amplitude relationship that exists in the array. Two 1-2-1 
arrays set a half wavelength apart will yield a four-antenna array with 

a current relationship of 1-3-3-1, the sep- 
aration between antennas remaining at a 
lialf wavelength. 

The method of obtaining the current rela- 
tionships may be shown as a method of addi- 
tion. For combining two pairs of anten- 
nas where the current relationships are 1-1, 
we use 

1-1 
1-1 
1 - 2-1 

and for combining two 1-2-1 arrays, we use 

1 - 2-1 

1 - 2-1 

1-3-3-1 

Continuing for the combination of two 1-3-3-1 arrays, we have 

1 - 3 - 3-1 
1 - 3 - 3-1 
1 -- 1 - 6 - 4-1 


Centers of radiation 



Fig. G-21 Two pairs of 
antennas fed in phase and 
arran^d to produce a radia- 
tion pattern with no minor 


and so on until the number of antennas desired is obtained. Notice 
that for each addition the result is moved over one step and then added 
to itself. Actually this is a binomial expansion. 

The horizontal radiation pattern for this type of array using vertical 
dipoles is given by 


Et = ^ I 2 (*os sin 


(6-30) 


where E is the magnitude of the field intensity obtained when an indi- 
vidual antenna, with a current flowing in it equal to the current in the 
end antenna of the array, is used alone at the center of radiation. The 
symbol n is the number of antennas in the final array. 

Radiation patterns obtained for a 1-2-1 array and for a 1-3-3-1 
array are shown in Figure 6-22. They are taken in the horizontal plane 
using vertical dipoles for the individual antennas. Again, the quantity 
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in the braces of Equation 6«30 is the array factor and can be used to 
modify the pattern of any antenna when that antenna is used in the 



array. The individual radiation pattern 
would be substituted for E in Equation 6*30. 

6*10 The end fire array 

An end fire array consists of a number of 
antennas spa(*ed equidistant along the line; in 
appearance it is very similar to a broadside 
array. However, in the end fire array, al- 
though the current amplitudes fed to the 
various antennas are the same, the phase 
relationships between currents in adjacent 
antennas are equal to the distance in elec- 
trical degrees separating the antennas. In 
this way the energy is directed in only one 
direction — along the line of the array — cutting 
down the rear radiation and concentrating it 
in a single forward direction. 



Fig. 6-22 Horizontal radia- Fig. 6-23 A phasor diagram of the summa- 
tion patterns of horizontal tion of the two field intensity vectors received 

1-2-1 and 1 -3-3-1 arrays at the point P from a two-antenna end 
consisting of vertical dipoles fire array, 

set a half wavelength apart. 


Let us consider two antennas spaced a distance of 2S® apart as shown 
in Figure 6-3 where antenna A is fed with a current that leads a refer- 
ence current by a phase angle of and antenna B is led with a current 
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that lags the reference current by S®. Therefore, the radiated field 
intensity received at P from antenna A will lead the reference field 
intensity (obtained with antenna A at the origin with the reference 
current flowing in it) by an angle of (S° — AC®)* whereas the field in- 
tensity received at P from antenna B will lag by the angle — OD®). 
If vertical dipoles are employed in a horizontal array remote from 
ground, the horizontal radiation pattern of the array is obtained by 
using a circular radiation pattern for the individual antennas. Adding 
the two individual radiations, we obtain the phasor diagram of the 
summation of the two field intensities as shown in Figure 6-23. The 
resultant field intensity is given by 


Et = E/S^ - AC® + E/-S° + 0D^ 


But AC® is equal to OP®, which in turn is equal to (S® sin <^). Making 
this substitution, we obtain 

Et = E {2 cos (S® ~ /S® sin 0) } (6*32) 

We notice from the phasor diagram that as AC® and OP® increase, 
the two phasors move closer and closer together. At the point where 
AC® equals S® the resultant field intensity will be a maximum. But 
AC® is equal to S® when </> is 90®, which means that the maximum will 
take place off the end B of the array. The factor in the braces is the 
array factor for a 2-antenna end fire array. 



Fig. 6*24 A fifehboiK* mi'thod of feeding an end hre array. The antennas form a 
part of a transmission line which is terminated in its characteristic impedance Zo. 


For the vertical pattern of the array, in a plane containing the line 
of the array, the factor in the braces still applies, but the vertical radia- 
tion pattern of the dipole has to be substituted for E. We notice how 
the end fire array concentrates the energy in both the horizontal and 
vertical plane. The same method of calculation may be applied to 
any number of antennas in an end fire array. 

This type of antenna may be fed as shown in Figure fi*24. In this 
type of feed, called a fishbone antenna because of its resemblance to a 
fishbone, the antennas are hung on a transmission line terminated in 
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an impedance Zq which matches the line. The amplitude will have some 
attenuation along the line but, for purposes of calculating the radiation 
pattern, it may be neglected. The impedance Zq is not the character- 
istic impedance of the transmission line alone but is the value deter- 
mined by the characteristics of the transmission line plus the loading 
put on by the antennas. 



Fig. 0-2ri Tlu' horizontal radiation patterns of a 2>antenna end fire array 
with a spacing between antennas of 2*Sf®. 

Example 6-8 Calculate the horizontal radiation patterns of a 2-antenna, 
vertical dipole, end fire array for a spacing between antennas of 90®; of 120°. 

The patterns may be calculated bv substituting directly into Equation 
()*32, using first 45° for ;S° and then GO®. The patterns are shown in Figure 
G-25. 

6‘11 Rhombic antenna 

The rhombic antenna can be considered to be an array of four ter- 
minated \Mres (as used in Equation 5-99 of (diapter 5) for which a 
radiation ])attern is illustrated in Figure 5-9. In Figure G-26 is shown 
a horizontal rhombic antenna consisting of four terminated wires, their 
termination taking jilace in Zq. Actually the termination can never be 
too good and the amjditude will vary along the line because of the loss 
through radiation. For calculation purposes for the radiation pattern, 
however, a constant amplitude, varying phase current can be assumed. 
Each wire makes an angle ^ to the horizontal, tlie angle being chosen 
so that the major lobes of the individual radiation patterns will coincide. 

The wires are numbered from 1 to 4 as shown, with their centers of 
radiation labeled A, R, C, and D, respectively. The lengths of the 
wires are all ecjual to 2L as shown. Hence the currents in wires 2 and 
3 when referred to the centers will lag a reference current by 27rL/X, 
and the currents in wires 1 and 4 will lead the referen(‘e current by an 
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angle of 2TrLl\ radians. The horizontal radiation patterns of wires 1 
and 3 now have to be shifted — ^ degrees whereas the radiation patterns 
of wires 2 and 4 have to be shifted degrees. This will take care of 



Fi(i. 6*26 A rhombic antenna consicleriHi to he an array of four terminal ed-wi re 
antennas with their centers of radiation at A, B, C, and D. 


the orientation of the antennas in obtaining the horizontal radiation pat- 
terns. We notice how closely this antenna resembles an vnd fire array. 

Substituting these facts into the equation for the horizontal radia- 
tion patterns of the individual wires, Equation 5-99, and adding them, 
we obtain 


Et = E 




. X • /2xL 2wL\ 

sin {6 — yj/) sm ( (0 — yp) ^ 1 


^27rL 


+ E 


+ E 


cos (e - ^) -1 


\ . /27rL 

2ir/>\ 

sm (6 + yp) J^m 1 (G + \p) 

-ir) 

cos (0 + ^) — 1 


. /2tL 

2irL\ 

sin {6 — sin 1 “ ^ cos {d — f) 


COS (d — yp) — \ 


^ . /27rL 

2wL\ 

sm {6 + yp) sm ( “y cos (6 + yp) 



- 0P° 


/ 


+ OG' 


(()•;«) 


2xL 


f 07“ 


cos (0 + ^) - 1 


/2wL 

/ 


0F’> 
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The field intensity E is the magnitude that would be received at the, 
point P if each of the antennas was operating alone. OP®, 00®, Ot/® 
and OP® are the angles obtained by multiplying the respective distances 
shown in Figure 6*26 by 2ir/\. These distances were obtained by drop- 
ing perpendiculars from the centers of radiation to the line OP. How- 
ever, AOj BO^ COj and DO are all equal to L. Hence 


OP® = or = ^ cos + e) 
oa° = ^ cos - d) 

X 


(6-34) 


^0 


Fig. G-27 A rhombic ant(*nna showing the individual radiation 
patterns of each of its branches at their centers of radiation. 

When Equations 6*34 are substituted into Equation 6*33 the horizon- 
tal radiation pattern for the rhombic is obtained. It is a complicated 
equation and does not allow of too much simplification. In determin- 
ing the vertical radiation pattern we must take care because the 
vertical plane of the array does not include the line of the individual 
wires but makes an angle ^ to them. This type of an antenna also 
yields vertical directivity because all the lobes, which normally make 
an angle V' to the vertical in a properly designed array, will add at that 
angle to the vertical.* 

An understanding of what is taking place (‘an be obtained by refer- 
ring to Figure 6*27. The angle between the wires is so chosen that a 
major lobe of each wire points in the direction away from the input. 
They will add in an end fire fashion in that direction, giving a good 
directive result. Inasmuch as the antenna is terminated, the input 
impedance of the rhombic antenna will not vary too much with fre- 

*E. Bruce, A. C. Beck, and L. R. Lowry, Horizontal rhombic antennas,” Pro- 
ceedings of the LR.E.f Vol. 23, p. 24, January, 1935. 
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quency. Also, if the antenna legs are made greater than two wave- 
lengths long, the angle that the lobe makes with the wire changes slowly 

with frequency. This means that the 
rhombic antenna makes a good wide band 
antenna. 

There is one fault with the rhombic 
antenna: about one half the power being 
fed into it, when it is being used as a trans- 
mitting antenna, is dissipated in the load 
resistor used to terminate the antenna. 
In spite of this, mainly because of its good 
directivity and its wide band feature, it 
is widely used. The loss in power is usu- 
ally more than compensated for by the 
gain due to its directivity. 

Figure 6-28 shows the shape of the hori- 
zontal and vertical radiation patterns for 
a horizontal rhombic antenna located above a perfect ground plane. 
We notice how its spatial pattern has a single major lobe extending 
upward at an angle. It is also used for receiving a down-coming wave 
that has been reflected from the ionosphere. 


(a) Horizontal directive pattern. 



(b) Vertical directive pattern, 
when the antenna is above 
a perfect ground plane. 


Fig. 6*28 Th(‘ shapes of the 
radiation patterns of a horizontal 
rhombic antenna with a leg 
length of approximately three 
wavelengths. 


6*12 Parasitic antennas 


A parasitic antenna depends for its input power upon direct mutual 
coupling to a fed antenna. For instance, let us consider the two an- 
tennas shown mutually coupled in Figure G-1 and suppose now that 
the source of voltage were removed from antenna 2. The input to 
antenna 2 is shorted to complete the circuit. Both V 2 and Zj ^2 go to 
zero in the equations for the currents in the antennas, Equation 64. 
The equations then reduce to 


+ Zi) 4 - I2Z12 

0 = /i^i2 + I 2 Z 2 


(6-35) 


Using the second equation and solving for the current, 72, in the 
second antenna, which in this case is said to be parasitically excited, 
we obtain 


h 


I \^\2 

Z2 


(6-36) 


One of the first things that can be seen from Equation 6*36 is that, once 
the parasitic antenna is installed, the (‘urrent flowing in it is directly 
proportional to the current in the excited antenna. Therefore, if the 
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Pattern as 
a reflector 



current in the fed antenna is increased, in a finished installation, the 
radiation pattern will not vary because the current in the parasitic 
antenna will have increased a proportional amount. 

^ The radiation patterns* are calculated like any other array pattern 
except that the currents in the parasitically excited antennas have to 
be calculated from Equation 6*36. Ac- 
tually, the current in the parasitic an- 
tenna can be varied over very wid(^ 
ranges of magnitude and phase angle }>y 
varying its tuning. ^ Because the calcu- 
lation of the mutual impedance is so 
very complicated, parasitic antennas are 
very often constructed on a trial and 
error basis. The antennas are usually 
constructed with the fed antenna station- 
ary and the parasitic antennas movable 
so that their distances from the fed anten- 
na are adjustable. The parasitic antenna 
timing is also made adjustable, usually 
by making its length variable. The dis- 
tances between the antennas and the tun- 
ing of the parasitic antennas are then 

adjusted until the best pattern of the Fkj. 6-29 A parasitic antenna 
type desired is obtained. used as a reflector and then as a 

The commonest use for the parasitic din'ctor. lladiation patterns for 

. • a j. 3 - X both cases are shown when using 

antenna is as a reflector or director. . , , i. i j- i 

. . nominal half-wavelength dipoles, 

ihis IS really an end fire array where 

one or more of the antennas are fed by mutual impedance between 
the antennas. A reflector, in the c^ase of a dipole antenna, is a con- 
ducting wire parallel to the dipole, spaced a small distance away from 
the dipole. It is shown in Figure 6*29, where a parasitic antenna is 
shown spaced a distance d away from the antenna. ^ 

For a reflector the distance is usually between an Eighth and a quar- 
ter wavelength. To obtain the proper phase the impedance of the 
parasitic antenna has to be inductive. Hence, for a nominal half- 
wavelength reflector, tuned by varying the length, the actual length 
has to be greater than a half wavelength ' A horizontal radiation pat- 
tern for a horizontal half-wave dipole and reflector, with the reflector 
spaced 60 electrical degrees away from the fed antenna, is shown in 
Figure 6*29. ^ 

* G. H. Brown, “Directional antennas,” Proceedings of the LR.E., VoL 25, p. 78, 
January, 1037. 
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As a director the parasitic antenna is placed in front of the dipole 
and the energy is directed forward. A director is usually placed less 
than an eighth of a wavelength in front of the antenna and its internal 
impedance has to be capacitive. Therefore, for a nominal half- wave- 
length director tuned by varying its length, the actual length is shorter 
than a half wavelength. The horizontal radiation pattern of a hori- 
zontal half-wave dipole and director, with the director spaced 30 elec- 
trical degrees away from the fed antenna, is shown dotted in Figure 
6-29. 

Sometimes both the reflector and the director are employed in an 
array to obtain the desired directivity. In some cases numbers of di- 
rectors and refle(^tors are employed to obtain a large amount of direc- 
tivity. In those cases the antennas are arranged in a straight line, being 
separated from one another by about 30 degrees of electrical wave- 
length. This is called a Yagi array. Besides being used back of and 
in front of the fed antenna, parasitic antennas are sometimes used to 
the side of the antenna to cut down the side radiation. 

6*13 Parabolic reflectors 

The use of a parabolic reflector to concentrate the light from a light 
source into a narrow beam is well known. The same principle is 
applied to a radio wave to obtain a narrow propagated beam. The 
parabola acts to convert the spherical wave originating at the antenna 
into a plane wave which comes out of the mouth of the parabola. For 
this purpose a metal reflector shaped into a parabolic surface is used. 
It usually measures at least several wavelengths across its mouth, 
the distance between the edges of the surfa(*e; hence the frequency 
for which it is to be used has to be quite high or the size becomes 
prohibitive. 

In Figure 6-30 is shown a parabolic reflector with an antenna located 
at the focal point. The rays emanating from the antenna and being 
reflected by the parabola are shown as solid lines. We notice how, 
after leaving the parabola, the rays are all parallel. Since the distances 
traveled by all the rays from the antenna to the mouth are the same, 
they will also be in phase. This is, of course, what is desired to obtain 
a narrow concentrated beam. However, the direct rays from the an- 
tenna, shown dotted in the figure, will disperse in all directions over the 
area not covered by the reflector; the dispersion will depend on the 
radiation pattern of the individual antenna being used. This will cut 
down the directivity of the parabola. 

To cut down the direct ray radiation, the antenna at the focal point 
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is made directive. Only a simple array is necessary, such as a director 
or reflector, to concentrate the radiation from the feed antenna into a 
unidirectional pattern toward the parabola; this will cut down the di- 
rect radiation. For very large parabolas, sometimes a small parabola 
is used on the feed antenna to direct the rays toward the large para- 
bola. 


Direct rays not 
/ reflected by 
j the parabola,-" 



reflector \ 


Parabolic 



Kig bviO A parjibolic n'flcctor sluming 
the direct and reflcM’ted rays from an 
antenna located at the focal point. 


Kkj 6 31 A ])arabolic 
reflector tor a vertical 
antenna to yield a sharp 
horizontal pattern and 
a broad vertical pattern. 


If it is desired to have very high directivity in one plane only, while 
leaving a fairly wide pattern in the plane perpendicular to it, a flat sheet 
bent in the form of a parabola is used, as shown in Figure 6*31. A ver- 
tical antenna is used and a vertical reflector sheet bent into a horizontal 
parabola acts as the reflector. The result is a sharp horizontal radia- 
tion pattern with a fairly wide vertical pattern. For directivity in 
both the horizontal and vertical planes a parabola of revolution is 
usually employed. The larger the parabola, the more concentrated 
the beam. 

' In the construction of parabolic reflectors the center of radiation of 
the exciting antenna is located at the focal point. For a cylindrical 
parabola with the electric vector parallel to the axis of the cylinder, as 
shown in Figure 6*31, the mouth plane, the plane determined by the 
edges of the front opening, can be located either in front of the feed 
antenna or back of it; there are no detrimental effects. However, 
where the electric vector is parallel to the parabolic curvature, as shown 
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in Figure 6*32, another effect is encountered. Calling a ray from the 
feed antenna in the direction of directivity of the parabola a front ray 
and using a dipole for the feed antenna, we encounter two types of re- 
flections. The front ray^ at one in- 
stant of time, will be polarized close 
to horizontal when it leaves the an- 
tenna and then will be vertically 
polarized, pointing up in the figure, 
when it is reflected. (Since the dis- 
tances traveled by each ray is the 
- same, the effect of the phase shift 
due to retardation effects will be 
the same for each ray so that it 
may be neglected in the discussion.) 

' The rear ray, at that same instant 

of time, will also be vertically po- 
larized when it is reflected but 
pointing down — not up as in the 
case of the front ray. Thus the 
front and rear rays will be in phase 
opposition and will cancel one an- 
reflector other. Since this effect tends to 
cut down the forward radiation and 
therefore the directivity of the 
setup, it is not desirable. The way 
to eliminate this defect is to <5on- 
Fig. 6-32 A vorti.'al paralKilic roflootor the reflector being 

parallel to the plane of parabolh- , urva- ^Sed to SUch a Size that the plane 
ture. of the mouth is never in front of the 

focal ))oint, the point at which the 
feed antenna is located. The precaution need only be taken when 
the electric vector, or a component of it, is parallel to the plane of the 
parabolic curvature. 

6*14 Receiving antenna arrays 

When an antenna, or an antenna array, is used as a receiving an- 
tenna, which means that it must abstract energy from a passing wave, 
its characteristics correspond in all respects to the same antenna, or 
antenna array, when used as a transmitting radiator. Even the para- 
sitic antenna, which was excited by mutual impedance, now affects the 
receiving antenna in the same manner by coupling by mutual imped- 
ance into the receiving antenna the received energy. When plotted 
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for a receiving antenna, the radiation pattern represents the current 
flowing out of the output terminals for similar field intensities set up 
by waves arriving from different directions. This pattern will corre- 
spond to the radiation pattern of the antenna when used as a transmit- 
ting antenna. The input impedance of the antenna, now the internal 
impedance when used as a receiving antenna, will also correspond. 

The reciprocal relationship between the transmitting antenna and 
the receiving antenna is expressed by the Raylcigh-Carson reciprocity 
theorem. This theorem states that if an electromotive force is in- 
serted at the point A in one antenna and causes a current to flow at the 
point i5 in a second antenna, the same electromotive force inserted at 
the point B in the second antenna will cause the same current to flow 
at the point A in the first antenna. The only time that this theorem 
is not true is when the propagation is affected by an ionized medium 
in its transmission; under these conditions the path does not affect the 
wave in the same manner when its direction of travel is reversed. The 
theorem assumes that the same match is preserved for both the receiv- 
ing and the transmitting antenna; otherwise, the transfer of energy 
between source, or detector, and the antenna will vary and the reci- 
procity theorem will no longer apply. 

The reciprocity theorem is also very useful when taking antenna 
radiation patterns. It means that the antenna under consideration 
can be used as a transmitting antenna and the pattern taken with a 
receiver or it may be used as a receiving antenna and the pattern taken 
with a so-called target transmitter. 

6*15 Taking radiation pattkrns 

Throughout all the discussions it has been assumed that the polari- 
zation of the radiations, from the antennas being combined in an array, 
were all of the same type so that the magnitudes might be added di- 
rectly, taking into account only the time phase difference involved. 
A(‘tually, of course, when the polarizations are not the same the vectors 
have to be combined by vector spatial addition as well as phasor addi- 
tion. The method of calculation is the same inasmuch as the field in- 
tensity vectors set up by each of the antennas at a generalized point P 
are obtained but the expressions for the field intensities are kept in 
their vector form and are added vectorially. As in the standard case, 
their time phases are referred to the time phase that would be obtained 
if one of the antennas were located individually at the chosen center 
of radiation. 

Antenna patterns are obtained, practically, in several ways. In 
those cases where the antenna array is very large it is installed in a 
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fixed position above the ground with the ground plane parallel to the 
plane in which the pattern is desired. The ground should be flat and 
uniform with no reflecting objects in the environment to affect the 
pattern. It is not always possible, epecially at the lower frequencies, 
but for the best results the least disturbing position obtainable is usu- 
ally chosen. Where the antenna is being used as a transmitting an- 
tenna, a portable receiver is carried around the transmitting antenna 
at a fixed distance from the antenna. Readings are taken every speci- 
fied amount of degrees, depending on the accuracy desired. Care must 
be taken that the receiving antenna is always the same distance above 
the ground and that it is oriented the same way with respect to a radial 
line. This is done so that the sensitivity of the receiving antenna with 
respect to the transmitting antenna will not change at any point. The 
distance from the antenna under consideration has to be great enough 



Fig. 6 33 Taking antenna ]iatternh l^y means of a rotating ta)>le and a fixed target 
transmit k‘r. The receiver and transmitter may be interchanged for convenience. 

SO that no near zone or intermediate zone effects are encountered. This 
means a distance of at least 5 and preferably 10 wavelengths to pre- 
vent erroneous results. Where the antenna under test is used as a 
receiving antenna, a small portable transmitter, called a target trans- 
mitter, is carried around the antenna. The same process is repeated 
and the same i)recautions have to be taken. 

Where the frequency is high enough and enough patterns are to be 
taken, a circle of stakes is usually laid out, one every ten degrees or so, 
depending on the accuracy desired. The antenna under test is placed 
in the center and patterns taken by taking readings at each stake. At 
the very high frequencies it is not necessary to move the target antenna 
around in a circle. The antenna array is usually small enough so that 
it may be mounted on a rotating table, as shown in Figure 6*33. In 
this case the antenna under test is used as a receiving antenna and is 
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located on the rotating portion of the table. The plane of the table is 
the plane in which the radiation pattern is desired. A fixed target 
transmitter is used. The table is graduated, and readings are taken 
as the table is rotated. The orientation of the target transmitter and 
the distance from the array is kept very uniform with this method. 
The target transmitter antenna is sometimes made directive to avoid 
reradiation from objects in the environment. 

This same system can be used with the antenna under test being a 
transmitting antenna and the target being a receiver. A great deal 
of care has to be taken in both cases to avoid interference with the 
pattern by either the person taking the pattern or the apparatus on the 
rotating table. They have to be located in a null of the pattern or far 
enough removed to avoid interference. 
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PROBLEMS 

6*1 Determine the horizontal radiation patt/crns of two parallel, horizontal, half- 
wave dipoles fed with equal in-phase currents separated by (a) three quarters of a 
wavelength, (b) one quarter of a wavelength, (r) one thirty-sixth of a wavelength. 

6*2 Determine the horizontal radiation patterns of two parallel, vertical, half- 
wave dipoles fed 180° out of phase with equal amplitude currents and separated by 
(a) three quarters of a wavelength, (5) one quarter of a wavelength, (c) one thirty- 
sixth of a wavelength. 

6*3 Determine the radiation patterns in a horizontal plane of four vertical 
monopoles placed in the corners of a square whose diagonals measure one eighteenth 
of a wavelength. They are so fed that the antennas connected by a diagonal get 
equal amplitude currents, but the antenna on one end of the diagonal is fed 180° 
out of phase with the one on the other end. (a) Find the resultant pattern when 
both pairs of antennas are fed equal (;urrents. (6) Find the radiation pattern when 
one pair of antennas is fed double the current of the other pair, (r) Find the radia- 
tion pattern when they are fed with equal amplitudes but when one pair is fed 90° 
out of time phase with the other pair. (This problem can be worked out by ob- 
taining the radiation patterns of each pair first and then combining the result, 
taking into account the feed currents. ) 

6*4 Determine the horizontal radiation pattern of a vertical loop antenna which 
is a single-turn square, one-eighteenth of a wavelength on each side. It is fed from 
the midpoint of a horizontal side. 

6*5 Repeat problem 64 for a horizontal loop antenna of the same size fed from 
the midpoint of one side. 
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6*6 Repeat problem 64 for a square loop that measures four-ninths of a wave- 
length on each side. 

6*7 Determine the horizontal radiation pattern of three quarter-wave monopoles 
fed with equal, in-phase currents, each monopole being located in the corner of an 
equilateral triangle, each side of which is half a wavelength long. 

6*8 Determine the horizontal radiation pattern of a horizontal broadside array 
consisting of half-wave dipoles oriented so that their lengths extend along the length 
of the array and spaced 180° between centers, using (a) 4 antennas, (b) 8 antennas, 
(c) 5 antennas. 

6*9 Determine the vertical radiation pattern of the array of problem 6*8 when it 
is spaced one wavelength above the ground. Assume a perfectly conducting ground 
surface. 

6*10 Determine the vertical radiation pattern of a vertical stack of electrically 
small horizontal loop antennas spaced half a wavelength apart. The array consists 
of 4 antennas with the first antenna 5 waveUmgths above the ground. Assume that 
the ground is a pi'rfectly conducting surface and that the vertical radiation patterns 
of the individual loops are sine curves. 
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7*1 Introduction 

An ordinary receiving antenna receives only a very small fraction of 
the energy that the transmitting antenna is radiating. The reason for 
this inefficiency is that the ordinary transmitting antenna transmits 
the energy in a spherical wave which spreads out in all directions. The 
only major reflecting surface which may be encountered is the ground, 
but the wave spreads out in all other dire(‘tions. Hence, for point-to- 
point reception, the energy has to be concentrated by means of an 
array of some type. However, even with the use of very directive 
arrays and reflectors for both the transmitting and receiving antennas, 
efficiency in the transmission of power is not yet obtainable through 
ordinary radiation and reception. Besides inefficiency, the transmis- 
sion is not confined, and obstacles may be encountered, and bends may 
be necessary in the connecting path; all these make ordinary radiation 
and reception not usually desirable for power transmission. 

However, material objects such as conducting surfaces will affect the 
path of radiation; a conducting surface would confine the electromag- 
netic waves to one side of the surface. A number of conducting sur- 
faces may be used to confine an electromagnetic wave to a specified 
path. An analogous device is the speaking tube used with sound waves. 
Ordinarily sound waves spread out in all directions but they are re- 
flected from solid objects. Even giving it directivity, by means of 
megaphones or similar devices, does not make for efficient power trans- 
mission. However, a speaking tube made of sound-reflecting walls 
will confine the sound to a path within the tube by having it bounce 
back and forth from wall to wall within the tube. Bends in the tube 
may be made provided they are not too sharp, and thus the sound may 
be carried for quite some distance with little attenuation. In a similar 
manner, a tube constructed of a conducting material, a good reflector 
for electromagnetic waves, may be used to confine the waves, from the 
source to the load, to a path within the tube. The source may be a 
transmitter and the load a radiator or the source may be an antenna 
and the load a receiver. These tubes, which may be square, rectangu- 
lar, round, or any other useful cross section, are called wave guides. 
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Like transmission lines, wave guides are used for other purposes 
besides the transmission of power: They may be used as circuit ele- 
ments and matching devices. They may also be used as measuring 
instruments or parts of measuring devices. 

Variations of wave guides for use as antennas are called horns; they 
are very useful in the range where wave guides are applicable. A re- 
lated device is the cavity resonator where the wave is confined to a 
specific volume adjusted to be resonant at the frequency employed. 
These cavity resonators are used as wave meters and circuit elements. 
More uses of confined wave devices will become evident as the theory 
pertaining to them is derived. 

7-2 Method of solution 

The approach to the problem of the wave guide equations will be 
approximately the same as was used for the derivation of the radia- 
tion equations in Chapter 5. The method of solution consists of four 
parts: 

1. Maxwell’s equations are written down in the form most adaptable 
to the problem on hand. 

2. The general conditions, applicable to the general problem, are 
substituted into the equations. These are conditions not for 
any specific problem but for the general case of the type of wave 
involved. 

3. The equations obtained in part 2 are solved. It is not always 
possible with the knowledge available, and many have not yet 
been solved. 

4. The boundary conditions for the specific cavse are then substituted 
into the equations obtained in part 3 and the resultant equations 
simplified and studied. 

This type of approach* to a wave guide problem is straightforward; 
the final equations obtained will represent the actual wave equations 
found in the idealized case. The practical case sometimes differs from 
the ideal conditions, and care should be taken to check on these condi- 
tions before the results of part 4 are applied. Usually a study of the 
final equations will result in an understanding and, perhaps, an actual 
picture of what is taking place within the device being studied. 

The field vectors within the wave guide are assumed to be a sinu- 
soidal function of time; hence the alternating current form of Max- 

* See R. 1. Sarbacher and W. A. Edson, Hyper and IHtrahigh Frequency Engineer- 
ing, New York, John Wiley and Sons, 1943, for an excellent analysis of wave guides 
and resonators using this ajiproach. 
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well^s equations is used. These equations, in the differential form as 
given in Equations 3-86 to 3*89, are repeated below: 


dE^ , aSy , dE^ 

p 

(7-1) 

— + ^ H ^ 


Bx By Bz 

ke^ 

an. an., an. 

Bx By Bz 

= 0 

(7.2) 


dEz dEy 
By Bz 
BE^ BEz 
Bz Bx 

BEy ^ BE^ 
Bx By 

BHz BHy 

By Bz 

BHr BIlz 

Bz dx 

BHy BHz 

Bx By 


= —joikmynHz 

(<r + jo)ke€o)Ez 
(a + jo)ke€o)Ey 

{<r + jo)k,€o)Ez 


(7-3) 


(74) 


The wave guide will be aligned in the coordinate system so that any 
wave traveling down the guide from the source to the load will travel 
in the x direction. Only the wave traveling in the plus x direction will 
be considered first; (‘onsequently, from the knowledge of the traveling 
waves which have been studied, the two vectors E and H will have an 
exponential multiplying factor containing t and Xy namely, 

Also, t and x will be assumed not to enter into the equations in any 
other manner. F is the propagation constant and a; is equal to 27r times 
the frequency, /, of the wave being propagated down the guide. There- 


fore, 




E = 

(7-6) 

and 




H = 

(7-6) 


where Eq and Ho are vector functions. 

The transverse electromagnetic wave (where both the electric in- 
tensity vector and the magnetic intensity vector are perpendicular to 
the direction of propagation — ^in this case the :r direction) is not ob- 
tainable in the ordinary wave guide. The types obtainable are the 
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transverse electric wave (abbreviated TE or H), where the electric 
vector is perpendicular to the direction of propagation and the mag- 
netic vector has a component in that direction, and the transverse 
magnetic wave (abbreviated TM or E), where the magnetic vector is 
perpendicular to the direction of propagation and the electric vector 
has a component in that direction. These two types will be treated 
separately as they are usually so used in practice. 


7*3 The transverse electric wave 


In assuming a transverse electric wave in the wave guide shown in 
Figure 7*1, we assume that the x component of the electric intensity of 
the wave traveling in the plus x direction is zero. In other words, Ex 
is zero. This wave guide has the cross-sectional measurements of 2/0 
and Zq and its length is in the x direction. From Equations 7*5 and 
7*6, since the vectors are exponential functions of t and x, each of their 
components will be the same function of t and x. Hence the partial 

derivatives of the components of the vectors 
with respect to x, as noted in Equations 7*3 
and 74, can be t^ken immediately as 
follows: 



Fi(i. 7-1 A rccUiiiguljir wave 
guide oriented in n'ctangular 
coordinates so that its length 
is in the x direction and its 
sides are parallel to the y and 
z axes. 


5 ^, 

dx 

dE, 

dx 

dx 

dH, 

dx 


= -r£„ 


= -TE^ 


= -rHy 


= -TH, 


( 77 ) 


Using only an air dielectric., we know that kp and km will both be equal 
to one. Substituting this, the condition that Ex is zero, and Equations 
7*7, into Equations 7*3 and 74, we obtain 


OE, _ OE, 
dy dz 


— jw/xoHx 


TEg = -jcanoHy 


(7*8) 


— TEy = —jwnoHz 
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dHz dlly 
By dz 


dz 


+ THz = (<T + j(a€o)Ey 


(7-9) 


bh 

~-THy — = (o- + jw€o)-B* 
By 


Assuming also that the concentration of charge, p, within the dielectric 
of the guide is zero, we find that Equations 7-1 and 7*2 become 


BEy BEz 

BHx BHy BIIz 
Bx By Bz 


(7-10) 

(7-11) 


Equations 7*8 to 7‘11 represent t)art 2 (page 210) in the solution of 
the problem. It represents the substitution of the general conditions, 
for the wave to be obtained, into Maxweirs equations. Part 3 calls 
for the solution of these equations, the solution being the expressions 
for the components of the field within the guide. Once these compo- 
nents are obtained, the final boundary conditions may be substituted 
into them as required by ]3art 4. 

The first step in the solution of the equations is to differentiate the 
second equation of Ecpiations 7*9 with respect to z and the third equa- 
tion of Equations 7*9 with respect to y: 




+ r— " = (a+jwto) 

Bz 


SEy 

Bz 


dy dy- 


(a + joifo) 


dEz 


(7-12) 


Subtracting the second ecjuation of Equations 7-12 from the first and 
gathering similar terms, we get 


^ ^ (djh ^ djfj\ 
dy^ dz^ \ dz dy / 


= (<^ + 


\ dy 


+ 



(7-13) 


However, from the first equation of Equations 7-8 and the divergence 
Equation 7‘11, we obtain 


. „ SEz dEy 

janoUx = - + T" 

dy dz 


(7-14) 
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Substituting Equations 7*14 into Equation 7*13, we obtain 

^ ^ = ia./xo (<r + . (7-16) 

Equation 7*15 is an equation in terms of only one component of the 
field, namely Hx. 

Let us assume now that the leakage conductance of the air dielectric 
is zero. This means that a in Equation 7*15 will be zero. Making 
this substitution into Equation 7*15 and simplifying, we obtain 

^ - (r^ + (7-16) 

dz^ di/ 

The next step is to solve Equation 7* 16 in order to obtain the expres- 
sion for Hx. It may be solved by the method of separation of variables. 
In this method, Ha: is assumed to consist of the product of a function of 
z and a function of y. If gi{z) were the function of z and g 2 (y) were 
the function of z/, the expression for Hx would be given by 

Us = [gi{z)][g 2 {y)] (7*17) 

For convenience, we may let Z represent g\{z) and Y represent g 2 {y) 
so that Equation 7*17 be(*omes 

Hx = ZY (7*18) 

The Z and Y are merely symbolic representations of the two functions 

and are not meant to represent any impedance or admittance as they 
did in the case of transmission lines. The reason that Z and Y are 
used in this case, instead of any other symbols, is so that Z can be asso- 
ciated symbolically with a function of z and Y with a function of y. 
Substituting Equation 7*18 into Equation 7-l(), we get 

Z^, + Y^= -iT^ + o>Wo) YZ ( 7 - 19 ) 

dy dz 

and dividing through by ZY, we obtain 


1 d^Y 
Y V 


Z dz^ 


= -(r=* + 


( 7 - 20 ) 


This last equation shows that a function of Y (which in turn is a 
function of y) plus a function of Z (which in turn is a function of z) is 
equal to a constant. Inasmuch as y and z can vary independently, it 
is necessary that each of the functions on the left-hand side of Equation 
7*20 be separately equal to a constant. The sum of the two separate 
constants will be eciual to the constant on the right-hand side of Equa- 
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tion 7-20: Assume two ponstants Ai and A 2 , where 
Ai + A2 = + u^fiiAo 


and 


i £!r _ 

Y dy^ - 


i ^ 

Z dz^ 


-.42 


(7-21) 

(7-22) 

(7-23) 


We notice the similarity between Equation 7-22 and Equation 7'23. 
Both these equations are well-known differential equations, the solu- 
tions of which are exponentials. Taking first Equation 7-22, we let 

Y = Ce^ (7-24) 

where C and y are constants. Substituting Equation 7-24 into Equa- 
tion 7*22, we get 

^y^^Ce^=-Ai (7-25) 

which means that 

7j = ijvCiT (7-26) 

Since 17 has two values, Y will consist of the sum of two parts, each 
with its own constant. Calling the (constants (\ and C 2 , we obtain 

Y = (7-27) 

It is more convenient to express Equation 7*27 in terms of the sine 

and cosine of the angle ^Aiy, This can he done because 

= Cl cos (VTiy) + jCr sin (Vlly) 

= ^2 «os (VaT?/) - jC 2 sin (y/Aly) 

Taking the sum of the two eciuations of Ecpiations 7-28 and calling tlie 
new constants Ki and K^y we find that 

Y = Ki sin ^Aiy + K 2 cos \^iy (7*29) 

Since Equation 7-23 is similar to Equation 7*22, the solution for Z 
can be written down immediately: 

Z = sin cos (7*30) 

where Ks and K 4 are constants. 

The complete solution, as given by Equation 7*18, is the product of 
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Equations 7-29 and 7-30. The expression for Hx, therefore, is given by 
Hx^YZ= [Ki sin (V^j/) + ^2 cos (v^j/)] 

[iiTa sin + Ki cos {VTiZ)] (7-31) 

Expanding Equation 7"31, we obtain 

Hx = KiKz sin (V^j/) sin ( Va^z) + KiKi 

sin (VZiy) cos (V^z) + K 2 K 3 cos (VAjy) (7-32) 
sin (Va^z) + K^Ki cos (VAij/) cos (VA^z) 


This is a long cumbersome solution but it should be used in the gen- 
eral case. However, it is })ossible to (dioose the boundary conditions 
in such a manner that all the terms on the right-hand side of Equation 
7*32 except the term involving the product of two cosine terms will 
drop out. In other words, the constants Ki and /C 3 will both be zero. 
This is accomplished by choosing the correct orientation of the wave 
guide with resi)ect to the coordinate axes. 

In Figure 7*1, a rectangular wave guide is oriented so that one corner, 
a corner running lengthwise along the guide, coincides with the x axis. 
The guide is squared up with the axes so that the lengthwise sides are 
parallel to the y and z axes. We shall see that this orientation will 
make Ki and both zero. The other constants may be complex 
numbers. 

All components of E and H can now be expressed in terms of Hx* 
Substituting the second equation of Equations 7-8 into the third equa- 
tion of Equations 7*9 and remembering that cr is zero, we obtain 


jwMo 


dllx 

dy 


(j(^eo)Ez 


(7-33) 


Solving for Eg, we get 


E^ 


./Wo d/Zj 
dy 


(7-34) 


Thus E is obtained in terms of The second equation of Equations 
7*8, however, gives Hy in terms of Ez, Substituting for Ez from Equa- 
tion 7*34 and solving for we obtain 


Hy 


r dHx 
dy 


(7-35) 


which gives Hy in terms of //j.. 

The expression for Ey is obtained by substituting for Hg in the second 
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equation of Equations 7'9 from the third equation of Equations 7*8: 

n2 

(7-36) 


dz ^ V 


Solving for Ey^ we obtain 


_ jcOMo 

“■ 2 ^ — 

r +0) 


(7-37) 


However, the third equation of Equations 7*8 expresses Hz in terms of 
Ey. By substituting Equation 7*37 into it and solving for Hz is 
obtained in terms of Hx : 


Hz 


T dHx 
+ w^/ioto 


(7-38) 


Since in this TE wave Ex is zero, Equation 7*38 completes the problem 
of expressing all the components in terms of Hx- Gathering all of the 
components together, we get 


E’x = 0 


Ey 


^Hx 


Ez 


itOMo dHx 


(7-39) 


and 

Hx = K 1 K 3 sin (VAiy) sin (VaIz) + K 1 K 4 sin {V Aiy) cos (Va^z) 
+ K 2 K 3 cos (VAiy) sin (VA 2 Z) + K 2 K 4 ^ cos Aiy) cos (VA 2 Z) 


r diix 

+ w^jLtoco dy 

r dHx 

+ w^/xoeo d2 


This is the completion of part 3 in the method of solution. We notice 
how all the components except Hx and Ex are equal to a constant times 
a derivative of Hx- 


7*4 The substitution op boundary conditions fob the TE waves 

The last part of the solution is to substitute the boundary conditions 
for a specific orientation of the guide into the general equations, Equa- 
tions 7*39 and 7*40. Consider now the orientation shown in Figure 
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7‘1. One side of the wave guide coincides with the i/-equal-to-zero 
plane and another coincides with the z-equal-to-zero plane. For sim- 
plification, the sides are assumed to be perfect conductors. Since no 
component of the electric intensity vector, E, can exist on the surface 
of a perfect conductor, Ey is zero at z equal to zero and Ez is zero at y 
equal to zero. 

It is the derivatives of Hx which determine the magnitudes of the 
components of the electric intensity vector; Ey is equal to a constant 
times the partial derivative of Hx with respect to z and Ez is equal to 
a coastant times the partial derivative of Hx with respect to y. These 
two partial derivatives may be obtain by differentiating Hx, given in 
Equation 740. Performing this operation, we obtain 


and 


= KiKs^A2f^in 12/) cos (V A2Z) 
dz 

— K1K4VA2 sin sin (Vl^z) 

+ K2KiVA2 pas (VAiy) cos (VA2Z) 

— K2KiVA2 pos sin {VA2Z) 

cos {y/A\y) sin (\/ A2Z) 

dy 

+ KxK^\ Ai c(Ks (\ Aiy) cos * 

— A"2A’a\ A I sin (\ Aiy) sin {\^k2z) 

~ A2A4V41 sin {y/Aiy) cos A2Z) 


(741) 


(742) 


First let us consider the condition that Ey is zero at z equal to zero. 
This is true for any value of y. Let us assume now that neither Ai 
nor A2 is zero; it means that dHx/dz must be zero when the angle (V 4 22) 
is zero while the angle {y/ A\y) assumes any value. In Equation 741 
those terms, including the sine of (V422). will be zero when 2 is zero 
irrespective of the constant; but those terms containing the cosine of 
{\/ A2Z) will be zero at 2 equal to zero for all values of y only if the con- 
stant in that term is zero. Consequently, for this specific orientation 
of the wave guide 

KiK^ = 1^2X3 = 0 (743) 

Now let us consider the condition that Ez is zero at y equal to zero. 
This is true for any value of 2. Hence dHxIdy is zero when the angle 
(V4 i 2/) is zero while the angle (^42^) assumes any value. In Equa- 
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tion 742, those terms containing the cosine of Aiy) must have 
constants whose value is zero. Hence, for this orientation of the wave 
guide, 

KiKs = KiK^ = 0 ( 7 ' 44 ) 

Only one remaining constant is left whose value is not zero, namely, 
K 2 K 4 , Calling this constant A in order to simplify writing the equa- 
tions, we find that the expression for Hx reduces to a single term, the 
term containing the product of the two cosine terms: 

Hx — A cos {\/Aiy) cos (745) 

Hence the two partial derivatives given in Equations 741 and 742 
also reduce to a single term. Substituting Equation 745 into the 
equations for the components of the wave in the guide as given in 
Equations 7*39 and 740, we obtain 

= ,.2 — AVa '2 cos (y/Aiy) sin (VA 2 z) (746) 

r'‘ + 

E,= - 2 — AVAi sin {VAiy) cos {VA 2 z) 

+ « juo«o 

and 

Hx — A cos i^iy) COS (^A 2 Z) 

Hy = „ . *4 V -f, .sin (v'j;?/) COS (V^ 2 Z) (747) 

r + w goto 

p 

Hg = 2 4v42Cos (^A,y) sin {VA2Z) 

+ w^Moto 

The constants Ai and A 2 can now be determined in a similar man- 
ner. The other two sides of the wave guide, namely, the side at z 
equal to Zq and the side at y equal to t/o, cannot have any tangential 
electric field intensity vector exist on its surface. Consequently, Ey 
is zero when z is equal to zq, which, from Equation 746, means that 

sin {VT 2 Z 0 ) = 0 (748) 

But the sine of an angle is equal to zero when the angle has integral 
multiples of tt. In other words, the angle has to have values of 0, tt, 
27r, 3ir, Air, etc. It can also assume negative values theoretically — 
but not practically. Let us have m represent any integer. From 
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Equation 748, therefore, 

\^A2Zo = 

Solving for the constant v^, wo obtain 

Va", = ^ 

20 


(749) 

(7-60) 


Similarly, from Equation 7-40, if A’, is zero when 1 / is equal to j/o, 

sin (Va; 2 /o) - 0 (7-51) 

Again this means that the angle <‘an have only integral multiple values 
of TT. Letting n also represent an integer value which can vary inde- 
pendently of the value of //i, we obtain 

^ 4 ^ 12/0 = ^^ (7*52) 

and sc^lving for the constant 1 , we get 

/~~r~ ^?7r 

Vi; = “ (7-53) 

2/0 


These two results can now be substituted into Equations 746 and 
747 to obtain the final equations for the magnitudes of the field com- 
ponents within a wave guide pertaining to the transverse electric wave, 
usually referred fo as the TE wave. 


and 


Ax = 0 


Eu = 4 




r“ + aJ“/xo€o Z^i 


mir \ . /mir \ 

( 7 . 64 ) 


^ ^ mr , /UT \ / /Mtt \ 

Et = —A — Sin I y I cos I — z ) 

F" + CO /xo^o 2/o \ 2/o / \ 2o / 

IT A \ \ 

//a; = 4 cos ( — y] cos I — Z I 

\2/o / \2o / 

„ , r nw . /riT \ /mTT \ 

Hy == A -TT-- — 2 I — 2/ ) cos I — z) 

I + CO /xqco yo \ 2/o / \ ^0 / 


Ha 


r 


niTT 


r + CO fxo^o zq 


cos 




(7-55) 


Thus the variations in am])litude of the components are sinusoidal func- 
tions of the coordinates, the functions being dependent on the integers 
m and n and on the dimensions of the guide. 
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The value of the propagation constant, P, still has to be determined. 
In Equations 7*5 and 7*6 all the components are multiplied by the 
exponential function of t and a:, This exponential determines 

the variation of the amplitude with time and position along the length 
of the guide. It is dependent on the value of F. Solving for F in 
Equation 7*21, we obtain 

F = dhV^-4i + A 2 — (7*56) 

and substituting in the expressions for Ai and A 2 as obtained in Equa- 
tions 7-50 and 7*53, we find that 

’■= WO' 

Thus F is also dependent on the value of the integers m and n and the 
cross-sectional size of the guide. 

The constant A can be considered to be the general amplitude constant 
of the equations. It is dependent on the magnitude of the source volt- 
age or other means used to excite the guide. Thus, if all other condi- 
tions remain constant and the ."ource voltage is doubled, the only factor 
that changes in the equations is A, which also doubles. We see that 
it is a factor in all the amplitudes of the components so that their mag- 
nitudes are all directly dependent on the magnitude of A. A can be 
either real or complex depending on the configuration of the circuits, 
or elements, used in conjunction with the guide. 


7*5 A DISCUSSION OF THE PROPAGATION CONSTANT F 


Equations 7-5 and 7-(> are repeated, for convenience of reference, 
with the exponential function factored into two parts: 


E = 


(7-58) 


The exponent of c, dependent on the time, t, is an imaginary exponent, 
introducing a sinusoidal variation of the amplitude of the vectors with 
a variation in time, but not introducing any attenuation in the ampli- 
tude of those variations. It can be referred to as a phase factor. The 
exponent of e dependent on x, on the other hand, is determined by the 
value of the propagation function, F. 

We see from Equation 7*57 that F can be either positive or negative 
depending on which root is chosen. Just as in the case of the trans- 
mission line solution or in the (*ase of the radiation problem, it represents^ 
when propagation takes place, two waves, one traveling in the plus x 
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direction and the other traveling in the minus x direction. Actually, 
each wave can be treated separateb^’ in a manner similar to the trans- 
mission line solution, where a reflection factor determines the magnitude 
and phase of the reflected wave. Hence the discussion will be limited 
to the wave traveling in the plus x direction since the wave traveling 
in the minus x direction will follow the same rules (the principles of 
reflection will be studied later). Therefore, only the positive root of 
the radical will be used in the discussion. 

If r is real and positive, each of the vectors have a factor that would 
cause the magnitude to decrease as .r is increased. In other words, the 
magnitude of the sinusoidal time variations is attenuated as x is increased 
but the phase of the variations do not vary with x. When F is imaginary 
it is only a phase factor and does not affec.t the peak magnitudes of the 
sinusoidal variations except to change their phase as x is varied. 

Because of the minus sign, when the exponent F is a positive function, 
the increase of x will cause the phase angle of the components to lag 
more and more. This variation is the requisite of a wave traveling 
in the plus x direction. This wave resembles the wave propagated 
along a lossless transmission line (discussed in Chapter 1). In a lossy 
wave guide the propagation function will have both real and imaginary 
components introducing both phase shift and attenuation; this will be 
carefully discussed later. 

Let us first assume that F is real. From Equation 7*57 we see that 
F is equal to the square root of a quantity involving the cross-sectional 
dimensions of the guide and the integers m and n. If the quantity 
under the radical sign is positive, F will be real. It will bo positive when 

When this condition occurs, the wave will be attenuated along the guide 
and no true propagation will take place. It is interesting to note that 
if Equation 7-59 is true for certain values of rn and u it will be true for 
all values of m and n, respectively, larger than those values. 

Now let us assume that F is imaginary. This will take place when 
the quantity under the radical sign is negative. Factoring out a j term, 
we find that F becomes 

+(^)] (7.60) 


where 
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Thus r will, in this case, introduce only a phase shift in the components 
of the field within the guide and the wave will be propagated down the 
guide without attenuation. It should be noted that if Equation 7‘61 
is true for certain values of m and n, it will be true if m is kept constant 
and n is reduced, or if n is kept constant and m is reduced, or if they 
are both reduced together. Sometimes, though, it is possible to increase 
one of the integers and decrease the other and still retain the inequality 
of Equation 7*61. 

Following this type of reasoning, we arrive at the critical case where 

■ ( ») + (?) 

This is the point at which attenuation stops and propagation takes 
place, or vice versa, depending on how it is approached. If all other 
factors are kept constant and / is increased, so that the value of co in 
Equation 7-02 is increased, the condition of propagation shown in 
Equation 7-Gl will be obtained. Similarly if the frequency is decreased 
the condition for attenuation shown in Equation 7*59 will be obtained. 
Thus Equation 7-62 determines a limiting frequency, for a specific 
guide and specific values of m and /?, above which propagation takes 
place and below which attenuation takes place. Because of the exist- 
ence of this cut-off frequency, the wave guide is sometimes referred to 
as a high pass filter. Variation of other factors in Equation 7*62 will 
also lead to similar results. 

The factors m and n determine what is called the mode of transmission 
or the mode of the wave. Since there can be many types of TE waves, 
the type under discussion is usually noted as TE^n. Putting in the 
m and n terms limits the discussion to that mode. There can be an 
infinite number of modes since there are an infinite number of combi- 
nations of integers. For instance, the mode of transmission where m 
is 3 and n is 2 would be noted as TEz2> Each mode is discussed 
separately. Only the first few are really important because the higher 
modes are seldom used. 

7*6 The TEoi wave 

The mode wherein both m and n are zero does not exist; therefore, 
the lowest mode for the transverse electric wave is the one wherein 
one integer is zero and the other is one. Let us put m equal to zero and 
r? equal to one. This type of wave is designated by TE^i, To obtain 
the critical (cut-off) frequency, /oi, these values are substituted into 
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Equation 7*62, where w is taken equal to 27r/oi. 


(27r/oi)Vo€o = 



Solving for/oi, we obtain 


foi = 


1 


(7-63) 


(7-64) 


Thus the critieal frequency is dependent only on the y dimension. 
However, one over the square root of the product of /xq and €o is equal 
to Vy the velocity of propagation of an electromagnetic wave through 
free space. Substituting this into Equation 7*64 and simplifying by 
replacing the velocity over the frequency by the wavelength of the 
wave in free space, designated by Xoi, we get 



(7-65) 


Hence the TEqi wave will be propagated if the 2/0 dimension is greater 
than a free space half wavelength at the frequency being employed. 
Whether the wave will be propagated or not is independent of the other 
dimension. 

By substituting m equal to 0 and n ecjual to 1 into Equation 7*60, 
7*54, and 7-55, the equations representing the 01 type of wave are 
obtained. For completeness, the exponentials are also included. 



(7-66) 


(7.67) 


(7-68) 


Equations 7-67 and 7‘68 represent the magnitudes of the components 
of the electromagnetic field vectors within the wave guide for a TEoi 
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wave. We note that there is only one eomponent of the vector E 
which is not zero and that the z component of H is zero. 

By plotting the contour lines determined by Equations 7'67 and 
7*68, the field patterns for the TEqi wave are obtained. They are 
shown in the two views of Figure 7*2. The electric lines are shown 
as solid lines, the magnetic lines are shown dotted. All the electric 



Fkj. 7-2 Fi(‘ld of tlu* TEi^ wave. The electric* lines of force are shown 

solid while the magnetic lines of force are shown dotted. 

lines are parallel to the z axis and terminate on the top and bottom of 
the wave guide as shown. The magnetic lines lie wholly within the 
z planes and are closed loops, each loop lying in a 2 plane. When the 
changing ele(*tric lines are pictured as a displacement current, we can 
see that the magnetic lines form closed loops around this current and 
lie in a plane at right angles to the current. With an increase in time, 
this whole configuration is shifted in the plus x direction, giving rise 
to the traveling wave conception which has been discussed. This 
type of wave is one of the most commonly used and will be discussed 
in more detail later on. 

The TExq wave is obtained by allowing m to equal 1 and n to equal 0. 
The results obtained are the same as for the TE^i wave except that 
the wave is shifted so that the electric lines are parallel to the y axis. 
The correct configuration would be obtained if the guide were rotated 
about its lengthwise axis so that the side that is on the z axis would 
be on the y axis of Figure 7-2 and the electric lines would be horizontal. 
The rasults obtained for the TEqx wave apply directly to the TEiq 
waves with the above modification. 

Example 7*1 Determine the critical frequencies of an air dielectric wave 
guide that has a rectangular cross section of inside dimensions 3 centimeters 
by 5 centimeters and is to be used with a TEoi wave. 

There will be two critical frequencies dependent on the excitation orienta- 
tion within the guide. If the electric vector in the wave being used is parallel 
to the 3-centimeters side, the critical frequency will be that frequency whose 
half wavelength in free space is 5 centimeters This will be 3,000 mega- 
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cycles. If the electric vector in the wave being used is parallel to the 5- 
centimeters side, the critical frequency will be that frequency whose half 
wavelength in free space is 3 centimeters. This frequency is equal to 5000 
megacycles. 


7*7 The TEh wave 


The TExi mode Is the next higher mode to be considered. It is the 
mode obtained when both m and n are put equal to 1. The first char- 
acteristic to be obtained is the critical frequency /u. It is obtained 

by substituting 27r/u for <a and 1 for m 
-j and for n in Equation 7*62. Solving for 

2;"^^ /ii, we get 
1 



h-3-^ 


fu = 


1__ 

2N/jU()€o 



(7.69) 


[ which indicates that now the (‘ritical fre- 

4 

i quency is dependent on both the 2/0 

dimension and the Zq dimension. 

Fig. 7-3 Two different wave Since it is dependent on a sum involv- 
Kuides with the same cutoff fre- ing both these dimensions, when one di- 
quoney for the Tfiu wave. shorteneti the 

other may be elongated to obtain the same critical frequency. This 
is illustrated in Figure 7*3, where a guide 3 units by 4 units has the 
same cut-off, or critical, frequency as a guide 2.45 units by 12 units. It 
is true because t 


( 2 . 45)2 ( 12)2 ( 3)2 + ( 4)2 


(7-70) 


The equations for this type of wave are obtained by substituting 
1 for m and for n in Equations 7*60, 7*54, and 7*55. Including the 
exponential factor, we obtain 


. T” - ' [© + (s) ] 




A — - cos (- 2 /) sin (- z) (7-72) 

^ r2 + w2^«o«o \yo / \2o / 

— sin (— y) cos (— z) 

Vo \yo / \2o / 


E,= - A 


Vo 



HIGHER MODES OF THE TE WAVE 


227 


Hx- A COS yj cos 

A sin (- y) cos (- z) e^“*-ru» (7.73) 

T^ + u^fiotoyo \i/o / \So / 

Hz = A — 2 ~ ~2 (~ sin (— 2 ^ e^<^t~^ux 

r 2 + toWo2o \yo / \2o / 

In this case all the (*omponents exist except In Figure 74 arc 
shown the field patterns obtained by plotting Equations 7*72 and 
7-73 and thereby obtaining the magnitude and directions of the electro- 
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Fifi. 7-4 Tho fiolfl patterns for the TEu \vav(* at, one instant of time. 


magnetic vectors within the guide. Notice that now the electric lines 
terminate on all four sides of the guide in a symmetrical manner. The 
magnetic loops are still perpendicular to the electric lines but because 
of the curvature of those lines the loops no longer lie in a plane surface. 

Example 7*2 Determine the critical frequency of an air dielectric wave 
guide which has a rectangular cross section wdth inside dimensions of 3 centi- 
meters by 4 centimeters and is to be used with a TEu wave. 

These dimensions have to be substituted into Equation 7-69, the equation 
for the critical freciuency. A factor of 10”^ has to be used with each of the 
dimensions to convert them to meters: 

^ 3 X I ^ ^ 

2 yJ{3X 10-2)2 (4 X 10-2)2 

fii = 6250 megacycles Ans. 

7*8 Higher modes of the TE wave 

The same method of analysis used in the preceding two sections may 
be applied to the higher modes of the TE wave. The values of m and 
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n for these higher modes are substituted into Equations 7*60, 7*54, and 
7*55, resulting in the equations applicable to these modes for a rec- 
tangular wave guide. 

It was pointed out previously that if 
a certain wave guide will transmit a 
definite mode it wall pass all lower 
ones also. The method of excitation 
w^ill determine the mode or groups of 
modes that will be transmitted. 

For a picture of the configuration 
of the electric and magnetic lines of 
force within the guide, it is possible 
to use combinations of several TEqi 
weaves or several TEn waves. For 
instance, a TA 02 wave would consist 
of two TEoi waves set side by side 
as shown in Figure 7*5. Similarly, 
higher inodes of the 77i'on type would 
consist of combinations of the TEqi 
wave set side by side, n repetitions 
being used for a TE^n w’ave. 

When m is not zero, such as in the 
TE 12 wave, the resultant configura- 
tion would he similar to tw^o TEn 
waves set side by side. Similarly, the 
TE ^2 wave would be similar to the 
configuration obtained by placing six 
TE\\ waves together in a rectangular 
fashion, tw^o by three. Thus once 
the configurations of the electric and 
magnetic lines within a rectangular 
wave guide are known for the TE^\ and the TE^ waves, the configu- 
rations for the higher modes are deducible from them. 
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Fig. 7*5 The held patterns of the 
TEoi wave at one instant of time 
showing that it is similar to two 
TEoi waves set side by side. 


7*9 The transverse magnetic wave 

The other common type of wave which is propagated down the 
rectangular wave guide is the transverse magnetic wave, denoted 
symbolically by either TM or E, with the proper subscript to specify 
the mode being employed. The conditions for the derivation of the 
equations for the transverse magnetic wave are the same as those for 
the transverse electric wave except that the longitudinal component 
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of magnetic intensity, //x, instead of the electric intensity component, 
Ex, is assumed to be zero. 

Assuming again that the wave will travel along the x axis, that the 
propagation function is r, and that the wave will have an angular 
phasor velocity of co, we find that Equations 7-6 and 7-7 also apply. 
When the wave conditions are substituted into Equations 7-3 and 7*4, 
the equations become 

^ 0 
dy dz 

+ rE, = - MMoHy (7-74) 

oz 

„ dEr 

— VEy — — = — joifiaH z 

3y 


and 


dHz 

dy 


- 7 — = (<r + jCf)€[))Ex 
dz 

THz = (cr 4 - jo)^o)Ey 


- THy = (<r + jo)€o)Ez 


(775) 


Pei feet conductors for the ,side> of the wave guides and lossless dielectric 
material for the intei ior of the guide ai e again assumed. Consequently, 
<7 in the above eipiations will be zero, and the final equations for the 
wave may be obtained in a manner similar to the derivation employed 
for the TE waves. 

In this case of the TM wave, two waves are also obtained: one travel- 
ing in the plus x direction and the other in the minus x direction. Only 
the plus w^ave is showui in the equations, and the minus wave is similar 
except that the sign of the propagation factor is changed. The final 
equations for this type of wave are: 




Ex = A sill 2^ 


( vw 
2/0 ‘ 


jut—Tx 


-A 


^ Mo^o Vo 


VT /itTT \ . /WTT \ 

— cos I - ?/ I sm I — z J 

2/0 \ 2/0 / \ "0 / 


^ ^ r WTT . /VTT \ /niT \ 

E, = —A -5—; — 5 I — y] ‘•o'< 1 — z] 

r +0) ^0 \ ]h\ / \ -0 / 


Fx 


Ju)t—Tx 


( 7 - 77 ) 
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//x = 0 

+ w'mo*o *0 


H,= -A 


J"«o 


+ «^Mo«o 2/0 


"(i 


(7-78) 


In these equations m and n are again integers that determine the mode 
of the wave. We see that the ex])ression for F, given in Equation 
7-76, is the same as the expression for the propagation constant for 
the TE modes. The discussion in section 7*5, therefore, applies also 
to this type of wave. There is one other major difference between the 
two types of waves besides the distinction that one has an x component 
of E and the other an x component of H. In the TM mode, Ex is 
determined by the product of two sine terms. The sine of zero is' 
zero so that Ex will be identically zero if either m or a is zero. Conse- 
quently, neither m nor n can be zero if the wave is to exist; the 00, 01, 
and 10 modes do not exist for the TM type and the lowest existing 
TM mode is the TMu wave. 


7*10 The TMn waves 

The equations for the TMu mode are obtained by substituting one 
for both m and n in Equations 7*76, 7-77, and 7*78. The cut-off or 
critical frequency for this type of wave is the same as for the transverse 
electric waves and is obtained by substituting into Equation 7*62 and 
solving for the critical frequency. For the TMu mode the result is 
the same as for the TEu mode, as given in Equation 7*69. Calling 
the critical frequency /n, we get 

/ii = J-4, + -K (7-79) 

The behavior of these modes is the same as for the TE modes. Below 
the critical frequency, attenuation and no propagation take place 
whereas, above the critical frequency, propagation takes place. 

The equations for the field components for the TMu wave are 


+(^)] 


(7-80) 
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Ex = A sia ^ sin ^ 2 ^ ey«<-rx 

-^-5 — cos (~ sin (~ 2^ ^‘at~Tz 

to^Moto Vo \yo / \2o / 

-^-5 sin (— 2/^ cos (— 2^ 

" /toto *0 \yo / \zo / 


Ey = —4 




H, = 0 


r2 ^ 




— sin y^ cos e*"' 

« /Ao«o 2o \j/o / Vo / 

— cos y^ sin (— z^ e'"*” 

"*/Ao«o ^0 VO / Vo / 


(7-81) 


(7-82) 



Fig. 7-6 The ])att4Tns of the TMn w:iv(‘ at om* instant of timo. 
'rh«* inajjjnctic liii(‘s arc now contained in the cross-s<*ctional plant* while 
the electric lines extt'iid down the length of the guide. 


In Figure 7*() are shown tlie field configurations for a TMn wave 
where the eletdric lines are show^n as solid and the magnetic lines as 
dotted. The magnetic lines are closed loops in the plane perpendicular 
to the length of the guide. This agrees with the name of the wave, a 
tranfiverne magnetic wave. The electric lines terminate on the sides of 
the guide and stretch out toward its middle and down its length. It 
is the displacement current of these changing electric field intensities 
that the magnetic loops enclose. 

7«11 Higher modes oi the TM wave 

The higher mode equations for the TM wave are obtained in the same 
manner as for the TMn wave except that larger integers are substituted 
for either m or a, or both, into Equations 7*76, 7*77, and 7*78. Simi- 
larly, Equation 7-62 can be used to obtain the critical frequencies. 
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In regard to the configurations of the fields for tliese higher modes, 
Figure 7-7 shows the configuration obtained by plotting the equations 
for a TM 21 wave. The equations were obtained^ by substituting two 
for m and one for n in the equations for the TM modes. Comparing 
these patterns with the patterns obtained for the TMn mode, it can 



Fig. 7*7 The field patterns of the TMu mode shown at one instant of time; 
the patterns resemble two TMn waves pla(5ed one above the other. 

be seen how this wave resembles two TMu waves placed one above 
the other. This leads into a simple way of picturing the configurations 
for the higher TM modes. A TM 22 wave would resemble four TMn 
waves set in a square two by two. A TM 22 wave would resemble six 
TMn waves set in a rectangle three by two. Similarly the configura- 
tions for the higher modes can be pictured as a rectangle made up of 
TMn waves set side by side. 


7‘12 Group and phase velocity* 


In lossless transmission lines and in radiation through a dielectric, or 
any other lossless medium, the velocity of propagation of the wave Ls 
dependent on the comparative dieletric constant, key and the com- 
parative permeability constant, km- The velocity, v, is given by 


1 

V = - ■ ■ — 

^ kJkffi^QitQ 


(7-83) 


where cq and mo are the dielectric constant and the permeability con- 
stant, respectively, of free space. It was at this velocity v that both 

* See H. H. Skilling, Fundamentals of Electric Waves, New York, John Wiley & 
Sons, 1942, for an excellent discussion of this subject. 
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the wave itself and the envelope of the wave, the modulation put on it, 
advanced. In other words, if the instantaneous wave form were 
plotted at successive instants of time it would be found that under 
normal conditions the peaks of the high frequency wave, usually called 
the carrier, and the peaks of the envelope containing the intelligence 
both advance at the speed v. 

These two velocities will differ if, and only if, the carrier velocity 
is a function of frequency. In hollow wave guides, even though they 
are assumed lossless, the two velocities are not the same inasmuch as 
the carrier velocity is a function of frequency. The speed at which 
the envelope of the wave progresses is called the group velocity, Vg. 
Inside a guide this group velocity is slower than the speed of light. 
It is dependent on the size of the guide and the frequency being used. 
The speed at which a peak of an individual high frequency wave pro- 
gresses is called the phase velocity, 2 ;^, and is greater than the speed 
of light. 


Envelope 

of wave N. >High frequency peak 


i 

i'I\ 

I 

^ ^Modulated wave 

'h-rs-r\1 , 
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llllll 



Fig. 7-8 Two illust.raliiiK lh<* relationship of i)has(‘ velocity to group 

velocity. Wave A in the high fre<iueney group progress(‘S forward under the env('- 
lopo as the wave is propagated down thi' guide. 


These velocities may be a little better appreciated by the two waves 
shown in Figure 7*8. In (a) is shown a modulated wave drawn by 
plotting the values of the electric field intensity, along the center of 
the guide, at one instant of time, L One of the high frequency waves 
has been marked with the letter A, The envelope of the wave, which 
contains the intelligence, is shown dotted. A little later in time, 
t + Atf the wave is shown plotted again in (6). The individual waves 
will move at a velocity greater than that of light and the envelope will 
move at a velocity slower than that of light. Hence the individual 
waves will move forward in their position in the envelope so that the 
marked wave, A, will occur at a different point in the envelope, the 
new position being further advanced down the envelope, occurring after 
the peak of the modulation envelope rather than before the peak as 
in (a). 
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The phase velocity is obtained by letting 

Tmn ~ J^mn 

SO that 


The phase velocity, Vp, is given by 


Vr, = 


fimn 

and substituting for 0rnn from Equation 7'85, we get 

1 




(7-84) 

(7.85) 


(7-86) 


(7-87) 


Comparing Equation 7-87 with the velocity in free space given by 
Equation 7*83 when both ke and km equal one, we can see that the 
denominator in Equation 7*87 is always smaller than the denominator 
in Equation 7*83 for all values of m and n other than 00. This means 
that Vp will always be greater than the velocity of light and will depend 
on the cross-sectional dimensions of the guide and the mode being used. 

The group velocity, Vg^ is given by 


Vg = 


Vp 


(7‘88) 


where vq is the velocity of light in free space. Thus the product of 
the group velocity and the phase velocity, in any wave guide and for 
a specific mode, is equal to the square of the velocity of light in free 
space. 

A picture of what is taking place within the guide may be obtained 
by examining the TEqi wave. The phase velocity for this mode 
(*^p)oi is obtained by substituting m equal to zero and n equal to one 
in Equation 7*87: 


(t^p)oi = 



(7-89) 


This velocity, of course, is greater than the velocity of light. It may 
be explained by referring to Figure 7*9. In the figure is shown a wave 
traveling in the direction ab indicated by the wave fronts which are 
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perpendicular to this line. Imagine, however, that by some accident 
the velocity were measured along the line ac. This means that in 
the time that a wave front has traveled from a to 6 it will have seemed 
to travel a greater distance from a to c. Let us call the angle between 
ah and ac, 6; then the velocity measured along oc will be equal to one 
over the cosine of 6 times the true velocity, one over cosine 6 determin- 
ing the difference in the lengths involved. 



a c 


Fig. 7-9 Velocity measun'd at an angl(‘ to the din‘ction of travel of the wave. 

An explanation of the velocities within the guide would be that this 
method of measurement is being used inside the guide; indicating, that 
the wave within the guide is actually traveling at an angle to the x 
coordinate, being reflected from side to side by the walls of the guide. 
This would mean that when the velocity is measured along the length 
of the guide it is actually being measured at an angle to the direction 
of its ray, the direction of propagation of a ‘^plane” wave within the 
guide. 

Following this reasoning, we can obtain the angle to the x axis which 
the TEqi wave supposedly makes when it is traveling down the guide. 
To obtain the angle, the expression for Ez as given in the Equations 7*67 
(the equations for the TEqi wave) is employea. Grouping all the 
constants together, factoring out the j, and calling the rest B, we find 
that the equation reduces to 

E, = -jB sin (- y) (if.)']" (7-90) 

\yo / 

where the expression for Foi has been substituted for Poi from Equation 
7-66. However, the sine term may be replaced by the difference be- 
tween two exponential terms, where 



(7-91) 
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Substituting this into Equation 7-90, we get 

= j/CroO- (7-92) 

Simplifying, we obtain 

^ / . 1 (7-93) 

Each of the exponential functions Ls considered to be a separate wave 
with a multiplying constant of B/2. The negative sign in front of one 



Fio. 7*10 Th(‘ roKoliitioii of tlu* TK^n wavt* into two waves trav(‘liiiK at angles 
6x and Oi to the lengthwise axis of the guide. 

of the waves means that one wave will be 180° out of phase with the 
other wave. This is correct for a reflected wave wherein the electric 
vector is parallel to the reflecting surface. The phase of each of these 
waves will now vary with both x and y so that the waves are traveling 
at an angle to the x axis in the xy plane. We see that the x components 
of the resultant are the same but that y components differ in sign. 

In Figure 7*10 are shown the resultant directions for the two waves. 
Calling one direction Si and the other * 82 , as shown, we see that the 
resultant phase constant of both wavas comes out to be the same. 
It is obtained by taking the square root of the sum of the squares of 
the two components of each phase constant and results in the phase 
constant for free space, V/io€o. Thus we can consider two waves 
to be in the guide for the positive x direction of propagation: one travel- 
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ing in the direction Si at an angle 0i to the x axis and the other traveling 
in the direction S2 at an angle 62 to the x axis. Both are traveling 
with the velocity of light. The angles may be obtained directly from 
Figure 7*10, where 


—01 = 02 = tan ^ 



(7-94) 


It is interesting to note that, for any frequency, as the dimension 1/0 
decreases the angle becomes larger and larger until at the critical 
frequency it becomes 90°. 

Because the wave is traveling back and forth, the energy has to 
travel a greater distance than if the wave were traveling in a straight 
line. This increase in distance can be considered the reason why the 
group velocity is less than the speed of light. It represents the added 
time necessary because of the greater distance the energy in the wave 
has to travel. 


Example 7*3 Determine the phase and group velocities of a rectangular 
wave guide having inside cross-sectional measurements of 3 centimeters by 
4 centimeters and used with a TMn wave at a frequency of 10,000 megacycles. 

For the phase velocity, the dimensions and the frequency are substituted 
Equation 7*87, with m and n equal to one: 

1 

\ 47r2 X 102» L \0.03 / \0.05 / J 

1 

Vp = — 

V 0.1 11 X 10-*® - 0.038 X 10-1® 

Vp = 3.8 X 10® meters per second Ans, (a) 

The group velocity is given by Equation 7-88: 

OX 10*® 

“ 3.8 X 10® 

Vg = 2.36 X 10® meters per second Ans. (b) 


7*13 Cylindrical wave guides 

Unlike the wave guides discussed in the previous sections, a wave 
guide does not have to be rectangular in cross section but can be of 
very many other cross-sectional shapes. Among the commonest of 
the other shapes is the circular cross section. This type is known as 
a cylindrical wave guide. 
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It is much more convenient for the problems involving cylindrical 
shapes to use cylindrical coordinates. In Figure 7*11 is shown the 
relationship between cylindrical coordinates and Cartesian coordinates. 
The z axis is common to both systems for this particular orientation 
but r and ^ are used instead of x and y. The distance r is the radial 
distance of the point under consideration from the z axis and <t> is the 
angle which a projection of the perpendicular line (joining the point 
under consideration to the z axis) on the xy plane makes with the positive 
X axis. 


z 



Fig. 7 11 (Cylindrical coordinates using r, and 2 , shoTving their relationship 
to Cartesian coordinates. 


Maxwell's equations can also be expressed in cylindrical coordinates. 
Two methods of obtaining them are possible. One is to take the 
equations in Cartesian coordinates and to convert them to cylindrical 
coordinates. The other is to start again from the known integral rela- 
tionships and to develop anew Maxwell's equations in cylindrical 
coordinates. This latter method would follow along the lines given in 
Chapter 3 except that cylindrical coordinates would be used. Either 
of these methods will result in the following equations for the alternating 
current form of Maxwell's equations in cylindrical coordinates: 



(7.96) 
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dHr dHf f , . , M, 

l(d{TH^) dHr\ . ._ 

~'h)^ {a +ju>k^)E. 


( 7 - 97 ) 


1 (dE\ 

dE^ 

dz 


dEr 

dE, _ 


dz 

dr 

l/d(rE^) 

dEr\ 


r\ dr 

■ d<i,) 

—j<^kmfJioHz 


( 7 - 98 ) 


where Ef, and are the components of E; and Hr^ ^ 0 , and Hz 
are the components of H. The other symbols in the equations have 
been previously defined. 

In Figure 7*12 is shown the 
orientation of the coordinate 
axis with relation to the cylin- 
drical guide to be used for 
the analysis. The z axis is 
oriented so that it becomes the 
centerline of the guide and 0 
the angle between a horizon- 
tal plane and the plane de- Fig. 712 Cylindrical coordinates for use 
termined by the point under cylindrical wave guides; the 2 axis is 

consideration and the z axis. 

Let us assume that the guide dielectric is free space so that both ke 
and km will be one and <r will be zero. Also let us assume that when 
propagation takes place it will take place only in the z direction. 
Hence 



E = 
H = 


( 7 - 99 ) 


which means that the derivative of any component with respect to z 
will be equal to — F times that component. This derivation follows 
the same method as was used for derivation of the rectangular wave 
cruide eniiations TVip fwn r»iirl omnofi/M^o iT/mi, 04 - *1 an n 
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may now be simplified for this application: 


and 


r \ 30 / 

- = 

■ jo)€oEr^ 

-THr- 

II 

1 


’d{rH^) 

dr 

dHX 

h ) 

jcoeoEz 

1—1 1 

+ 

= —jcjjJLoHr 

-TE, 

1 

1 


/d(rE^) 

3//A 


\ dr 

d4>) 

= —ja)pLoHz 


(7-100) 


(7-101) 


Two fundamental types of waves are found to exist as in the case 
of the rectangular guides: one in which there is a longitudinal com- 
ponent (in this case a z component) of the electric intensity vector 
and no longitudinal component of the magnetic intensity vector; and 
the other in which there is a longitudinal component of the magnetic 
intensity vector and no longitudinal component of the electric intensity 
vector. The one containing the longitudinal component of H is known 
as the transverse electric wave, abreviated TE or H wave, and the wave 
containing the longitudinal component of E is known as the transverse 
magnetic wave, abreviated TM or E wave. This notation conforms 
with the designations used in rectangular guides. Again there can 
be many modes; consequently, subscripts are used to designate the 
particular mode being discussed. 

The same procedure as used for the rectangular guides is followed 
in the solution of these equations. For the TE waves Eg in Equations 
7-100 and 7-101 is equated to zero and an equation involving only 
Hz is obtained by multiple substitutions. Separation of variables is 
employed and the final equations necessary for the solution for Hz 
are obtained. Unfortunately the solution is quite complex and involves 
Bessel functions. However, once the solution for Hz is obtained, the 
other components are expressed in terms of Hz which, in combination 
with the solution for T, yield a complete set of equations. The final 
step is taken by assuming that the guide wall is a perfect conductor 
so that the tangent E at the surface is zero. Substituting in this 
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condition, we obtain the final equations. For the TM wave the same 
procedure is followed with Hg assumed to be zero, and the solution 
for Eg is obtained. 


7-14 Bessel functions* 

Bessel functions are solutions of what is known as BesseFs equation. 
BesseFs equation is given by 

P*f^ + P^+(p^-n2)Q = 0 (M02) 

dp dp 


Q is the function that is desired, n is the order of the equation, and 
p is the argument. There are two linearly independent solutions 
inasmuch as it is a second-order differential equation. One of these 
is known as the Bessel function of the first kind and is noted as Jn(p)* 
Notice that there are two variables, n and p. Jn(p) i« given by the 
summation 


Jn{p) = /! + 


(7-io:^) 


This solution is finite at p equal to zero. The other solution is known 
as the Bessel function of the second kind and is noted as Yn(p) or 
Nn{p)f depending on the text being referred to. It is given by 




l =00 

Y„{p) = n(-n + 1)12^+21 


(7-104) 


(In both these equations the exclamation mark is a factorial symbol.) 
Linear combinations of the two solutions are sometimes used and they 
are known as Bessel functions of the third kind, or sometimes as Hankel 
functions. 

Of the three types of functions, the equations for the cylindrical 
wave guides oriented as in Figure 7-12 involve only Bessel functions of 
the first kind, namely, Jn{p)- These functions resemble the trigono- 
metric functions in many ways; however, one exception is that they 
are not repetitive. The roots, the values of p for which the function 
is zero, are not necessarily evenly spaced as they are in trignometric 
functions; but there are an infinite number of roots for each function. 
The zero-order, first-order, and second-order functions of the first kind 
are shown plotted in Figure 7-13. They oscillate back and forth be- 
tween negative and positive values with a decrease in peak amplitude 
as the argument p is increased. The zero-order function is equal to 

* For a complete discussion, see McLachlan, Bessel Functions for Engineers^ New 
York, Oxford University Press, 1934. 
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one at p equal to zero, whereas the others are zero at p equal to zero. 
The values of p at which the curves cross the zero ordinate line are 
noted in the figure. These are some of the roots of the functions. 

Also involved in the cylindrical wave guide equations will be the 
derivative of the Bessel functions of the first kind with respect to the 
argument or a portion of the argument. It may be obtained by taking 



Fni. 7*13 Cum*s of Bossol functions of the first kind with some of the values of 
p for which they are equal to zero. 


the derivative of Equation 7-103, the expansion of which yields the 
series for the function of the first kind. For instance, suppose it was 
desired to obtain the derivative of Jn {kz) with respect to z. Substituting 
kz for p in Equation 7*103, we obtain 


Jnikz) - + 


(7-105) 


The derivative of the summation of a series is equal to the sum of the 
derivatives of the individual terms. Therefore, the derivative of the 
general term in Equation 7*105 has to be taken. It is a simple derivative 
to take inasmuch as it is a constant times the variable raised to the 
(n + 21) power. Taking the derivative of Equation 7*105, we obtain 

v.(fa)l ‘f.- (-iV(. + g) ,, ,,, , 


dz 


ito + 


n-|-2Z-l 


(7*106) 


The right-hand member of Equation 7*106, however, can be expressed 
as the sum of two Bessel functions of the first kind. Adding the 
individual terms for n/z times Jnikz) in its expanded form to the 
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individual terms of —A: times Jn^i(kz) will yield the right-hand side 
of Equation 7-106. In other words, 

= - Jn{kz) - &7„+x (A») (7-107) 

oz z 

which shows that the derivative of a Bessel function of the first kind 
is obtained by taking the difference between two Bessel functions of 
the first kind multiplied by the proper constants. 

A condensed table of Bessel functions of the first kind will be found 
among the tables in the back of the book. This table will be found 
sufficient for ordinary cylindrical wave guide calculations Very often, 
however, it is necessary to know the roots of the first few orders of the 
Bessel functions of the first kind. To specify which root is meant, the 
first zero of the function, not counting the zero at p equal to zero if 
one occurs there, is known as rank one, the second zero as rank two, 
and so on. Denoting the rank as a subscript m and the root by r, 
Tnm would be the mth root, excluding zeros at p equal to zero, of the 
Bessel function of the first kind of order n. For instance, ri 2 would 
be the second root of Ji(p). Referring now to Figure 7-13, we see 
that J\{p) crosses the zero ordinate at p equal to 3.832 first and at 
7.016 second; this value of p equal to 7.016 is what is known as ri 2 . 
A few of the lower order and lower rank roots are shown in Table 7-1. 


TABLE 71 


Roots or Bessel Functions or the First Kind, r^m 


Rank (m) 

n = 0 

n = 1 

n = 2 

1 

2.405 

3.832 

5.136 

2 

5.520 

7.016 

8.417 

3 

8.664 

10.173 

11.620 


For some of the applications it is also desirable to know the roots of 
the derivative, with respect to p, of the Bessel functions of the first kind. 
They are defined in the same manner as the roots of the Bessel functions 
themselves but are noted as Tnm ] it means the root of rank m of the 
first derivative of Jn{p). A short list of these roots are given in Table 
7-2. 


TABLE 7-2 


Roots of the First Derivative of Bessel Functions 
OF the First Kind, rnmf 


Rank (m) 

w = 0 

n = 1 

n « 2 

1 

3.832 

1.841 

3.054 

2 

7.016 

5.331 

6.705 

3 

10.173 

8.536 

9.965 
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7*15 TMnm WAVES IN CYLINDRICAL WAVE GUIDES 

As discussed in the concluding paragraphs of section 7*13, one of 
the types of waves possible in the cylindrical wave guide is the transverse 
magnetic wave wherein Hz is zero. Zero may ndw be substituted for 
Hz in Equation 7*100 and 7*101 and the resultant equations solved.* 
The orientation of the guide is shown in Figure 7*12; the internal radius 
of the guide is noted as a; the reference line op for 0 is chosen so that 
the equation for Eg will include only a cosine term instead of the sum 
of a cosine and sine term; and the subscripts n and m again specify 
the specific mode being used. 

The final equations for the propagation constant and for the com- 
ponents of the TMnm wave are 



Ez = A [cos n0] y 

Er^- TnmA (—)\cO^ n<t>] Jn(r ^ 

\nm/ \ G 

= TnmA “ [sin n0] 



£nm\ 

a /J 


/f, = 0 

Hr = —jAuto “ [sin n<l>] j^J„ 

H 4 , = —jAwto [^’os n<t>] Jn 

where m and n are integers which determine the mode being used and 
Tnm is the root of rank m of Jn(p)- Only the wave being propagated 
in the positive z direction is specified although the solution also includes 

* See Chapter 7 of Sarbacher and Edson, Hyper and Ultrahigh Frequency Engi‘ 
neeringj New York, John Wiley & Sons, 1943. 
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a wave being propagated in the minus z direction. Fnm is the propaga- 
tion constant for the mode specified by n and m. 

The propagation constant also determines a critical frequency as 
in the rectangular wave guides. Since this guide is also assumed to be 
a lossless guide, the propagation constant will either be a pure imaginary 
or it will introduce only attenuation and no phase shift, depending on 
the wave guide being used and the frequency being employed for the 
mode under consideration. Only attenuation will take place with 
no propagation when 

> wWo (7*1 11) 


Similarly, propagation without attenuation will take place when 




(tT 


(7-112) 


The critical frequency Ls obtained by equating (t) to a>^/io€o 
substituting 27r/c for co. Solving for /c, the critical frequency, we get 


/c- 



(7-113) 


The phase velocity is again obtained for this type of guide by letting 
Fnm be equal to j^nm where /3nm i« the phase constant. The phase 
velocity is equal to cj divided by the phase constant Pnm- Calling the 
phase velocity Vp, we find that 


Vp = 



(7-114) 


The group velocity is specified by Equation 7-88, the velocity of light 
squared divided by the phase velocity. 


7-16 The TMqi wave in a cylindrical guide 

No wave of the type where m and n both equal zero exists in cylindrical 
guides so that the lowest order mode is the TMqi mode. To obtain 
this mode, n is put equal to zero and m to one in the equations for the 
TM modes, Equations 7-108, 7-109, and 7-110. The root employed in 
this case is roi which, from Table 7-1, is equal to 2.405. Substituting 
these values into the equations, we obtain 



240 


WAVE GUIDES 



. (7-115) 


(7-116) 


(7-117) 


We see that both and Hr become identically equal to zero; hence 
neither of these components exist in the TM^^x wave. 



Fig. 7- 14 The field patterns, at one instant of time, for the TMqi 
wave in a <‘ylindrical wave guid(\ 

The electric and magnetic line configurations given by Equations 
7*116 and 7*117 are shown in Figure 7*14. The magnetic lines are 
circles concentric with the tube and perpendicular to the axis of the 
tube, in this case the z axis. The electric lines start on the sides of 
the tube, extend towards the center and along the length of the guide, 
re-entering the side of the tube farther down the tube. A plane passing 
through the axis of the guide would include the electric line loop. 

With an increase in time the E and H fields travel down the length 
of the guide in the positive z direction with a velocity of Vp where, from 
Equation 7-114, 


1 



(7-118) 
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The critical frequency of this mode is o})tained by substituting into 
Equation 7*113 the root roi: 

(/.)oi = (7-119) 

27ra V /io€o 


Example 7*4 Determine the critical frequency of an air dielectric cylin- 
drical wave guide which has an internal radius of 2 centimeters and is to be 
used with a TMq\ wave. 

This problem is solved by substituting into Equation 7*119, the equation 
for the critical frequency. 


(/c)oi = 


2.405 

27r(0.02) 


3 X 108 


(/r)oi = 5740 megacyles 


Ans, 


7*17 Higher TM modes in cylindrical wave guides 

Higher modes of the TM waves in the cylindrical wave guide are 
specified by substituting larger values for m and n in Equations 7*108, 
7*109, and 7*110. The resultant equations will yield the configurations 
of the electric and magnetic; intensity lines for those modes. 

The series of mcxles obtained with m equal to 1 and with n taking 
on integer values from 1 on up are very often referred to by only a 
single subscript. Thus the TMqi wave would be called the Eq wave, 
the TMii wave would be called the Ex wave, the TM 21 wave would 
be called the E 2 wave, and so on. All the other types are always referred 
to with the double subscript. However, to avoid any possible con- 
fusion, the double subscript method of notation will be used in this book. 

As seen from Equation 7*110, all those TM modes which have n 
equal to zero, TA/qi, TMq 2 j TMqz^ and so on, will only have one com- 
ponent of H, namely which will not vanish. Consequently, in all 
these TM modes the magnetic lines will be concentric circles, con- 
centric with the inside of the guide and perpendicular to the axis of 
the guide. This configuration is shown in the first two diagrams of 
Figure 7*15, (a) and (5). The dotted lines represent the peaks of the 
magnetic fields and the arrows indicate their direction at one instant 
of time. The maximums which are shown to occur next to the surface 
of the inside of the guide actually occur right on that surface; but, for 
convenience of illustration they are shown a little removed from the 
surface. The diagram shown in Fig. 7* 15 (a) can be compared to the 
complete configuration shown in Figure 7*14. By this comparison, 
what Figure 7*15(6) indicates is that the magnetic field linas are con- 
centric circles whi(»h have zero inteasity at the center and build up to 
a maximum part way out on the radius, decrease to zero, and build 
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up to a maximum, in the opposite direction of the first maximum, at 
the inside surface of the guide. 

The TMii mode is also interesting. What happens in this case is 
that a diametrical line is introduced. There are now^two minimums, 
one at g and the other at g\ The magnetic lines are no longer circular 
but have the shape of a half circle with the corners rounded off. At 



Fig. 7-15 The maximum magnetic lines of TM waves in cylindrical wave guides. 
The lines occurring next to the surface of the insid(* of the guide should actually be 

right on that surface but for clarity are shown a little removed from the surface. 

one instant of time the lines are clockwise around g and counterclock- 
wise around g'. They are always in the opposite direction from one 
another so that at the maximum at the center they will be in the same 
direction, as they must be. 

The TM 12 mode is an extension of this wherein there are four mini- 
mums and the lines begin to look like packed sardines. It can be seen 
now that as the integer m is varied it will change the number of maxi- 
mums, or closed loops, occurring along a circumferential line. As the 
integer n is increased, it will increase the number of maximums occurring 
along a radial line of the guide. 

7*18 TEnm WAVE IN A CYLINDRICAL WAVE GUIDE 

Another type of wave which is possible in the cylindrical wave guide 
is the transverse electric wave. In this type of wave the lengthwise 
component of E, namely, is identically zero. Again the same 

method of solution is followed wherein zero is substituted for Ez in 
Equations 7*100 and 7*101 and the resultant equations solved. The 
orientation of the guide is the same as shown in Figure 7*12, and the 
reference line op for <t> is again chosen to give only a cosine term for Hz, 
These solutions, however, involve the roots of the derivatives of the 
Bessel functions, rnm^ as given in Table 7*2. 

The final equations for the propagation constant and the components 
of the TEnm waves are as follows: 



(7*120) 
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(M21) 


(7-122) 


^ Itm / I \ a / 

T .f .be 

tion foastant for the TM mode in « '? j Propaga- 

fact that a different root is used the guide except for the 

Of the function in Equation 7-114: ^ denvative for the root 




(7-123) 

rp, '• \ caa / 

™">«- « be 


2TOV'^eo 


(7-124) 

7-W The fEm t^^ve in a cyundrical wav*- 
The equatiotts for the TE - ooide 

J'y substituting zero CTanVoneT*’”'^'^^®^^ 

■121, and 7-122: ® ^ Equations 7-120 


^01 =7^M)«o - 




(7-125) 
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Cross Section Section a- a 

Fig. 7- 16 The field patterns of the TEoi wave in a eyliiidrieal wave 
guide at one instant of time. 

We can see some resemblance between these ecpiations and the equations 
for the TMqi wave in the cylindrical guide as given in Equations 7*1 15, 
7*116, and 7*117; the electric components and the magnetic components 
have been interchanged and a different root is employed. 

In Figure 7*16 is shown the configuration of the lines of force. In 
this case the electric lines are concentric circles, concentric with the 
circumference of the guide, and in a plane perpendicular to the axis 
of the guide. The electric field intensity, however, is a minimum at 
the center and at the inside surface of the guide, reaching a maximum 
in-between. The magnetic lines are complete closed loops that lie 
wholly within planes that include the axis of the guide. The magnetic 
field is a maximum at the center and at the inside surface of the guide. 
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As time increases, this (ionfiguration moves down tlic guide at a phase 
velocity determined by substituting tq/ into Equation 7-123: 





(7-128) 


The critical frequency is obtained by substituting r^i into Equation 
7-124: 


(/cOoi 


3.832 

27ra fjLQeo 


(7-129) 


Example 7-5 Determine the wavelength of a propagated TEoi wave 
inside an air dielectric cylindrical wave guide, 2 centimeters inside diameter, 
when the frequency being used is 25,000 megacycles. 

To obtain the wavelength inside the guide, the phase velocity in the guide 
must be obtained first. It is obtained by substituting into Equation 7*128: 


1 

^ /o.lll X 10-^° - (- Y 

yj \(25r)(25 X 10“)(0.01)/ 

1 

Vp — 

Vo.Ool X 10“'« 

Vp == 4,42 X 10* meters per second 

The wavelength, however, is equal to the velocity divided by the frequency. 
Dividing Vp by 25 X 10^, we obtain 

^ 4.42 X 10* 

“ 25 X lO'-' 

X = 1.77 centimeters Ans. 


7-20 Higher TE modes in cylindrical guides 

In the same manner the higher TE modes can be obtained by substi- 
tuting larger values of the ni and n integers into the general equations 
for the TE mode, Equations 7-120, 7-121, and 7-122. 

The abbreviated method of referring to the series of TE modes with 
m equal to 1, used for the TM modes, is also used. These modes can 
be referred to by the use of only one subscript, n. This means that the 
TEqi wave would be called the Hq wave, the TEu wave the Hi wave, 
the TE 21 wave the H 2 wave, and so on. All the other types are again 
always referred to by means of the double subscript. 

As seen from Equation 7-124, the critical frequency is determined 
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by the value of rnm!\ the lower the value of Tnw!, the lower the critical 
frequency. From Table 7*2 we find that the lowest value of rnJ 
occurs when both n and m equal one. In other words, for any cylindrical 
wave guide the last TE mode to be cut off as the frequency is decreased 
would be the TEn mode. This root is smaller than any of the roots 
as given in Table 7*1. Since the equations for the critical frequencies 
for both modes are similar, the TEn mode is the last mode to be cut off 
as the frequency is decreased. It is this TEn mode which is used when 
we desire to pass only one mode in a cylindrical wave guide. The 
cut-off or critical frequency is obtained by substituting into Equation 
7-124: 

1.841 

fee “ = Lowest critical frequency for a cylindrical (7-130) 

27raV/iQ6o waveguide — TEn mode 



Cross Section 


Longitudinal Section 


Via. 7-17 The field patterns, at one instant of tiim*, of the TEn 
wave in a cylindrical wave guide. 


The electric and magnetic line configurations for the TEn mode 
are shown in Figure 7-17. We see how it resembles a TEqi wave in 
rectangular wave guides. The electric lines are lines from one side of 
the guide to the other and the magnetic loops are at right angles to them. 
Both are bent to conform to the curvature of the sides of the cylindrical 
guide. The maximum electric field intensity occurs across a diameter 
which, in the figure, is the horizontal diameter; and the maximum 
magnetic field intensity, in the figure, occurs at the top and bottom of 
the inside surface of the guide. 

In Figure 7-18 are shown the lines of maximum electric field intensity 
for a few of the TE modes. At the surface of the inside of the guide 
the tangential electric field will be zero, as it must be. In (a) and 
(5) are shown the two modes where n is zero. The electric lines are 
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all circles concentric with the circumference of the guide. Changing 
the n to one as shown in (c) and (d) introduces a diametrical maximum 
which merges with the circular lines. 



(c) 7!£umode 



(6) TEojmode 



(c?) 7!Bi2mode 


Fig. 7-18 Maximum (‘loctric iaUmsity linos for some of the higher TE 
modes in cylindrical wave guides. 


7*21 Attenuation in wave guides 

Attenuation may take place in a wave guide when the frequency 
being used is below the critical frequency for the mode employed. 
However, in this case, no propagation takes place since no phase shift 
variation with length is present. This type of guide, a guide used 
below its critical frequency, is often employed as an attenuator, called 
a piston attenuator. The signal is inserted at one end of the guide and 
then extracted from the guide by a movable pickup. As the pickup 
is moved farther away from the input the signal decreases exponentially 
as demonstrated by the equations when T is real. This is interesting 
inasmuch as the output will be linear in decibels with the length of 
guide in use. 

Attenuation, which is actual loss in power, also takes place in wave 
guides when the guide walls are not perfect conductors. In addition 
there may be a loss in the dielectric when some dielectric other than 
air is used. These losses cause the wave to attenuate even though the 
frequency being employed is above the critical frequency. In these 
cases the propagation constant, which is pure imaginary for the lossless 
case, will have added to it a real component, a. This a will consist of 
two parts, one caused by the loss in the sides of the guide and the other 
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by the loss in the dielectric, if such a loss exists. Equations and curves 
for these attenuation constants are given in the literature.* 

Besides these two factors, losses introduced by joints, obstacles, or 
any other disturbing features will introduce attenuation. This type 
of attenuation is usually centered about one point in the guide and 
has to be considered more like a load on the guide at that point. It is 
only when the disturbing factor is distributed over a length of the guide 
that it can be considered as part of the propagation constant. 

In the case of the TEqi mode in a rectangular wave guide there is 
an optimum ratio of height to width for the lowest attenuation in 
the guide provided the sum of height and width is kept constant. 
Chu and Barrow found, in their investigation of this phenomenon, that 
a ratio of 1.18 of the dimension of the side parallel to the E vector over 
the dimension of the other side yields the lowest attenuation. 



End View 



Fig. 7-19 A inothod of coupling to a 7’A\u wavo whoro adjustable 
shorts are used for inatc.hing purposes as th(' frecjueney is varied. 


7*22 Coupling to wave guides 

To couple energy into a wave guide some type of antenna is inserted 
that will radiate the energy to be transmitted. The antenna has to 
produce the field configuration of the desired mode. In a wave guide 
which passes only one mode this is not too troublesome, inasmuch as 
all other modes which may be excited will be quickly attenuated. 
However, if there is a chance for a higher mode to exist, care should 

* Microwave Transmission Design Data, Publication 23-80, Sperry Gyroscope 
Co., Inc., New York. 

R. I. Sarba(;hor and W. A. Kdson, Hyper and Ultrahigh Frequency Engineering, 
New York, John Wiley & Sons, 1943. 
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be taken, usually in the alignment of the exciting antenna, that no 
higher modes are produced. 

In Figure 7-19 is shown a method of (joupling a TEqi wave into a 
rectangular wave guide. A coaxial line is led into the guide at the 
center of one side and the inner conductor, which 
is the antenna wire, is run across the guide. This 
will radiate an E vector which is parallel to on(^ 
of the sides with its maximum at the center of the 
guide, exactly what is desired. To increase the 
radiation resistance of the wire, a coaxial load- 
ing impedance with an adjustable short is used 
at the terminating end of the antenna wire. This 
is equivalent to top loading of a vertical antenna 
inasmuch as it is adjusted to obtain maximum 
current in the radiator, the part of the wire 
which traverses the guide. An adjustable short is 
also used at the closed end of the guide so that 
the reflected wave from the closed end will rein- 
force the direct radiated wave from the wire. 

When only a single frequency is employed, these 
shorts need not be made adjustable. At a single 
frequency a single or double stub method of 
matching the input line can be employed to get 
the maximum power transfer into the guide. 

For a TEo 2 wave, two antennas, similar to 
the one shown in Figure 7-19, are used. They 
are shown in Figure 7-20, where the two are 
placed at the maximums of the E vector, one-fourth and three-fourths 
of the way across the guide. Since they are to be excited opposite 
in phase, they are connected together with a half wavelength difference 
in line length. 

The method of coupling shown in Figure 7*19 can also be used to 
excite a TEn wave by adjusting the short on the radiating wire so that 
a null in current occurs at the center of the radiating wire (instead of 
a maximum as is used with the TEqi mode). Then current will flow 
in opposite directions on either side of center; the electric vector radiated 
along the top of the guide will always be 180° out of phase with the 
electric vector radiated along the bottom of the guide. This is what 
is desired, as seen in Figure 7*4. 

The TM 11 wave has magnetic lines which are closed loops perpendicu- 
lar to the length of th(» guide and electric lines which have components 
along the length of the guide. This wave is generated as shown in 



Coaxial 

input 


Fig. 7*20 An extension 
of the method of cou- 
pling shown in Figure 
7-19 to a coupling for a 
TEo 2 wave. 
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Figure 7*21. A coaxial line is connected to the end of the guide, at its 
center, and the inner conductor is projected into the guide along its 
axis. This arrangement will generate the desired configuration for a 
TMii mode. 

Figure 7*22 shows an extension of this method of coupling to the 
TMi 2 mode. In this case there are two sets of closed magnetic line 




Fig. 7-21 1o a Fig. 7-22 Coupling to a TMu 

TMii wave in a rectangular wave in a n'cl angular wave guide, 

wave guide. 


loops side by side; hence two longitudinal antennas are necessary. 
Because the antennas have to be 180° out of phase, the two coaxial 
lines are connected to the input with line lengths which differ bv a 
half wavelength. 

In cylindrical wave guides the methods followed are the same. 

Because the configurations of the magnetic 

and electric lines of a TEu wave in a 
cylindrical wave guide are similar to the 
Antenna configurations of the lines in a TEqi wave 
in a rectangular wave guide, the method of 
excitation shown in Figure 7*19 is used; 
except, of course, the wave guide is circu- 
lar. Likewise, the line configurations for a 

Fig. 7 23 C.upliuR t„ a TMo, i" cylindrical wave guides are 

wave in a cylindricul wave guide, ^iniilar to the configurations for a TMii 

wave in rectangular wave guides so that 
the method of coupling shown in Figure 7-23, similar to that shown 
in Figure 7*21, is used. 

In a similar manner, any mode may be generated if the proper coupling 
system within the guide is used. The radiating elements have to 
generate the desired electric and magnetic line configuration, preferably 
without generating any other modes. Very often this is difficult to 
achieve so that wave guides which propagate only one mode, to the 
exclusion of all others, are often employed. Hence, in rectangular 
guides the TEoi mode is used and in circular guides the TEn mode 
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is utilized. For instance, in the case of a rectangular guide, a guide 
3^ inch by 1 inch, having a critical frequency which corresponds to a 
wavelength of 4.57 centimeters, would be used with a TE^i wave 
between the frequencies of about 8000 to 10,000 megacycles. 

The foregoing methods of coupling to a wave guide can be used for 
either the input or output of the guide. This follows from the con- 
clusion that what is being used is actually a special type of confined 
radiation from an antenna; consequently, it will obey the reciprocity 
theorem discussed under antennas (section 6-14). Thus the method 
of coupling can be adjusted when used as either a transmitter coupling 
or a receiver coupling and then can be put to use as one or the other. 
The coupling can usually be adjusted when used as a transmitting 
source by employing a small pickup loop somewhere in the guide. The 
antenna itself, such as the loading on the end and the short in the guide, 
is adjusted until this pickup loop indicates a maximum in some type 
of indicator, usually a crystal type. The feed line is then matched by 
some means so that it has no standing wave on it. 

7*23 Standing waves and impedances in wave guides 

In ordinary transmission lines, as discussed in Chapter 1, the lines 
were said to be matched if there were no standing waves present on 
the lines. In other words, the reflected wave is zero and only one 
propagated wave is present, the one traveling from the source to the 
load. Similarly, the wave guide is said to be matched if there is 
no reflected wave present in the guide. This reflected wave would 
create a standing wave just as in the case of the ordinary transmission 
line, inasmuch as the transmission line is only a special case of the 
wave guide and has the same type of propagation constant. 

The standing wave is measured by inserting a small probe, actually 
a small antenna, into the guide, maintaining its exact position in the 
cross section of the guide, and moving it back and forth along the 
length of the guide. In Figure 7*24 is shown a cross section of a stand- 
ing-wave measuring setup, using a rectangular wave guide propagating 
a TEqx wave. A small probe is inserted into the slot which runs length- 
wise along the center of the top of the guide. The slot should be as 
narrow as possible to avoid any leakage or coupling to the outside 
surface. The probe is tuned by means of a resonant coaxial line. 
Connected to the line is a crystal detector with a direct-current output 
proportional to the strength of the field within the guide. The probe 
should be adjusted so that the minimum insertion is used so as to create 
the least disturbance possible in the guide. Very heavy guide blocks 
are usually employed so that the position of the probe in the line will not 
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change with inoveineiit along the lin(\ If it cions change, the readings 
will be erroneous. The ])rohe is moved back and forth along the guide, 
and readings are taken on the meter for various positions. When 
these readings are convf'rted into proportional r-f inputs, by means of 
the calibration curve of the crystal, they will yield the standing wave 
pattern of the wave guide. 

Adjusting screw 



Fio, 7-24 A oofixiiil nu‘<Msiiring instriiiru*nt for measuring standing 

waves in a roetaiigular wave guide using tluj TEqi mode* of transmission. 

Another method of measuring the standing wave in the wave guide 
is to measure the two traveling waves separately. A device for doing 
this is called a unidirectional coupler, or wave selector, or reflectometer, 
or sometimes just ‘‘directional coupler.'^* It consists of a probe or 
combination of probes which have a directional characteristic with a 
null in one direction. In other words, it really cionstitutes an antenna 
array. For instance, in an end fire array of two antennas, maximum 
sensitivity is obtained in one direction and zero in the other. 

In Figure 7-25 is shown one type of directional coupler. Two similar 
probes, probe I and probe II, are placed one quarter of a wavelength 
apart in the guide, this wavelength being measured inside the guide. 
These two probes are then similarly coupled to a transmission line, very 

* Nathaniel I. Korman, “Note on a reflection-coefficient meter/' Proceedings of 
theLR.E,, September, 1946. 
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loosely so that they will not load the line or introduce an appreciable 
disturbance in the line. They are coupled to the line one quarter of 
a wavelength apart, this distance being determined by the wavelength 
on the transmission line. Both ends of the transmission line are matched 
into indicators, indicator A on one side and indicator B on the other side. 


To indicator B 
(Matches line) 
Indicates valve 
of wave (r) 


Wave(t) 


Transmission line 
X 


IIIC 

ll 


Vvery 


loose coupling | 
so as not to 
disturb line 


Probe U 


To indicator A 
(Matches line) 
Indicates valve 
of wave (i) 


Probe 1 


^ Wave (r) 

4 ^ 


Guide 


Fui. 7*25 A directional c(ni])l(‘r cinployinji two ]>rol>c.s s(‘t a quarter of a wavelength 
apart (the w’aveh'ngth ])eing in(‘asur<*<l withi?) the gni(l(‘). The incident and reflected 
wav('s are iiidicat^al on separate meters. 


Assume that the incident wave is wave /, as shown. It wall introduce 
a current into probe I whitdi lags the current, in probe II by 90°. Both 
probes will introduce waves traveling in both directions on the trans- 
mission line. For simplicity, assume no reflections by either the 
couplings or the indicators. However, tlie wave generated by II 
traveling from II toward indicator A in the transmission line will have 
had a 90° delay introduced in it so that this wave and the wave traveling 
toward indicator A introduced by I will reinforce and indicator A will 
read the sum of the two waves. The wave generated by II traveling 
towards indicator B will have a 90° delay introduced in it so that, in 
combination with the condition that the current in the probe already 
lags 90°, it will lag the wave introduced by I, traveling toward B, by 
180°. Consequently, the waves will cancel one another and indicator 
B will read zero for any value of wave i. Similarly, from symmetry, 
indicator B will read the sum of the two probe pickups for wave r, the 
reflected wave, and zero for wave ?. Thus the magnitudes of each 
wave are indicated separately and the standing wave can be removed by 
merely watching the proper indicator and reducing its value to zero. 
At all times an excellent quantitative measure of the standing wave 
is obtained. 
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Sometimes, in wave guides, the measuring line is another wave guide 
and the couplings between it and the guide, where the waves to be 
measured are found, consist of openings or windows common to the two 
guides. Thus the two guides are placed one on top of the other and 
the coupling windows are nothing more than holes punched in the 
separating wall. Also, in other cases, instead of an end fire array, a 
cardioid pattern generated by a loop and wire is used. In fact, any 
method of obtaining a unidirectional antenna ])attern offers a method 
of construction for a directional coupler. 

In transmission line theory the characteristic impedance of the 
transmission line was the determining factor for the standing wave 
set up on the transmission line by a load impedance, Zl. To apply 
transmission line theory to wave guides, some means of measuring, or 
method of determining a characteristic impedance of a wave guide, has 
to be employed. Many definitions have been proposed and the results 
obtained by nearly all of them are quite good. The one that seems 
the most popular is the specific wave impedance, the ratio of the magni- 
tude of the transverse electric to the magnitude of the transverse 
magnetic fields for a given mode. For the TE^i mode in a dissipation- 
less rectangular wave guide, the Zq of the guide is obtained by dividing 
Ez by Hy, neglecting the minus sign. Doing this and substituting for 
Foi, we obtain 


Zo = 


^01 


(7-131) 


which is the characteristic impedance for an air dielectric wave guide. 
It may be simplified to 

Zo = Airvp X 10“^ (7-132) 

where Vp is the phase velocity of the wave inside the air dielectric guide. 
The equation for Zo for any mode in any air dielectric guide of uniform 
cross section will be found to be the same as Equation 7*132. Thus 
it can be used as a definition of Zq. 

If it is assumed that any higher modes generated by reflection from 
a load impedance or discontinuity in a guide are negligible, the reflection 
factor p may be defined as 



(7*133) 
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where p has the same meaning as in transmission line theory. The 
factor p times the incident wave will give the reflected wave, p is 
obtained from standing wave measurements, similar to those dis- 
cussed under transmission lines in section 1*14 of Chapter 1, wherein 
a wave guide is substituted for the standard transmission line. When 
obtained, p and the Zq of the wave guide being used for the measure- 
ments are then substituted into 


Zl 



’( 7 - 134 ) 


which is merely Equation 7-133 solved 
for Zq. Thus an impedance for any 
discontinuity or load on a wave guide 
may be obtained in a manner similar to 
that used in transmission line measure- 
ments. 

Using this concept of impedances for 
wave guides, we can apply the ordinary 
transmission line theory. Attenuation 
is taken into account the same way as 
in transmission line work. When a 
dielectric other than air is used the 



Movable 
^ shorts 

>0 

J L 

J 1 


Stubs -=9^ 



Guide 


Fuj. 7'20 A tloiihle stub method 
of matching a wave guide. 


characteristic impedance is multiplied by km/ key where and ke are 
the relative permeability and the relative dielectric constants of the di- 
electric being used. 

Inasmuch as ordinary transmission line theory is applicable to wave 
guides, it seems reasonable to assume that a standing wave can be 
removed by means of stubs. This, of course, was found to be true, and 
both single and double stub methods have been used. In this case, 
liowever, the stubs are sections of wave guides employing shorting 
plates. In Figure 7-26 is shown a double stub matching arrangement. 
It (*onsists of two wave guide sectioas attached to the main guide at 
two separated points. The shorting sections of the stubs are adjusted 
until the standing wave in the guide is removed. In a TEqi wave in 
a rectangular guide these two stubs would act like shorted transmission 
line stubs if they were placed in the wall parallel to the electric vectors. 

Many discontinuities or configurations of stubs can be used as either 
series impedances or parallel impedances in guides. For instance, in 
a TEqi wave in a rectangular guide, a partition with a slit in it when 
placed across the guide with the slit parallel to the electric vector acts 
like a shunting inductance; when placed with the slit at right angles 
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to the electric vector it acts like a shunting ca})acitance. Windows in 
partitions, trimming screws, and many other types of discontinuities 
are used to advantage. ^ 

Even though standing waves can be removed from wave guide 
circuits by standard methods, it is advisable to avoid introducing them 
as a preventive measure; otherwise, the circuits become much too 
cumbersome to use. One difficulty is encountered at the joint where 
two sections of the wave guide come together. This was first used 
with two flanges on the guides, perfectly aligned and drawn up tight. 
However, any misalignment or crac^k in the joint would introduce 
reflections and leakage. One method of getting around this is the 



Fig. 7-27 Choke 
flange junction for 
use in wave guide 
assemblies. 


Fkj. 7-28 A right angle 
bend in a TE^n mode rec- 
tangular guide propagation 
which does not introduce 
any reflections. 


employment of a slot in the flange, as shown in Figure 7*27. The size 
and the constru(?tion of the slot were such that even though the two 
flanges did not touch they would offer an infinite impedance to any 
wave trying to get out. This type of joint is called a choke junction. 

Another source of reflections in guides is a bend. If the bend is 
gradual it will not introduce any reflections, but if it is sharp it usually 
will introduce reflections. There are many ways of getting around 
this trouble. One method, for a right angle bend in a TEoi mode 
rectangular wave guide, is shown in Figure 7*28. This is a sketch of 
the inside surface of the guide. If the bend is in the plane of the elec- 
tric vector, the sharp corner is replaced by a flat plate placed 0.86 
times the width of the guide away from the inside corner. Doing this 
eliminates any reflected wave from the bend. A very complete set 
of curves for different types of bends, junctions, and other wave guide 
auxiliary apparatus may be found in the literature.* 

* Microwave Transmission Design Data, Publication 23-80, Sperry Gyroscope 
Co., Inc., New York. 
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Example 7-6 A slotted rectangular guide, 2 centimeters by 4 centimeters, 
is used to measure the equivalent impedance of a horn at 5000 megacycles 
which it is feeding with a TEqi wave. The guide is first shorted at the feed 
point and the positions of all the minimums are noted. The horn is then put 
on and a standing wave with a 1.4 ratio of maximum to minimum is meas- 
ured. The distance the minimum shifted from where it was with the line 
shorted is 0.150 wavelengths toward the load. Determine the value of the 
impedance. 

This problem is solved like example 110 in Chapter 1. The chart of 
Figure 1-20 can be used by drawing a line from the center to 0.150 on the 
wavelengths towards the load scale. This will intersect the red 1.4 circle at 
R/Zq equal to 1.05 and -i-jX/Za at 0.34. The load impedance Zl is then 
given by 

Zl = 1.05Zo + j0.34Zo 


Zo has to be determined. Using Equation 7- 132, where Vp is given by Equa- 
tion 7-89, we obtain 


Zo = 47r 


10-7 



Zo = 47r 


10 ' 


^0.111 X 10 ^ 10‘')(0.04)) 


Zo = 570 ohms 


Substituting this value of Zo into the equation for Zl, we get 

Zl = 615 -f- jl94 


Arts, 


7*24 Comparison between coaxial lines and wave guides 

Very often a decision has to be made as to whether to use a coaxial 
transmission line or a wave guide. Of course, for propagation at 
comparatively low frequencues, a wave guide is much too large. For 
instance, at 100 megacycles a rectangular wave guide for the TEq\ 
mode would have to have for one of its cross-sectional dimensions at 
least 1.5 meters. Coaxial lines, on the other hand, have no low fre- 
quency cut-off so that the smallest line made will propagate any 
frequency; the size is chosen in accordance with the power to be 
carried. At very high frequencies the maximum size of the coaxial 
line is limited by the frequency being used. If the dimension be- 
tween the inner and outer conductor is large, the coaxial line acts 
very much like a rectangular wave guide bent around in a circle so 
that the two sides come together. In other words, higher modes of 
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transverse magnetic and transverse electric waves may be set up in 
the line besides its fundamental wave, the transverse electromagnetic 
wave. The radial distance between the inner and the outer conductor 
should be kept well under a half wavelength at the frequency being used. 

The power loss in the conductor is usually dependent on the surface 
area of the guide or line being used. Since the surface area of coaxial 
lines on which the current is flowing is usually much smaller, losses 
in the conductor are usually higher. Another important advantage 
of the wave guide is that no insulators or spacers are used ; hence there 
is no loss caused by currents flowing in insulator supports. 

The fact that no insulator spacers are necessary also contributes to 
the advantages of the wave guide in other ways. If separate spacers, 
placed at intervals along the line, are employed, each spacer will intro- 
duce a small reflection. At certain frequencies these reflections may 
add to one another, introducing a large standing wave ratio. Of 
course, in solid dielectric coaxial lines the center condmttor is supported 
by a dielectric that fills the entire intervening space so that no dis- 
continuities are present. However, the absence of any dielectric other 
than air, or an inert gas, in a wave guide means that the dielectric 
breakdowns will usually occur at much higher voltages; and if a break- 
down does occur, there is nothing to carbonize or be injured that would 
destroy the usefulness of the line. In wave guides the concentrations 
of charge are usually kept farther apart, increasing the breakdown 
voltage. 

If more than one mode is transmittefl in a wave guide, the power 
loss goes up. Hence, for efficient operation, only one mode should be 
excited and all other modes that may be set up by couplings or reflections 
should be attenuated. C'onsecjuently, the guide should be used for 
only its lowest mode, sometimes called the dominant mode. A rec- 
tangular guide should be used only for the TEqi mode and a circular 
guide only for the TEn mode. The frequency range of a guide is 
then limited by the cut-off frequency for the dominant mode on the 
low end and the cut-off frequency of the next higher mode on the high 
end. A circular guide has a frecjuency range of about / to 1.25/ and 
a rectangular guide of / to less than 2/, depending on the smaller cross- 
sectional dimension which is usually kept well under a half wavelength. 
A coaxial line, on the other hand, can usually be used over a very wide 
frequency range, there being no low frequency cut-off; a coaxial line 
can even carry direct current. Where very wide frequency ranges 
have to be covered, coaxial lines should be used or, if wave guides are 
used, special precautions have to be taken to prevent the origination 
of higher modes. 



ELEMENTS OF CAVITY RESONATORS 


265 


Special requirements, such as the antenna and feed problems, usually 
make the choice of one or the other more desirable. It may even make 
the choice, when using a wave guide, of a higher mode, with its at- 
tendant disadvantages, more desirable. For instance, in a rotating 
or swivel joint where one part, such as an antenna, has to rotate while 
the guide is stationary, the TMqi mode in a cylindrical guide will give 
complete rotational symmetry and is the one usually employed. If 
a coaxial line is used, on the other hand, its normal operating character- 
istics give it complete rotational symmetry; consequently, it can also 
be employed in a swivel joint. 

7*25 Elements of cavity resonators 

At extremely high frequencies, the use of ordinary circuit elements 
or sections of ordinary transmission lines as elements of resonant 
circuits becomes impractical; they become too small to handle. It 
becomes desirable to use wave guides as resonant circuits. This may 
be understood from the impedance concept of the guide. A short, 
which in the case of a wave guide is a conducting plate placed across 
the guide, reflects the incident wave with a reflection factor for the 
voltage vector equal to —1. Hence, if two shorting plates are placed 
across a guide a half wavelength apart, the wavelength being measured 
within the guide, the waves will be reflected back and forth in a rein- 
forcing manner; large standing waves will be set up. If the plates 
are more or less than a half wave apart, the waves will not reinforce 
as strongly and the standing wave will have a smaller maximum value. 
Thus, if a voltage is introduced into the guide, the response will be 
similar to an ordinary resonant circuit. It is analogous to the use of 
transmission lines as resonant circuits. 

The wavelength, that would be measured within the guide is 
obtained by dividing the phase velocity by the frequency: 

\ = ~ (7-135) 

The guide will resonate at multiples of half this value. In other words, 
a guide which is shorted at both ends and is an integral number of 
half wavelengths long will resonate. Because it is a complete enclosure 
on all sides it is referred to as a resonant cavity. 

Cavities of many other shapes — spheres, dimpled spheres, ellipsoids, 
and many others — can be used as resonant cavities. The resonant 
frequencies of these shapes have to be obtained by the application 
of Maxwell’s equations. The solution has to satisfy the boundary 
conditions of the particular cavity involved. Approximate methods 
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are sometimes employed where the analytical method is not yet ob- 
tainable. Before using any equations applicable to cavity resonators, 
we should take care to know the limitations of the^ equations. 

The Q of a resonant cavity is a little difficult to define. In ordinary 
circuits the Q is defined as the inductive reactance over the series re- 
sistance. It also may be defined as 27r times the energy stored over 
the energy" lost per cycle. The latter definition usually defines the Q 
of a cavity. 

Cavities are used as wavemeters by coupling very loosely to the 
source and noting when the voltage values within the cavity are at a 
maximum. They are also employed as filters, selective circuit elements, 
and other similar devices where a resonant circuit would be used at 
ordinary frequencies. 



Fi(i. 7*20 A horn flared in 
the din'ction perpendicular 
to the electric vector only, for 
use with a rc'ctangular guide 
conducting a TEqi wave. 


7*30 A horn that ia 
flared in both directions 
for use with a x'cctangular 
guide. 


7*26 Horns 

The electromagnetic horn is used as a source of radiation of electro- 
magnetic energy in space, very similar to the use of a horn for ordinary 
sound radiation. It is possible to use the horn to produce a very 
narrow beam for special point-to-point work or a thin plane radiation 
pattern for broadcast purposes.* 

The horn consists of a guide which has its sides flared. In Figure 
7*29 is shown a rectangular guide conducting a TEqx wave, terminating 
in a horn. The horn is flared only in the direction perpendicular to 
the electric vector. This type of horn yields a narrow beam in the 

* W. L. Barrow and L. J. Chu, “Theory of the electromagnetic horn,” Proceedings 
of the I.R.E,, Vol. 27, No. 1, January, 1939. 

W. L. Barrow and F. D. Lewis, “The sectoral electromagnetic horn,” Proceedings 
of the LR.E., Vol. 27, No. 1, January, 1939. 

G. C. Southworth and A. P. King, “Metal horns as directive receivers,” Proceed- 
ings of the LR.E.^ Vol. 27, No. 2, February, 1939. 
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plane of the flare and a witie beam in the plane at right angles to it. 
The horn in Figure 7*80, on the other hand, is flared in both directions 
so that the radiation beam is a slender, pencil-like result. The shape 
of the beam in any of the planes is dependent on the width of the mouth 
in that plane and the mode of the wave being fed into it. 

In Figure 7*31 is shown the section of a horn consisting of two metal 
cones placed one above the other. This type of horn may be fed by 
a guide coming through the lower <*one axis and feeding into the apex 
of the top cone or it may be fc^l by a coaxial line as shown dotted in 



Either a guide 
or the outside 
shield of 
coaxial line 


Coaxial 

line 


Fig. 7 S1 A horn con- 
sisting of two viTlical 
cones and used for ob- 
taining an omnidir(‘c- 
tional horizontal i)at- 
tcrn. It can be fed by 
either a wave guide or a 
coaxial line as shown 
dotted. 



South wr)rth ami King, courtesy of the I.U.K. 


Fki. 7*32 An exiK'rimental horn used 
as a r(‘ceiver to d(‘t(‘rniine its radiation 
patterns. 


the figure. When this horn is placed with the axis of the cones vertical, 
it is completely symmetrical in a horizontal plane. Hence, if it is 
properly fed with a symmetrical wave, such as a Tfi'oi wave in a cylindri- 
cal guide, it will have a radiation pattern that is a narrow beam in the 
vertical plane and an omnidirectional circular pattern in the horizontal 
plane. The flares in these horns, which with slight modifications can 
be used either with circular or rectangular guides, can be straight, ex- 
ponential, or any shape found desirable. 

Southworth and King* have made a complete investigation of horns 
of circular cross section, fed with a cylindrical wave guide. Actually 
the tests were made on horns used as receivers, as shown in Figure 7*32. 
Because of the reciprocity theorem, these patterns will be the same as 

* G. C. Southworth and A. P. King, “Metal horns as directive receivers, Pro- 
ceedings of the LR,E,f Vol, 27, No. 2, February, 1939. 
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the patterns obtained for the horns used as transmitters. A crystal 
detector was used with a coaxial line to tune it. The termination of 
the guide was a movable piston, also for tuning purposes. The length 
of the horn along its axis from the end of the guide to the mouth plane 
is called L, the angle of the flared sides when measured in a plane that 
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SouUiworih and King, courtesy of the I.R.E. 


Fig. 7*33 The radiation jiatl-erns for circular horns of various flare angles when 
used at the end of a cylindrical wave guide. Measurements were taken at a wave- 
h'ngth of 15.3 (jentimetors. 


contains the axis of the horn is called <^, and the diameter of the mouth 
of the horn is called D, The TEu wave was used throughout so that 
two types of patterns are obtainable, one taken in the electric vector 
plane and the other taken in the magnetic vector plane. In the ac- 
companying figures the electric plane characteristic is shown by a solid 
line and the magnetic plane characteristic by a dotted line. 
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In Figure 7-33 are shown the patterns obtainable from a series of 
horns of approximately the same length and varying flare angles. 
Notice how the best pattern is obtained at about approximately 50®. 
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Southworth and King, courtesy of the LR.E. 

Fig. 7-34 Tho radiation piittoriis for circular horns of constant flare angle (40°) 
and of varying length when used at the end of a cylindrical wave guide. Measure- 
ments were made at a wavelength of 15.3 centimeters. 

At that flare angle the magnetic plane characteristic and the electric 
plane characteristic are approximately the same, differing only by a 
small amount. In Figure 7*34 are shown a number of patterns obtained 
with the flare angle of 40® and with varying length. Notice how the 
patterns become progressively sharper as the length is increased. 
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The horns may be used as separate units or they may be used in 
groups of multiple units to obtain sharper patterns or specially shaped 
patterns.* Each of the horns in a multiple arrangement has to have 
an amplitude and phase control in order to control the radiation char- 
acteristics. It was found that the adjacent horns do not interact 
with one another to any appreciable extent. 
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PROBLEMS 

7*1 What are the cut-off frequencies for a YEoi wave in^ rectangular wave guide 
whose cross-sectional measurements are 6 centimeters by 4 centimeters? 

7'2 What is the velocity of propagation, the phase velocity, of a TE^n wave at 
6000 megacycles in the wave guide of problem 71? Determine the result for both 
methods of excitation. 

7*3 Determine all the modes of the waves at 10,000 megacycles that can be 
propagated in a rectangular wave guide with cross-sectional dimensions 10 centi- 
meters by 14 centimeters. 

7*4 Calculate the attenuation per centimeter, for a perfectly conducting square 
wave guide, to a TEoi wave at 500 megacycles if the cut-off frequency of the wave 
guide for this mode is 1000 megacycles. ^ 

7«5 Determine the wavelength of the TEoi waves inside the guide of problem 
7-2. 

7*6 Determine the frequency range over which it is best to limit frequencies for 
a 3 centimeter diameter cylindrical wave guide. 

7*7 A 4 centimeter by 2 centimeter rectangular guide is used as a slotted guide 
to measure the equivalent impedance of a horn. A standing wave ratio of 1.8 is 
measured; the minimum of the standing wave is 0.08 wavelength closer to the 
generator from where it was with the guide shorted at the input to the horn. What 
is the equivalent impedance? 

* W. L. Barrow and Carl Shulman, ‘‘ Multiunit electromagnetic horns,” Proceed- 
ings of the I.R,E,, Vol. 28, No. 3, March, 1940. 



Chapter 8 

COMPLEX TRANSMISSION LINE NETWORK ANALYSIS 

8*1 Introduction 

This chapter outlines a method of reducing a so-called complex 
transmission line network to a conventional transmission JiaEjetscircuit, 
permitting the application of ordinary equations. A comply trans- 
mission line circuit is one which cannot be recognized easily as a net- 
work of impedances; and the problem is to find the equivalent circuit 
which will allow the necessary calculations to be made. The method 
employed* uses a number of theorems concerning the currents in coaxial 
and balanced transmission lines and on their shields. From these 
theorems the currents flowing in the lines and shields are determined 
and the equivalent circuit obtained. 


8*2 Grounds at ultrahigh frequency 

It must be emphasized that there is no such a thing as a practical 
common ground at ultrahigh frequency. A ground in the lower 
frequency range is a line, a surface, or a volume, all points of which 
always remain at exactly the same potential and phase. This is not 
feasible when the dimensions of the line, surface, or volume approach 
a large fraction of a wavelength A bus bar in the broadcast band, for 
example in a broadcast receiver, can be considered a ground line; but 
at 100 megacycles it would be a transmission line and would no longer 
have the same potential at all points. 

At ultrahigh frequencies, instead of grounds, consideration of the 
equilibrium conditions that must be maintained on the transmission 
lines used in the circuits is required. Another important factor, as 
will be evident from the discussion, is the continuity of shield that 
must be maintained at all times to avoid coupling to extraneous cur- 
rents. It is this continuity of shield that also prevents coupling 
through radiation which is very often present at these high frequencies. 

♦N. Marchand, “Complex transmission line network analysis,” Electrical Com- 
munication^ Vol. 22, No. 2, 1944. 
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8*3 Coaxial transmission line equilibrium conditions 

The coaxial transmission line consists of a conducting wire concen- 
trically disposed in a hollow conducting tube, the intervening space 
being filled with a dielectric which may be air. In Figure 8*1 are shown 
two sectional views of a coaxial transmission line with three currents, 
/i, / 2 , and /o, indicated in the side section. When a transmission line 
of this type has a shield which is well constructed and is used above 


— ►lo 
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Fig. 8-1. The currents flowing in a coaxial transmission line. 

about 50 megacycles, it can be assumed, without loss of generality, that 
the shield is perfect. This does not imply that the shield is a perfect 
conductor but rather that there is no coupling between /q, the current 
on the outside surface of the shield, and /i, the current on the center 
conductor, or / 2 , the current on the inside surface of the shield. Conse- 
quently, the current on the inside of the shield, / 2 , must be equal and 
opposite to the current, /i, on the center conductor. The problem of 
maintaining proper equilibrium conditions in the coaxial line is to 
prevent any coupling between the true currents, li and / 2 , and the 
interfering or unbalancing current, /o, that might be induced on the 
outside of the shield. It is also imi)ortant, from power considerations, 
to maintain constant characteristic impedance along the line. 

The first current theorem may now be stated: 

A, The current on the inside surface of the shield of a welUshielded 
coaxial transmission line is equal and op'posite to the current on the inner 
conductor when both currents are measured at the same cross-^sectional 
plane of the line. 

8*4 Balanced transmission line equilibrium conditions 

The balanced transmission line consists of two parallel conductors 
in a dielectric which may or may not be surrounded by a symmetrically 
disposed shield. For shielding purposes, all balanced lines should, if 
possible, be enclosed in a shield. Figure 8-2 illustrates an end and 
side sectional view of such a line. In the diagram are shown four 
currents. Ii and 1 2 are the currents flowing on each of the two inner 
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conductors; /a is the total resultant current flowing on the inside 
surface of the shield; and /q is the current flowing on the outside surface 
of the shield. In a perfectly balanced line, Ii would be equal and 
opposite to l 2 y and would be zero. If /i is not equal and opposite 
to / 2 , then /a will be equal and opposite to the vector sum of Ii and 
l 2 y all of the currents being measured at the same cross-sectional plane 
of the line. 



Side Section 
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Fig. 8*2 The currents flowing in a balanced tr.uisniission line. 
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This relationship between the currents is shown in Figure 8*3, where 
Ix and 1 2 are not exactly 180^ out of phase. Their sum is no longer 
zero but equal to the so-called unbalanced current, I 
the transmission lines. This current, 7^, be- 
haves as though it were a current flowing in 
the same direction along both the transmis- 
sion lines in parallel. The lines may be con- 
sidered to be acting jointly as the inner con- 
ductor of a coaxial line with the return 
current flowing on the inside of the shield. 

This return current would be equal to I^. 7o Fig. 8-3 A phasor diagram 
is again the extraneous current induced on currents flowing in a 

the outside of the shield. balanced transmission. 

The first problem encountered in maintaining the normal equilibrium 
conditions in a balanced transmission line is to keep 7i equal and 
opposite to I 2 so that /s will be zero; and the second problem is to 
prevent Zq from coupling into the transmission line at any point. Again, 
from power considerations, it is important to maintain the characteristic 
impedance along the line constant. 

From these considerations the second theorem is obtained: 

B, The current on the inside surface of the shield of a welUshielded 
balanced transmission line is equal and opposite to the vector sum of the 
currents on the two inner conductorsj all of the currents being measured 
at the same cross-sectional plane of the line. 
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8*5 Continuity of currents 

In a transmission line network there can be no accumulation of 
current at any point in the circuit provided that the point is con- 
sidered to have no physical dimeasions. A cross-sectional plane is 
usually considered electrically similar to a point for purposes of analysis 
of currents flowing on the inside and outside surfaces of shields. This 
coasideration leads to the following theorem: 

C. At any point in a transmission line network, the sum of all the currents 
flowing in and out of that point is zero. 

This is an extremely valuable theorem in analyzing traasmission 
line networks since it is now possible to determine whether or not an 
impedance has been introduced into the (‘ircuit at any point. Whether 
the current is a series current or a parallel l)ran(‘h (Tirrent tleterinines 
whether a series or a parallel impedance has been intjoduced. 

From the impedan(*e concept in transmission line circuits another 
theorem is obtained: 

D. When there are two equal and opposite currents flowing in and out 
of a passive transmission line network, it can he replaced \nj an impedance, 
the magnitude and phase of which may be a function of frequency, 

8*6 Method of analysis 

Gathering together the four theorems that have boon formulated, 
we have: 

A, The current on the inside surface of the shield of a well-shielded 
coaxial transmission line is equal and opposite to the current 
on the inner conductor, when both currents are measured at the 
same cross-sectional plane. 

B, The current on the inside surface of the shield of a well-shielded 
balanced transmission line is equal and opposite to the vector 
sum of the currents on the two inner conductors, all the currents 
being measured at the same cross-sectional plane of the line. 

C, At any point in a transmission line network, the sum of all the 
currents flowing in and out of that point is zero. 

D, If there are two equal and opposite currents flowing in and out 
of a passive transmission line network, it can be replaced by an 
impedance, the magnitude and phase of which may be a function 
of frequency. 

From these theorems and a schematic diagram of the complex trans- 
mission line network the analysis may be undertaken. All the currents 
at the discontinuities and junctions of the network are labeled. Next 
as many relationships between the currents as are possible from the 
above theorems are written down. This usually leads to an equivalent 
circuit that meets the requirements of the current relationships noted. 
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If it is found that the circuit tried does not meet the current relation- 
ships noted, the two circuits are not equivalent. The method will 
become more evident from the applications which follow. 


8»7 Break in the shield of a balanced line 

Let us consider a break in the continuity of shield of a balanced 
line as shown at S in Figure 8*4. The currents Iib and I2B are the 
currents in the lines and I3B is the shield current representing the 
unbalanced current. The capacitance across the break is assumed 
to be negligible. The unprimed subscripts represent the values on 
one side of the break and the primed subscripts represent values on 
the other side of the break in the shield. The thickness of the shield 
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Fi({. S*4 Tho (’xistiiifi; ('urrciits at flu* Fkj. 8*5 The* I'quivalcnt circuit for the 
hnvik in tin* shield of a l)alan(‘(*d shi(*ld of Figure 8-4. 

transmission line*. 


is assumed negligible with respect to a wavelength. If the plane at 
which the currents are compared is passed through the break and 
the width of the break is assumed to be negligible in size but not zero, 
the following current relationships may be obtained from the theorems: 


— IiB = Tib' 

— I2B = I2B' 

— Tsb = Tio 
^Tsb' = Tio' 


( 8 - 1 ) 


where Iio represents the current flowing on the outside of the shield. 
Since the unbalanced cur^^ent Isb depends on the vector sum of Iib 
and I2B' and I3B' depends on the vector sum of Iib' and I2B', 

"-Isb = I SB' (8*2) 

Thus, from current considerations, we see that the currents on the 
lines continue straight through but that the unbalanced current flow- 
ing on the inside of the shield is directly connected to the outside surface 
of the shield. In Figure 8*5 is shown the equivalent circuit for this 


276 COMPLEX TRANSMISSION LINE NETWORK ANALYSIS 


case. It is really an antenna, or other circuit, made up of the outside 
of the shield and being fed at the break by the unbalanced current. 
This result leads to the conclusion that if the unbalanced current, IzBt 
can be reduded to zero, the break in the shield will not cause any coupling 
between the inside currents and the externaljcurrents. This is true 
inasmuch as when I^b is zero, Iio is zero. 

8*8 Break in the shield of a coaxial line 

In Figure 8*6 is shown a section of a coaxial line with a break in the 
shield at 0. The break is again assumed to be very small in size but 
not zero, and the capacitance, across the break, negligible. In this 
case lie and I2C are the currents on the inner (*onductor and on the 
shield inside surface and 1 10 represents the current flowing on the 
outside surface of the shield. Again the unprimed subscripts represent 
the currents on one side of the break and the primed subscripts the 
currents on the other side. From the current theorems: 


lie == —lie' 
I\c = ~/2C' 
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Fi«. 8*6 The currents flowing wIm'u Fuj. 8-7 The equivalent circuit for 

there is a break in the shield of a coaxial the break in a coaxial line shield 

lino. (Figure 8-6). 

The last equation follows from the first five. The first three equations 
show that /2c is equal and opposite to /2c'. This result, in combination 
with the equalities of the fourth and fifth equations, yields the last 
equation. Between the points B and C the equal and opposite currents, 
Iio and Iio' can be considered as an effective two-terminal impedance. 
The equal and opposite currents, Iic' and /2c' can also be considered 
as an effective two-terminal impedance which, if the line is terminated 
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in the characteristic impedance Zq, will be equal to Zq. This impedance 
will be across A and C. 

The equivalent circuit is shown in Figure 8-7. Thus the break in 
the shield introduces a series impedance, which may be radiating, made 
up of the outside of the shield and being fed at the break by the coaxial 
current itself. A break in the shield of a coaxial line always introduces 
unity coupling between the outside currents in the shield and the 
coaxial line currents, 

8*9 Analysis of the shielded loop 

In Figure 8*8 is shown a section of a shielded loop, of mean diameter 
D, consisting of a wire inside a shield with the shield broken at the 
top of the loop, at the point AA\ 

The distance AA^ is assumed to 
be very small but not zero, and 
any capacity across is assumed 
to be negligible. The loop is thus 
composed of two coaxial lines, one 
running between the points B and 
A and the other between the points 
B and A'. jAt the point B there are 
two currents, Im and / 2 B, which 
are the currents in the balanced line 
entering the loop. Iib continues 
at the point B to become lie and 
I 2 B continues to become the current 
lie will have an equal and 
opposite current flowing along the 
inside of the shield, noted as / 2 c* 

I^e will have an equal and opposite 
current flowing along its shield, not- 
ed as If there is any differ- 

ence between the currents lie and 
I^e, it will result in an unbalance 
current, flowing along the inside of the balanced line shield. For 
I^B to be zero, it must be shown that /ac is equal and opposite to 7ic. 
With the break in the loop shield located at the center diametrically 
opposite to B, if it is shown that the coaxial currents are equal at AA^, 
we shall conclude that the currents lie and / 3 c at B are equal and, 
hence, no unbalance current I^b will flow. 

First, at A, I^c flows into the break with an equal and opposite 
current I^c flowing on the inside of the shield. However, at the point 
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Fig. 8-8 A se(!tion of a balanced loop 
antenna showing the currents that 
are flowing. 
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A there is also a current Iio flowing on the outside of the shield. Then, 
in accordance with theorem C, —Iw must equal Iqc- Inasmuch as 
the break is very small, 1 5 c will equal the current shown as —Itc* 
(Any stray capacity coupling is neglected.) The inneV shield current, 
in equilibrium with /yo, is noted as /gc, and it is observed at that 
I sc must equal the external current —1 20 - Thus the following equal- 
ities apply: 


Therefore, 


hiC = —I7C 
Jr>c — ~ 

I7C = ~Ihc 
Iqc = — 1 10 
Isc = — /20 

^10 = ~^20 


(84) 


(8-5) 


The five equations of E(iiiation 84 are obtained by the use of the 
theorems. The first three show that Iqc is equal to —/gc- This 
result, in combination with the fourth and fifth equations, yields the 
equality shown in Equation 8*5. 

Thus, as long as I 5 C has no place to flow other than to Ijr, it will 
force a balance of 1 10 and 1 20 - Consequently, when this type of loop 
is used as a receiving antenna, if any similar parallel currents flow up 
the shield, such as currents that might be induced by mast effect (the 
mast and the two sides of the loop in parallel acting as an antenna), they 
will encounter a very high impedance at the break A A ' and no current 
will flow into the coaxial lines from that source. On the other hand, 
the current induced in the loop acting as an antenna will be a circulating 
current wherein 1 10 will be equal and opposite to 1 20 - This induced 
loop current will therefore be unity coupled to the wire within the 
shield. In this manner when the loop is mounted in a vertical position 
the loop discriminates between the power j)icked up by the loop and 
the power picked up by the mast and loop acting as a verti(;al antenna. 
For a multiturn shielded loop the analysis is the same except that 
instead of the voltage and current being applied to only one inner 
conductor the same voltage acts on each turn and the same current 
is divided equally among the turas. Hence for an n turn loop there 
is a voltage gain of n-fold, the current being decreased to one n’th 
at the output. 

To obtain the equivalent circuit of the shielded loop shown in 
Figure 8*8, a neutral plane NN' should be passed through the center 
line of the loop. This simplification can always be used with a per- 
fectly symmetrical circuit, such as the shielded loop. Figure 8*9 



TRANSMISSION LINE CONVERSION TRANSFORMERS 


279 


illustratos the ecjuivalcnt circuit which moots the requirements of 
Equations 84 and 8*5. The balanced line carrying the current I\b 
joins the coaxial line carrying the current /ir at the point B, The 
coaxial line then extends for a length ecpial to half the circumference 
of tho balanced loop, tD/2. At the end of the coaxial line, which is 
at point 4, the impedance Za is joined to the coaxial line. It is directly 
coupled sin(;e, as shown in Figure 8*8, Jxo continues directly to become 
/(jc. Thus, between the points A and (\ half the impedance of the 
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Fio. 8*9 The* (‘qui valent circuit for the* halanct'd loop aiiUuina shown in Figure 8-8. 


antenna exists. A similar analogy can be drawn for the other half of 
the loop to obtain the complete circuit. 

The impedance of the loop antenna, is the impedance across 
A A' of the loop measured with the inner conductor removed. This 
impedance is thus placed at the end of a ^^twin coaxiaF^ type of balanced 
transmission line having a characteristic impedance of twice the charac- 
teristic impedance of each of the similar coaxial lines. The balanced 
connecting line is joined to this twin line at the point B. 

8*10 Transmission line conversion transformers* 

In high fre(|uency power transmission it is frequently necessary to 
use a balanced two-wire line over part of the distribution system and 
a coaxial transmission line over the remainder of the system. The 
natures of the generator and the load input will dictate the particular 
combination of balanced two-wire and coaxial transmission lines which 
should be used. 

At the juncture of the two types of lines, a conversion transformer 
is necessary to maintain the equilibrium conditions on both the lines. 
The conversion from one line to the other can be made ideal at only 
one frequency, but methods will be described which provide satisfactory 
conversion over a range of frequencies. The problem is to convert 
from a balanced transmission line to a coaxial transmission line by 

*N. Marohand, “Transmission-line conversion transformers/’ Electronics^ De- 
cember, 1944. 
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introduoinp; some type of transmission line transformer. First, to 
prevent the current on the outside of the shields from coupling into 
the lines, the outside shields of both the lines should be kept continuous 
so that there can be no way in which the outside current can get into 
the lines inside the shield. If this method is not possible, some other 
meaas must be used to prevent the current flowing on the outside of 
the shield from couj)ling into the lines. Second, to maintain /i equal 
and opi)osite to lo in the balanced transmission line, as shown in Figure 
8*2, the impedances from each conductor to 1 he shieldmust be maintained 
equal. Any difference in impedance will cause I\ to differ from / 2 . 
Third, the continuity of the characteristic impedance, or the impedance 
match, should be maintained as close as possible to obtain maximum 
power transfer. 
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Fig. 8*10 A cros«? s<*cti()n of a sin^lo-froqaoncy convorsion Si'clion sl'owint? how tho 
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8' 11 Single frequency transformer 

In Figure 8- 10 is shown one tyj>e of transmission lino transformer 
that can be used for single frequency transformation. A large box, an 
expanded section of the shield, is used. This box, or pii)e, must totally 
enclose the interior circuits to avoid coupling between /q, the current 
on the outside of the shield, and the inside currents. The coaxial line 
shield is extended a distance of one-quarter wavelength inside the box; 
and the dual line is brought in on the other side. One conductor of 
the dual line is connected to the inner conductor of the coaxial line 
and the other to the coaxial shield extension. Iib and I 2 B are the 
currents on the conductors of the balanced line at the junction. I^b 
is the unbalanced current flowing on the inside of the shield. I\c and 
I 2 C are the equal and opposite currents in the coaxial line. I^c is the 
current flowing on the outside of the extended shield. 

To determine the equivalent circuit of this conversion transformer, 
the current paths have to be traced. Current Iib, as shown in the 
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figure, will flow directly from one side of the balanced line to the inner 
conductor of the coaxial line, becoming /ic. The current I2B will 
flow from the other side of the balanced line and divide into two cur- 
rents, /3c and l2C» The following etjualities can be written down 
from the theorems: 


lie = —I2C 

I\H = — /lO 

I2B = “’/2c 

I3B == -’I2B + IlB 


(8-6) 


To maintain the equilibrium conditions, /3B should be zero. Substi- 
tuting for I2B and I\b in the last equation and noticing that I\c is 
equal to 1 2c, we obtain 

I 3 B = J 3 C ( 8 ‘ 7 ) 

These equalities assume that the spa(‘e between the end of the extended 
shield and the beginning of the balanced line is negligible. Thus, if 
I^c is zero, L^h will be zero. In the transformer shown it will be zero; 
the outer side of the coaxial shield AD and the inner surface of the 
box form a coaxial transmission line shorted at the end D and a quarter 
wavelength long, insuring an extremely high impedance between point 
A and the surface at B. 


Coaxial line C Two wire line 
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Fig. 8*11 The equivalent circuit of the (jonversion transformer shown in 
Figun* 8*10. The shield is represented by shading. 

The equivalent circuit is shown in Figure 8-11. The wire represent- 
ing the inside of the shield is shown shaded. It can be seen here that 
I^c in being fed into a shorted transmission line ABD which, if it is a 
quarter wavelength long, will result in an infinite impedance, in the 
ideal case, at AB] hen(*.e 1^' will be zero. Whatever impedance is 
presented across ACj looking into the coaxial line, will be the load 
across the end of the balanced line. Thus, if both the coaxial line and 
the balanced lines have the same characteristic impedances, and if 
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the load impedance, Zjr,, is matched to the coaxial line, the balanced 
two-wire line will also be matched. 

The one unsatisfactory feature of this type of conversion transformer 
is that it yields good balance at only one frequency. As soon as the 
frequency is shifted, so that ADB is no longer a quarter wavelength 
long, /3c will no longer be zero; hence which is equal to /3c, will 
also no longer be zero. Consequently, when the frequency is shifted 
the equilibrium conditions will no longer be obtained. 
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Fig. 8-12 A wiclo hand conversion transformcT which, wluui the frequency is 
siiifted, will not disturb the (‘quilihriuni conditions and will introduce only a very 

small mismatch. 


8*12 Wide band conversion transformer 


To improve the transformer shown in Figure 8*10, the next logical 
step is to put an impedance from C to B that will be similar to the 
impedance at AB, so that even if the frequency is shifted it will only 
introduce a mismatch and will not disturb the current balance. This 
is true because the voltage at C is equal and opposite to the voltage at 
Ay both with respect to B. 

To make the transformer wide band without any phase shift at the 
junction, the transformer is constructed as shown in Figure 8*12. 
lastead of the second side of the balanced line being connect^ed to the 
coaxial center conductor, it is connected to a shield which is a mirror 
image of the extended coaxial line shield. A series impedance is put 
into the circuit by extending the coaxial line into this new shield to 
yield a characteristic impedance ZqBj given by 



where Zqc is the coaxial line characteristic impedance and Zqt i« the 
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characteristic impedance obtained by using the outside of the extended 
shield as the inner conductor and the inside of the box as the outer 
conductor of a coaxial line. Thus the inner conductor of the extended 
portion of the coaxial line must be made larger than the inner conductor 
of the coaxial line proper. 

The lengths of the extended shields are made resonant as a quarter 
wavelength line at the mean frecjuency, /o. If the capacitance across 
AL were neglected, the length from the break to the end of the box 
would be 90 (*lectri(*al degrees. The extended line is left open at the 
end and is made' resonant as a (piarter wavelength open stub. 

Four new currents are introdu(*ed. IVo are the equal and opposite 
currents, Iie and in the o[>en stub and the currents, I^e and 
on the outside of the shield suiTouuding the stub and on the inside 
of the box. Because of s>inmetry, and I^e will be equal and 
opposite, yiehling a balanced condition; hen(‘(^ no iinbalan(*ed current, 
Iab, will how. Writing dow^u the (nirrent. relationships from the 
th(u)rems, we obtain 

= —Iae 
hr = -Jzr 
hn = '-‘J'lE 
hr = —IxE 

hli = —J2r + qx 

hii = —J 2 E + hE 

hxr = ^hr 

I’SE = —I4E 

I3B — — /ai? + hr 

hn = -\-hn — I'zii 

From the first four equations, we see that I 2 C i« equal and opposite 
to I 2 E and, since hr and I 4 E are equal and opposite, the equilibrium 
conditions will be held for all frequencies. In Figure 8*13 is shown 
the equivalent circuit of the transformer illustrated in Figure 8*12. 
This can be further modified to the circuit shown in Figure 8*14. 

Zqo is the characteristic impedance of the coaxial line and, when 
Ze is made equal to Zqc, it is the impedance that the coaxial line will 
present at the junction. This impedance is in series with the open-ended 
impedance of line GH, Across the balanced line are the two shorted 
sections AD and CB, In both these cases the electrical length of the 
lines are called 6, At /o, 6 is equal to 90 electrical degrees. The 
input impedance from the balanced line across AC, for a terminated 
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coaxial line, is given by Z, where 


— jZpE cotan 6) (2jZor tan d) 
Zqc — JZqe cotan 6 + 2jZor tan 6 


( 8 - 10 ) 


Outside of stub 



Fig. 8-13 Tho oquivalont circuit of 
the transfonucr shown in Fij^urc 8-12. 
The cuiTcnts shown ari' tlie curnuits 
which art* prc'sent at the junctions. 


Fig. 8-11 The lumped constant 
(‘quivahuit circuit of the transformer 
shown in Figure 8-12, re])n‘S(*ntinK a 
rt‘ductioii of the eciuivalent circuit 
shown in Figure' 8*13. 


Equation 8* 10 may l)e sirnidiliod to 



( 8 * 11 ) 


When the value for Z^iE given in Equation 8-8 is substituted into 
pjquation 8*11, it becomes 


Z — Zi)C 



] 


1 cotan d 

1 - 

[1 

\2Z„t) 

I cotan 6 

2 

.( Z^c\ 


( 8 . 12 ) 


As long as Zqt ih kept large, this is an excellent transformer. The 
calculated impedance characteristic of a transformer, where Zqc is 
equal to 50 ohms, Zqt equal to 100 ohms, and Zqe equal to 12.5 ohms 
to agree with Equation 8-8, is shown in Figure 8-15. 

This type of transformer is excellent for a transfer from a stationary 
member to a rotating member. Since the coaxial line does not make 
contact with any other line, it can be kept stationary while the whole 
transformer and balanced line rotates around it. 
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I e in degrees - Electrical length of short line | 


JjL f. IL 

^ Mean frequency ^ 

Courtesy of Electronics 

Fig. 8-15 The theoretical variation of impedance seen by th(' balanced two-wire 
line, wlum converted to a coaxial line by the transformer of Figure^ 8 12, shows but 
blight change in magnitude and negligibh* change in angle over a one-to-three change 

in frequency 


PROBLEMS 

8*1 Determine the input impedance across aa' of Figure 8-16. 



Fig 8-16 Station of a cylindrical loading section. 


8»2 Determine the equivalent circuit of Figure 8*17. 

8‘3 Find the input impedance across oa' of Figure 8- 17 when 6 is equal to 90°. 
8*4 Plot a curve of the magnitude of the impedance and its phase angle across 
aa' of Figure 8-17 as 0 varies from 45 to 135 electrical degrees. 
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8*5 What value oi Zqe should be used in the conversion transformer shown in 

Figure 8-18? 



Fig. 8*17. A section of n syninn'trical cylindrical coaxial to balanced line transformer. 



1 


Fig. 8*18 A section of a compensated coaxial to balanced line transformer. 


8*6 Using the result of problem 8-5, plot a curve of the magnitude and phase of 
the impedance across aa of Figure 8-18 as ^ varies from 45 to 135 electrical degrees. 



CHARACTERISTIC IMPEDANCES OF TRANSMISSION LINES* 


In these tabulations are listed the characteristic impedances of vari- 
ous configurations of transmission lines. In the formulas the following 
assumptions are made: 

Formula assumptions 

(1) The conductors are perfect, of unit permeability and imbedded 
in a vacuum (or, to a sufficient degree of accuracy, in air) so that the 
velocity of propagation is 3(10)^^ cm per second. 

Circular wire conductor radii 

(2) The radii of circular wire conductors are small compared with 
the distance between them, or with the distance between them and the 
nearest extended surface (such as a plane, concentric cylinder, etc.) 

Inductance-capacity formulas 

From the characteristic impedance, the inductance and capacitance 
per unit length may be computed by means of the following formulas: 

Inductance: L = 85Z() mmh per inch 

Capacitance: C — 85/Zo mmfd per inch 

where Zq is in ohms. 

Dimensions are measured in any consistent units. 

Reference data 

While some of the configurations listed may not appear to have any 
direct practical value, they are, nevertheless, useful as intermediate 
steps in computing the properties of practical configurations.f 

* Sidney Frankcl, “Charaeteristies Functions of Transmission Linos,” Com- 
municatiotLS, March, 1943. 

t See Sidney Frankel, ‘'Characteristic Impedance of Parallel Wires in Rectan- 
gular Troughs.,” Proceedings of the Vol. 30, No. 4, April, 1942. 
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Degrees to Radians* 


Degs. 

0.0 
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O.OSS 9 
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0 

00 

0.1815 
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39 
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0.6912 

0.6929 

0 . 6946 

0 . 6964 

40 

0.6981 
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0 . 7034 
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41 
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0.7243 
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42 
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0.7383 
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43 
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44 
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46 
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0' 

6' 

12' 

z8' 

24' 

30' 

36' 

4a' 

48' 

54' 


90^=1.5708 radians 

0 

0 

0^14 

0 

II 

«4 

60°=-, 90®= -radians 

3 2 

180^=3.1416 radians 

0 2ir 
120 = — , 
3 

135°=^. 

4 

150®=^, 180®= IT radians 

270^=4.7124 radians 

0 7’’" 

210“=.^. 

S’** 

225 = — , 
4 

240®=—, 270®= — radians 

3 2 

360^ = 6.2832 radians 

300°= 5 ^, 

3X5"=^. 

4 

330®= 360® = 2 IT radians 

0 


♦ From Ralph O. Hudson, The Engineers^ Manual^ 2nd Ed., 1939, John 


Wiley and Sons, New York. Reprinted with permission. 
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♦From Ralph G Hudson, The Eng^mers* Manual^ 2nd Ed., 1939, John 
Wiley and Sons, New York. Rt'printed \^ith permission. 
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Natural Sines, Cosines and Tangents 


16 ‘»- 29 . 9 ® 


Degs 

Function 

16 

sin 

cos 

16 

tan 

sin 

cos 

17 

tan 

sm 

cos 

18 

tan 

sin 

cos 

19 

tan 

Bin 

cos 

20 

tan 

sm 

cos 

21 

tan 

sm 

cos 

22 

tan 

sm 

cos 

23 

tan 

sin 

cos 

24 

tan 

sm 

cos 

26 

tan 

sm 

cos 

26 

tan 

sin 

cos 

27 

tan 

sin 

cos 

28 

tan 

sin 

cos 

29 

tan 

sin 

cos 


tan 

Degs. 

Function 


0 2672 

0 2689 

0 2706 

0 2723 

0 2740 

0 9636 

0 9612 

d 9627 

0 9622 

0 9617 

0 2771 

0 2792 

0 2811 

0 2830 

0 2849 

0 284c 

0 2817 

0 2874 

0 2890 

0 2907 

0 9588 

0 9s8i 

0 9578 

0 957^ 

0 9568 

0 2962 

0 2981 

0 3000 

0 3010 

0 3018 

0 3007 

0 3024 

0 3040 

0 1057 

0 1074 
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0 3172 
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0 3230 
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0 9472 
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0 9461 
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0 3365 
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0 3424 

0 3138 

0 3151 

0 3371 

0 1387 

0 3404 

0 9426 

0 9421 

0 94I5I 

0 9409 

0 9401 

0 3541 

0 3561 

0 3581 

0 3600 

1 

0 

0 1502 

0 3518 

0 35351 

0 3551 

0 1567 

0 9167 

0 9361 

0 9354 

0 9348 

0 9342 

0 3739 

0 1759 

0 3779 

0 3799 

0 3819 

0 366s 

0 3681 

0 3697 

0 

M 

0 3730 

0 9304 

0 9298 

0 9291 

0 9285 

0 9278 

0 3939 

0 3959 

0 1979 

0 4000 

0 4020 

0 1827 

0 3843 

0 3859 

0 3875 

0 1891 

0 9219 

0 0232 

0 9225 

0 9210 

0 9212 

0 4142 

0 4163 

0 4183 

0 4204 

0 4224 

0 3987 

0 4003 

0 4019 

0 4015 

0 4051 

0 9171 

0 9164 

0 9157 

0 9150 

0 9141 

0 4148 

0 4169 

1 

0 439 t 

0 4411 

0 4431 

0 4147 

1 

0 4163 

0 4179 

0 4195 

0 4210 

0 9100 

0 9092 

0 9085 

0 9078 

0 9070 

0 4 SS 7 

0 4578 

c j-fyg 

0 4621 

0 4642 

0 430s 

0 4321 

0 4337 

0 4352 

0 4368 

0 9026 

0 90181 

0 9011 

0 9003 

0 8996 

0 4770 

0 4791 

0 4813 

0 4834 

0 4856 

0 4462 

0 4478 

0 4491 

0 4509 

0 4524 

0 8940 

0 8942 

0 8934 

0 8926 

0 8918 

0 4986 

0 5008 

0 5029 

0 SCSI 

0 5071 

0 4617 

0 4633 

0 4648 

0 4664 

0 4679 

0 8870 

0 8862 

0 8854 

0 8846 

0 8818 

0 5206 

0 5228 

0 5250 

0 5272 

0 5295 

0 4772 

0 4787 

0 4802 

0 4818 

0 4833 

0 8788 

0 8780 

0 8771 

0 8763 

0 8755 

0 5430 

0 5452 

0 5475 

0 5498 

0 5520 

0 4924 

0 4939 

0 4955 

0 4970 

0 4985 

0 8704 

0 

1 

0 8686 

0 8678 

0 8669 

0 

-O' 

00 

0 s68i 

0 5704 

0 5727 

0 5750 













Natural Sines, Cosines and Tangents 


29 ,*) 

30^-u.r 



. 5 ^ 0 . 6 “ 0 . 7 “ 0 . 8 “ 0 . 9 “ 


0 S 07 S 

0 5090 

0 5105 

0 5120 

0 5135 

0 8616 

0 8607 

0 8599 

0 8590 

0 8581 

0 ^890 

0 S 9 I 4 

0 5938 

0 5961 

0 5985 

0 522^ 

0 5240 

0 52 SS 

0 5270 

0 5284 

0 8526 

0 8517 

0 8508 

0 8499 

0 8490 

0 6128 

0 6152 

0 6176 

0 6200 

0 6224 

0 5373 

0 5388 

0 5402 

0 5417 

0 5432 

0 8434 

0 8425 

0 8415 

0 8406 

0 8396 

0 6371 

0 6393 

0 6420 

0 6445 

0 6469 

0 

0 5534 

0 5548 

0 5563 

0 5577 

0 8339 

0 8329 

0 8320 

0 8310 

0 8300 

0 661 q 

0 6644 

0 6669 

0 6694 

0 

0 

0 5664 

0 5678 

0 5693 

0 5707 

0 5721 

0 8241 

0 823T 

0 8221 

0 8211 

0 8202 

0 6873 

0 6899 

0 6924 

0 6950 

0 6976 

0 5807 

0 5821 

0 5835 

0 5850 

0 5864 

0 8141 

0 8131 

0 812 » 

0 8111 

0 8100 

0 7133 

0 7159 

0 7186 

0 7212 

0 7239 

0 59^8 

0 5962 

0 5976 

0 5990 

0 6004 

0 8039 

0 8028 

0 8018 

0 8007 

0 7997 

0 7400 

0 7427 

0 7454 

0 7481 

0 7508 

0 608R 

0 6 roi 

0 6 ris 

0 6129 

0 6143 

0 7984 

0 7923 

0 7912 

0 7902 

0 7891 

0 7673 

0 7701 

0 7729 

0 7757 

0 7785 

0 622*) 

0 6239 

0 6252 

0 6206 

0 6280 

0 7826 

0 7815 

0 7804 

0 7793 

0 7782 

0 79'>4 

0 7983 

0 8012 

0 8040 

0 8069 

0 6 ?r)i 

0 6371 

0 6388 

0 6401 

0 6414 

0 7719 

0 770^ 

0 7694 

0 7683 

0 7672 

0 8243 

0 8273 

0 8302 

0 8332 

0 8361 

1 0 6491 

0 650S 

0 6521 

0 6534 

0 6547 

0 7604 

0 7593 

0 7581 

0 7570 

0 7559 

0 8541 

0 8571 

0 8601 

0 8632 

0 8662 

0 6626 

0 6630 

0 6652 

0 666s 

0 6678 

0 7490 

0 74781 

0 7466 

0 7455 

0 7443 

0 8847 

0 8878 

0 8910 

0 8941 

0 8972, 

0 67 sf) 

0 676() 

0 6782 

0 6794 

0 6807 

0 737 ^ 

0 73^51 

0 7349 

0 7337 

0 7325 

0 9163 

0 9195 

0 9228 

0 9260 

0 9293 

0 6884 

0 6896 

0 6909 

0 6921 

0 6934 

0 '’254 

0 7242 

0 7230 

0 7218 

0 7206 

0 9490 

0 952? 

0 9556 

' 0 9590 

0 9623 

0 7009 

0 7022 

0 7034 

0 7046 

0 7059 

0 7133 

0 7120 

0 7108 

0 7096 

0 7083 

0 9827 

0 9861 

0 9896 

0 9930 

0 996s 


30' 36' 42' 48' 54' 
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Natural Sines^ Cosines and Tangents 


76 ®- 89 . 9 '* 


76 

8itt 

cos 

76 

tan 

Bin 

cos 

77 

tan 

sin 

cos 

78 

tan 

sin 

cos 

79 

tan 

sin 

cos 

80 

tan 

sin 

cos 

81 

tan 

sin 

cos 

82 

tan 

sm 

cos 

83 

tan 

sm 

cos 

84 

tan 

sin 

cos 

86 

tan 

sin 

cos 

86 

tan 

sin 

cos 

87 

tan 

sin 

cos 

88 

tan 

sin 

cos 

89 

tan 

sin 

cos 


tan 


Degs. Function 


o 9681 

0 9686 

0 9690 

0 9694 

0 9699 

0 2504 

0 2487 

i 2470 

0 2453 

0 2436 

3 8667 

3 8947 

3 9232 

3 9520 

3 9812 

0 9724 

0 9728 

0 9732 

0 9736 

0 9740 

0 2^34 

0 2317 

0 2300 

0 2284 

0 2267 

4 1653 

4 1976 

4 2303 

4 2635 

4 2972 

0 9761 

0 9767 

0 9770 

0 9774 

0 9778 

0 2164 

0 2T47 

0 2130 

0 2113 

0 2096 

4 5107 

4 5483 

4 5864 

4 6232 

4 6646 

0 9799 

0 9803 

0 9806 

0 9810 

0 9813 

0 1994 

0 1977 

0 1959 

0 T942 

0 1923 

4 9152 

4 9594 

S 0045 

5 0504 

5 0970 

0 Q833 

0 9836 

0 9839 

0 9842 

0 9845 

0 1822 

0 180s 

0 1788 

0 J 77 I 

0 1734 

? 3955 

5 4486 

5 5026 

5 5578 

5 6140 

0 9863 

0 9866 

0 9869 

0 9871 

0 0874 

0 i6so 

0 t6^ 

0 1616 

0 1399 

0 1382 

5 9758 

6 040s 

6 1066 

b 1742 

6 2432 

0 9890 

0 9893 

0 989s 

0 9898 

0 9900 

0 1478 

0 1461 

0 1444 

0 1426 

0 1409 

6 6912 

6 7720 

6 8548 

6 9 i 95 

7 0264 

0 9914 

0 99 T 7 

0 9919 

0 9921 

0 9923 

0 1305 

0 1288 

0 1271 

0 1253 

0 1236 

7 5958 

7 6996 

7 8c62 

7 9158 

8 0285 

0 9936 

0 9938 

0 9940 

0 9942 

0 9943 

0 1132 

0 in'; 

0 1097 

0 1080 

0 io6^ 

8 7769 

8 9152 

9 0579 

9 2052 

9 3572 

0 9954 

0 995 <^ 

0 9957 

0 9959 

0 9960 

0 0958 

0 0941 

0 Of )24 

0 0906! 

0 0889 

10 39 

ro 58 

TC “8 

IC 99 

II 20 

0 9969 

0 9971 

0 9972 

0 9973 

0 9974 

0 078 

0 0767 

0 07 ‘;o 

0 0732 

0 0715 

12 71 

13 00 

13 30 

13 62 

13 95 

0 9981 

0 9982 

0 998^ 

0 9984 

0 9983 

0 0610 

0 CJQl 

0 0'>76 

0 0338 

0 0341 

16 35 

16 83 

17 34 

17 89 

18 46 

0 9990 

0 9991 

0 9992 

0 9993 

0 9993 

0 0436 

0 0419 

0 0401 

0 0384 

0 0366 

22 90 

23 86 

24 90 

26 03 

27 27 

0 9997 

0 9997 

0 9997 

0 9998 

0 9998 

0 0262 

0 0244 

0 0227 

0 0209 

0 0192 

38 19 

40 92 

44 07 

47 74 

52 08 

I 000 

I 000 

I 000 

I 000 

I 000 

0 0087 

0 0070 

0 0052 

0 003s 

0 0017 

114 6 

143 2 

19I 0 

286 3 

573 0 

30' 

36' 

42' 

48' 

54' 
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X 


Natural Values 


Common Logarithms 

c* 

e-* 

Sinh X 

Cosh X 

Tank x 


Sinh X 

Cosh X 

Tank x 

0.00 

1.0000 

1.0000 

0.0000 

1.0000 

.00000 

0.00000 

— «D 

0.00000 

— CO 

0.01 

1.0101 

.99005 

0.0100 

1.0001 

.01000 

.00434 

S. 00001 

. 00002 

8.99999 

0.02 

1.0202 

.98020 

0.0200 

1 . 0002 

1i) lililiMl 

.00869 

.30106 

liiilijiiJI 


0.03 

1.0305 

.97045 


1 . 0005 

.02999 

.01303 

.47719 

.00020 

.47699 

0.04 

1.0408 

.96079 

0.0400 

1.0008 

.03998 

.01737 



.60183 

0.05 

1.0513 

.95123 

■•■tvniiH 

1.0013 

.04996 

.02171 

.69915 

.00054 

. 69861 

0.06 

1.0618 

.94176 


1.0018 

.05993 


.77841 

.00078 

.77763 

0.07 

1.0725 

.93239 

0.0701 

1.0025 

.06989 

.03040 

. 84545 


.84439 

0.08 

1.0833 

.92312 

0.0801 

1.0032 

.07983 

.03474 

■UlLLLI 

.00139 

■IIJILI 

0.09 

1.0942 

.91393 

0.0901 


.08976 

.03909 

.95483 

.00176 

.95307 

0.10 

1.1062 

.90484 

0.1002 

1.0060 

.09067 

0.04843 

1.00072 

0.00217 

3.99856 

0. 11 

1.1163 

.89583 

0.1102 



.04777 

.04227 

.00262 

1.03965 

0.12 

1.1275 

.88692 



.11943 

.05212 

.08022 

.00312 


0.13 

1.1388 

.87810 

0. 1304 


. 12927 

.05646 

.11517 

.00366 

.11151 

0. 14 

1.1503 

.86936 

0.1405 


.13909 


.14755 

.00424 

. 14330 

0. 15 

1.1618 

.86071 

■TVaTim 

1.0113 

.14889 

.06514 

.17772 

.00487 

. 17285 

0. 16 

1.1735 

.85214 



.15865 

.06949 

.20597 

.00554 


0. 17 

1.1853 

. 84366 

0.1708 

1.0145 

. 16838 

.07383 

.23254 

.00623 

. 22629 

0. 18 

1.1972 

.83527 

0. 1810 

1.0162 

. 17808 

.07817 

.25762 

.00700 

.25062 

0. 19 

1 . 2092 

. 82696 

0.1911 

1.0181 

.18775 

.08252 

.28136 

.00779 

.27357 

0.20 

1.2214 

.81878 

0.2013 

1.0201 

.19788 

0.08686 

1.30392 

0.00868 

1.29529 

0.21 

1 . 2337 

.81058 

0.2115 

1.0221 

. 20697 

, .09120 

.32541 

.00951 

.31590 

0.22 

1.2461 

.80252 

0.2218 


.21652 

.09554 

.34592 

.01043 

.33549 

0.23 

1 . 2586 

.79453 

0.2320 


. 22603 

.09989 

.36555 

.01139 

.35416 

0.24 

1.2712 

.78663 

0.2423 



. 10423 

.38437 

.01239 

.37198 

0.25 

1 . 2840 

.77880 

0.2526 

1.0314 

.24492 

. 10857 

.40245 

.01343 

.38902 

0.26 

1 . 2969 

.77105 

0.2629 

1.0340 


.11292 

.41986 

.01452 

.40534 

0.27 

1.3100 

.76338 

0.2733 

1.0367 

.26362 

.11726 

.43663 

.01564 


0.28 

1.3231 

.75578 

0.2837 

1.0395 

.27291 

. 12160 

.45282 

.01681 

.43601 

0.29 

1.3364 

.74826 

0.2941 

1.0423 

.28213 

.12595 

.46847 

.01801 

.45046 

0.80 

1.8499 

.74082 

0.3046 

1.0463 

.29181 

0.18029 

1.48862 

0.01926 

1.46486 

0.31 

1 . 3634 

1 .73345 

0.3150 

1.0484 

.30044 

.13463 

.49830 

.02054 

.47775 

0.32 

1.3771 

.72615 

0,3255 

1.0516 

.30951 

. 13897 

.51254 

.02107 

.49067 

0.33 

1.3910 

.71892 

0.3360 

1,0549 

.31852 

. 14332 

. 52637 

.02323 

.50314 

0.34 

1 . 4049 

.71177 

0.3466 

1.0584 

.32748 

.14766 

.53981 

. 02463 

.51518 

0.35 

1.4191 

.70469 

0.3572 

1.0619 

.33638 

.15200 

.55290 

. 02607 

. 52682 

0.36 

1.4333 

.69768 

0.3678 

1.0655 

.34521 

. 15635 

. 56564 

.02755 

. 53809 

0.37 

1.4477 

.69073 

0.3785 

1.0692 

.35399 

. 16069 

. 57807 

. 02907 

. 54899 

0.38 

1.4623 

.68386 

0.3892 

1.0731 

.36271 

. 16503 

.59019 

. 03063 

. 55956 

0.39 

1.4770 

.67706 

0.4000 

1.0770 

.37136 

. 16937 

. 60202 

03222 

. 56980 

0.40 

1.4918 

.67032 

0.4108 

1.0811 

.37996 

0.17872 

1.61368 

0.08385 

1.57978 

0.41 

1 . 5068 

.66365 

0.4216 

1.0852 

.38847 

.17806 

. 62488 

.03552 

. 58936 

0.42 

1 . 5220 

.65705 

0.4325 

1 . 0895 

.39693 

.18240 

.63594 

.03723 

.59871 

0.43 

1.5373. 

.65051 

0.4434 

1.0939 

.40532 

. 18675 

. 64677 

. 03897 

. 60780 

0 44 

1 . 5527 

.64404 

0.4543 

1.0984 

.41364 

.19109 

.65738 

. 04075 

.61663 

0.45 

1 . 5683 

. 63763 

0.4653 

1.1030 

.42190 

. 19543 

. 66777 

.04256 

. 62521 

0.46 

1.5841 

.63128 

0.4764 

1.1077 

.43008 

. 19978 

. 67797 

.04441 

. 63355 

0.47 

1 . 6000 

. 62500 

0.4875 

1.1125 

.43820 

.20412 

. 68797 

.04630 

.64167 

0.48 

1.6161 

.61878 

0.4986 

1.1174 

.44624 

. 20846 

. 69779 

.04822 

. 64957 

0.49 

1 . 6323 

.61263 

0.5098 

1.1225 

.45422 

.21280 

. 70744 

.05018 

.65726 

0.60 

1.6487 

.60683 

0.6211 

1.1276 

.46212 

0.21716 

1.71692 

0.05217 

1.66478 

0.51 

1 . 6653 

. 60050 

0.5324 

1.1329 

.46995 

.22149 

.72624 

.05419 

. 67205 

0.52 

1 . 6820 

. 59452 

0.5438 

1.1383 

.47770 

. 22583 

.73540 

.05625 

.67916 

0.53 

1 . 6989 

. 58860 

0.5552 

1.1438 

.48538 

.23018 

.74442 

.05834 

. 68608 

0 54 

1.7160 

.58275 

0.5666 

1.1494 

.49299 

.23452 

.75330 

. 06046 

. 69284 

0.55 

I . 7333 

.57695 

0.5782 

1.1551 

. 50052 

. 23886 

. 76204 

. 06262 

. 69942 

0.56 

1 . 7507 

.57121 

0.5897 

1.1609 

.50798 

. 24320 

. 77065 

06481 

. 70584 

0 57 

1 . 7683 

.56553 

0.6014 

1.1669 

.51536 

.24755 

.77914 

. 06703 

.71211 

0 58 

1 . 7860 

. 55990 

0.6131 

1.1730 

. 52267 

.25189 

.78751 

. 06929 

.71822 

0.59 

1 . 8040 

. 55433 

0.6248 

1.1792 

. 52990 

. 25623 

.795/6 

.07157 

.72419 

0.60 

1.8221 

.64881 

0.6367 

1.1866 

.68706 

0.26068 

1.80890 

0.07889 

1.78001 


* From Ovid W. Eslibarh, Handbook of Engineering Fundamentals, John 

Wiley and Sous, New York. Reprinted with permission. 
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MATHEMATICAL AND PHYSICAL TABLES 


z 

1 Natural Values 

1 Common Logarithms 

fl* 


Sinh X 

Cosh X 

Tanh x 


Sinh X 

Cosh X 

Tanh x 

0.60 

1.8881 

.64881 

0.6367 

1.1855 

.58706 

O.S6008 

1^80390 

0.07389 

£.73001 

0.61 

1 . 8404 

. 54335 

0.6485 

1.1919 

.54413 

. 26492 

.81194 

.07624 

.73570 

0.62 

1 . 8589 

.53794 

0.6605 

1.1984 

.55113 

.26926 

.81987 

.07861 

.74125 

0.63 

1.8776 

. 53259 

0.6725 

1.2051 

.55805 

.27361 

.82770 

.08102 

. 74667 

0.64 

1 . 8965 

. 52729 

0. 6846 

1.2119 

. 56490 

.27795 

.83543 

.08346 

.75197 

0.65 

1.9155 

. 52205 

0.6967 

1.2188 

.57167 

. 28229 

. 84308 

.08593 

.75715 

0.66 

1.9348 

.51685 

0.7090 

1 . 2258 

.57836 

.28663 

.85063 

.08843 

.76220 

0.67 

1.9542 

.51171 

0.7213 

1.2330 

. 58498 

. 29098 

.85809 

.09095 

.76714 

0.68 

1 . 9739 

. 50662 

0.7336 

1.2402 

.59152 

.29532 

. 86548 

.09351 

.77197 

0.69 

1.9937 

.50158 

0.7461 

1.2476 

.59798 

. 29966 

.87278 

.09609 

. 77669 

0.70 

8.0188 

.49659 

0.7586 

1.8568 

.60437 

0.30401 

i. 88000 

0.09870 

£.78180 

0.71 

2.0340 

.49164 

0.7712 

1.2628 

.61068 

.30835 

.88715 

.10134 

.78581 

0.72 

2.0544 

.48675 

0.7838 

1.2706 

.61691 

.31269 

.89423 

.10401 

. 79022 

0.73 

2.0751 

.48191 

0.7966 

1.2785 

.62307 

.31704 

.90123 

. 10670 

. 79453 

0.74 

2.0959 

.47711 

0.8094 

1 . 2865 

.62915 

.32138 

.90817 

.10942 

.79875 

0.75 

2.1170 

.47237 

0.8223 

1.2947 

.63515 

.32572 

.91504 

.11216 

. 80288 

0.76 

2.1383 

.46767 

0.8353 

1.3030 

.64108 

. 33006 

.92185 

.11493 

.80691 

0.77 

2.1598 

.46301 

0.8484 

1.3114 

.64693 

.33441 

.92859 

.11773 

.81086 

0.76 

2.1815 

.45841 

0.8615 

1.3199 

.65271 

.33875 

.93527 

.12055 

.81472 

0.79 

2.2034 

.45384 

0.8748 

1.3286 

.65841 

.34309 

.94190 

.12340 

.81850 

0.80 

8.8855 

.44933 

0.8881 

1.3374 

.66404 

0.84744 

i. 94846 

0.12627 

1.82219 

0.81 

2.2479 

. 44486 

0.9015 

1 . 3464 

.66959 

.35178 

.95498 

. 12917 

.82581 

0.82 

2.2705 

.44043 

0.9150 

1 . 3555 

.67507 

.35612 

.96144 

. 13209 

. 82935 

0.83 

2.2933 

. 43605 

0.9286 

1.3647 

.68048 

. 36046 

.96784 

.13503 

.83281 

0.84 

2.3164 

.43171 

0.9423 

1 . 3740 

.68581 

.36481 

.97420 

.13800 

.83620 

0.85 

2.3396 

.42741 

0.9561 

1.3835 

.69107 

.36915 

.98051 

. 14099 

. 83952 

0.86 

2.3632 

.42316 

0.9700 

1.3932 

.69626 

.37349 

.98677 

.14400 

.84277 

0.87 

2.3869 

.41895 

0.9840 

1.4029 

.70137 

.37784 

.99299 

.14704 

.84595 

0.88 

2.4109 

.41478 

0.9981 

1.4128 

.70642 

.38218 

.99916 

.15009 

. 84906 

0.89 

2.4351 

.41066 

1.0122 

1 . 4229 

.71139 

.38652 

0.00528 

.15317 

.85211 

0.90 

8.4596 

.40657 

1.0865 

1.4331 

.71630 

0.89087 

o.oim 

0.16627 

£.86609 

0.91 

2.4843 

.40252 

1.0409 

1.4434 

,72113 

.39521 

.01741 

. 1 5939 

.85801 

0.92 

2.5093 

.39852 

1.0554 

1.4539 

. 72590 

.39955 

.02341 

.16254 

1 . 86088 

0.93 

2.5345 

.39455 

1.0700 

1 . 4645 

. 73059 

.40389 

.0?937 

.16570 

. 86368 

0.94 

2.5600 

.39063 

1.0847 

1 . 4753 

.73522 

.40824 

.03530 

. 1 6888 

. 86642 

0.95 

2.5857 

.38674 

1.0995 

1 . 4862 

.73978 

.41258 

.04119 

.17208 

.86910 

0.96 

2.6117 

.38289 

1.1144 

1.4973 

.74428 

.41692 

.04704 

.17531 

.87173 

0.97 

2.6379 

.37908 

1.1294 

1.5085 

.74870 

.42127 

.05286 

.17855 

.87431 

0.98 

2.6645 

.37531 

1.1446 

1.5199 

.75307 

.42561 

.05864 

.18181 

. 87683 

0.99 

2.6912 

.37158 

1.1598 

1.5314 

. 75736 

.42995 

1 .06439 

. 1 8509 

. 87930 

1.00 

8.7183 

.36788 

1.1758 

1.6431 

.76169 

0.43489 

0.07011 

0.18839 

£.88172 

1.01 

2.7456 

.36422 

1.1907 

1 . 5549 

.76576 

.43864 

.07580 

.19171 

. 88409 

1.02 

2.7732 

.36059 

1 . 2063 

1 . 5669 

. 76987 

.44298 

.08146 

.19504 

.88642 

1.03 

2.8011 

.35701 

1.2220 

1.5790 

.77391 

.44732 

. 08708 

. 1 9839 

. 88869 

1.04 

2.8292 

.35345 

1.2379 

1.5913 

.77789 

.45167 

.09268 

.20176 

. 89092 

1.05 

2.8577 

. 34994 

1.2539 

1 . 6038 

.78181 

.45601 

.09825 

.20515 

.89310 

1.06 

2.8864 

.34646 

1 . 2700 

1.6164 

.78566 

.46035 

.10379 

.20855 

.89524 

1.07 

2.9154 

.34301 

1 . 2862 

1.6292 

.78946 

.46470 

.10930 

.21197 

. 89733 

1.08 

2.9447 

. 33960 

1.3025 

1.6421 

. 79320 

. 46904 

.11479 

.21541 

.89938 

1.09 

2.9743 

,33622 

1.3190 

1.6552 

.79688 

.47338 

.12025 

.21886 

.90139 

1.10 

3.0048 

.33887 

1.3356 

1.6685 

.80000 

0.47778 

0.12069 

0.22233 

£.90886 

1.11 

3,0344 

.32956 

1.3524 

1.6820 

.80406 

.48207 

.13111 

.22582 

.90529 

1.12 

3.0649 

. 32628 

1.3693 

1 . 6956 

. 80757 

.48641 

. 13649 

.22931 

.90718 

1.13 

3.0957 

. 32303 

1.3863 

1 . 7093 

.81102 

.49075 

.14186 

.23283 

. 90903 

1.14 

3.1268 

.31982 

1.4035 

1.7233 

.81441 

.49510 

.14720 

.23636 

.91085 

1.15 

3. 1582 

.31664 

1.4208 

1.7374 

.81775 

.49944 

.15253 

. 23990 

.91262 

1.16 

3. 1899 

.31349 

1.4382 

1.7517 

.82104 

.50378 

.15783 

.24346 

.91436 

1.17 

3.2220 

.31037 

1.4558 

1.7662 

. 82427 

.50812 

.16311 

.24703 

.91607 

1.18 

3.2544 

.30728 

1.4735 

1 . 7808 

.82745 

.51247 

. 16836 

. 25062 

.91774 

1.19 

3.2871 

.30422 

1.4914 

1.7957 

.83058 

.51681 

.17360 

.25422 

.91938 

1.90 

3.3801 

.80119 

1.6096 

1.8107 

.83360 

0.08110 

0.17882 

0.26784 

£.92099 
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Natural Values 

Common Logarithms 

X 

«* 

C“* 

Sinh X 

Cosh X 

Tanh x 

e* 

Sinh X 

Cosh X 

Tanhx 

l.SO 

8.8801 

.80119 

1.6096 

1.8107 

.83866 

0.68116 

0.17888 

0.80784 

1.99099 

1.21 

1.22 

1.23 

3.3535 

3.3872 

3.4212 

.29820 

.29523 

.29229 

1.5276 

1.5460 

1.5645 

1.8258 

1.8412 

1.8568 

.83668 

.83965 

.84258 

.52550 

.52984 

.53418 

.18402 

.18920 

.19437 

.26146 

.26510 

.26876 

.92256 

.92410 

.92561 

1.24 

1.25 

1.26 

3.4556 

3.4903 

3.5254 

.28938 

.28650 

.28365 

1.5831 

1.6019 

1.6209 

1.8725 

1.8884 

1.9045 

.84546 

.84828 

.85106 

.53853 
. 54287 
.54721 

.19951 

.20464 

.20975 

.27242 

.27610 

.27979 

.92709 

.92854 

.92996 

1.27 

1.28 
1.29 

3.5609 

3.5966 

3.6328 

.28083 

.27804 

.27527 

1.6400 

1.6593 

1.6788 

1.9208 

1.9373 

1.9540 

.85380 

.85648 

.85913 

.55155 
.55590 
. 56024 

.21485 

.21993 

.22499 

.28349 

.28721 

.29093 

.93135 

.93272 

.93406 

1.80 

8.6698 

.87868 

1.6984 

1.9709 

.86172 

0.66468 

0.88004 

0.89467 

i .98687 

1.31 

1.32 

1.33 

3.7062 

3.7434 

3.7810 

.26982 

.26714 

.26448 

1.7182 

1.7381 

1.7583 

1.9880 

2.0053 

2.0228 

.86428 

.86678 

.86925 

. 56893 
.57327 
.57761 

.23507 

.24009 

.24509 

.29842 

.30217 

.30594 

.93665 

.93791 

.93914 

1.34 

1.35 

1.36 

3.8190 

3.8574 

3.8962 

.26185 

.25924 

.25666 

1.7786 

1.7991 

1.8198 

2.0404 

2.0583 

2.0764 

.87167 

.87405 

.87639 

.58195 
. 58630 
.59064 

.25008 

.25505 

.26002 

.30972 

.31352 

.31732 

.94035 

.94154 

.94270 

1.37 

1.38 

1.39 

3.9354 

3.9749 

4.0149 

.25411 

.25158 

.24908 

1 . 8406 
1.8617 
1.8829 

2.0947 

2.1132 

2.1320 

.87869 

.88095 

.88317 

.59498 
. 59933 
.60367 

.26496 
. 26990 
.27482 

.32113 

.32495 

.32878 

.94384 

.94495 

.94604 

1.40 

4.0662 

.84660 

1.9048 

8.1609 

.88636 

0.60801 

0.87974 

0.88868 

i .94718 

1.41 

1.42 

1.43 

4.0960 

4.1371 

4.1787 

.24414 

.24171 

.23931 

1.9259 

1.9477 

1.9697 

2.1700 
2.1894 
2. 2090 

.88749 

.88960 

.89167 

.61236 

.61670 

.62104 

.28464 
. 28952 
.29440 

.33647 

.34033 

.34420 

.94817 

.94919 

.95020 

1.44 

1.45 

1.46 

4.2207 

4.2631 

4.3060 


1.9919 

2.0143 

2.0369 

2.2288 

2.2488 

2.2691 

.89370 

.89569 

.89765 

.62538 
.62973 
. 63407 

. 29926 
.30412 
.30896 

.34807 

.35196 

.35585 

.95119 

.95216 

.95311 

1.47 

1.48 

1.49 

4.3492 

4.3929 

4.4371 

.22993 
. 22764 
.22537 

2.0597 

2.0827 

2.1059 

2. 2896 
2.3103 
2.3312 

.89958 

.90147 

.90332 

.63841 
. 64276 
.64710 

.31379 

.31862 

.32343 

.35976 

.36367 

.36759 

.95404 

.95495 

.95584 

1.00 

4.4817 

.82818 

8.1293 

8.8024 

.90016 

0.66144 

0.88888 

0.87161 

1.06678 

1.51 

1.52 

1.53 

4.5267 

4.5722 

4.6182 

.22091 

.21871 

.21654 

2.1529 

2.1768 

2.2008 

2.3738 
2.3955 
2.4174 1 

.90694 

.90870 

.91042 

.65578 

.66013 

.66447 

.33303 

.33781 

.34258 

.37545 

.37939 

.38334 

.95758 

.95842 

.95924 

1.54 

1.55 

1.56 

4.6646 

4.7115 

4.7588 

.21438 

.21225 

.21014 

2.2251 

2. 2496 
2.2743 

2.4395 

2,4619 

2.4845 

.91212 

.91379 

.91542 

.66881 

.67316 

.67750 

.34735 

.35211 

.35686 

.38730 

.39126 

.39524 

.96005 

.96084 

.96162 

1.57 

1.58 

1.59 


.20805 
. 20598 
. 20393 

2.2993 

2.3245 

2.3499 

2. 5073 
2.5305 
2.5538 

.91703 

.91860 

.92015 

.68184 
.68619 
. 69053 

.36160 

.36633 

.37105 

.39921 

.40320 

.40719 

.96238 

.96313 

.96386 

1.60 

4.9680 

.80190 

8.3766 

8.6776 

.92167 

0.69487 

0.87577 

0.41119 

1.96407 

1.61 

1.62 

1.63 


.19989 

.19790 

.19593 

2.4015 

2.4276 

2.4540 

2.6013 

2.6255 

2.6499 

.92316 

.92462 

.92606 

.69921 

.70356 

.70790 

.38048 

.38518 

.38987 

.41520 

.41921 

.42323 

.96528 

.96597 

.96664 

1.64 

1.65 

1.66 

5.1552 

5.2070 

5.2593 

.19398 

.19205 

.19014 

2.4806 

2.5075 

2.5346 

2.6746 

2.6995 

2.7247 

.92747 

.92886 

.93022 

.71224 

.71659 

.72093 

.39456 

.39923 

.40391 

.42725 

.43129 

.43532 

.96730 

.96795 

.96858 

1.67 

1.68 
1.69 

5.3122 

5.3656 

5.4195 

. 1 8825 
. 1 8637 
.18452 

2. 5620 
2.5896 
2.6175 

2.7502 

2. 7760 
2.8020 

.93155 

.93286 

.93415 

.72527 

.72961 

.73396 

.40857 

.41323 

.41788 

.43937 

.44341 

.44747 

.96921 

.96982 

.97042 

1.70 

' 6.4789 

.18268 

8.6466 

8.8288 

.98641 

0.78880 

0.48868 

0.40108 

1.97100 

1.71 

1.72 

1.73 

5.5290 

5.5845 

5.6407 

.18087 

.17907 

.17728 

2.6740 

2.7027 

2.7317 

2.8549 

2.8818 

2.9090 

.93665 

.93786 

.93906 

.74264 
. 74699 
.75133 

.42717 

.43180 

.43643 

.45559 

.45966 

.46374 

.97158 

.97214 

.97269 

1.74 

1.75 

1.76 

5.6973 

5,7546 

5.8124 

.17552 

.17377 

.17204 

2. 7609 

2. 7904 
2.8202 

2.9364 

2.9642 

2.9922 

.94023 

.94138 

.94250 

.75567 

.76002 

.76436 

.44105 

.44567 

.45028 

.46782 

.47191 

.47600 

.97323 

.97376 

.97428 

1.77 

1.78 

1.79 

5.8709 

5.9299 

5. 9895 

.17033 

.16864 

.16696 

2.8503 

2.8806 

2.9112 

3.0206 

3.0492 

3.0782 

.94361 

.94470 

.94576 

.76870 

.77304 

.77739 

.45488 

.45948 

.46408 

.48009 

.48419 

.48830 

.97479 

.97529 

.97578 

i.ao 

6.0496 

.16680 

8.9488 

8.1070 

.94681 

0.78178 

0.46867 

0.49841 

1.97680 
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Natural Values 

Common Logarithms 

X 



Sinh X 

Cosh X 

Tanhx 


Sinh X 

Cosh X 

Tanh x 

1.80 

6.0496 

.16630 

8.9488 

8.1076 

.94681 

0.78173 

k 0.46867 

0.49241 

i . 97626 

1.81 

1.82 

1.83 

6.1104 

6.1719 

6.2339 

.16365 

.16203 

.16041 

2.9734 

3.0049 

3.0367 

3.1371 

3.1669 

3.1972 

.94783 

.94884 

.94983 

.78607 

.79042 

.79476 

.47325 

.47763 

.48241 

.49652 

.50064 

.50476 

.97673 

.97719 

.97764 

1.84 

1.85 

1.86 

6.2965 

6.3598 

6.4237 

.15882 

.15724 

.15567 

3.0689 

3.1013 

3.1340 

3.2277 

3.2585 

3.2897 

.95080 

.95175 

.95268 

.79910 

.80344 

.80779 

.48698 

.49154 

.49610 

.50889 

.51302 

.51716 

.97809 

.97852 

.97895 

1.87 

1.88 
1.89 

6.4883 

6.5535 

6.6194 

.15412 

.15259 

.15107 

3.1671 

3.2005 

3.2341 

3.3212 

3.3530 

3.3852 

.95359 

.95449 

.95537 

.81213 
.81647 
. 82082 

. 50066 
.50521 
.50976 

.52130 

.52544 

.52959 

.97936 

.97977 

.98017 

1.90 

6.6869 

.14967 

8.2682 

8.4177 

.96624 

0.82616 

0.61480 

0.63374 

i . 98067 

1.91 

1.92 

1.93 

6.7531 

6.8210 

6.8895 

.14808 

.14661 

.14515 

3.3025 

3.3372 

3.3722 

3.4506 

3.4838 

3.5173 

.95709 

.95792 

.95873 

.82950 

.83385 

.83819 

.51884 

.52338 

.52791 

.53789 

.54205 

.54621 

.98095 

.98133 

.98170 

1.94 

1.95 

1.96 

6.9588 

7.0287 

7.0993 

.14370 

.14227 

.14086 

3.4075 

3.4432 

3.4792 

3.5512 

3.5855 

3.6201 

.95953 

.96032 

.96109 

. 84253 
. 84687 
.85122 

.53244 
. 53696 
.54148 

.55038 

.55455 

.55872 

.98206 

.98242 

.98272 

1.97 

1.98 

1.99 

7.1707 

7.2427 

7.3155 

.13946 

.13807 

.13670 

3.5156 

3.5523 

3.5894 

3.6551 

3.6904 

3.7261 

.96185 

.96259 

.96331 

.85556 
. 85990 
.86425 

.54600 

.55051 

.55502 

. 56290 
.56707 
.57126 

.98311 
.98344 
. 98377 

8.00 

7.8891 

.13684 

8.6269 

8.7622 

.96408 

0.86869 

0.66963 

0.57644 

i . 98409 

2.01 

2.02 

2.03 

7.4633 

7.5383 

7.6141 

.13399 

.13266 

.13134 

3.6647 

3.7028 

3.7414 

3.7987 

3.8355 

3.8727 

.96473 

.96541 

.96609 

.87293 

.87727 

.88162 

.56403 
. 56853 
.57303 

.57963 
. 58382 
.58802 

.98440 

.98471 

.98502 

2.04 

2.05 

2.06 

7.6906 

7.7679 

7.8460 

.13003 

.12873 

.12745 

! 3.7803 
3.8196 
3.8593 

3.9103 

3.9483 

3.9867 

.96675 

.96740 

.96803 

.88596 
.89030 
. 89465 

.57753 
. 58202 
. 58650 

.59221 

.59641 

.60061 

.98531 

.98560 

.98589 

2.07 

2.08 
2.09 

7.9248 

8.0045 

8.0849 

.12619 

.12493 

.12369 

3.8993 

3.9398 

3.9806 

4.0255 

4.0647 

4.1043 

.96865 

.96926 

.96986 

.89899 

.90333 

.90768 

.59099 

.59547 

.59995 

.60482 

.60903 

.61324 

.98617 

.98644 

.98671 

8.10 

8.1663 

.12246 

4.0219 

4.1443 

.97046 

0.91202 

0.60448 

0.61746 

1.98697 

2. 11 

2.12 
2.13 

8.2482 

8.3311 

8.4149 

.12124 

.12003 

.11884 

4.0635 

4.1056 

4.1480 

4.1847 

4.2256 

4.2669 

.97103 

.97159 

.97215 

.91636 

.92070 

.92505 

1 .60890 

.61337 
.61784 

.62167 

.62589 

.63011 

.98723 

.98748 

.98773 

2.14 1 

2.15 1 

2.16 

8.4994 

5.5849 

8.6711 

.11765 

.11648 

.11533 

4.1909 

4.2342 

4.2779 

4.3085 

4.3507 

4.3932 

.97269 

.97323 

.97375 

.92939 

.93373 

.93808 

.62231 

.62677 

.63123 

.63433 

.63856 

.64278 

.98798 

.98821 

.98845 

2.17 

2.18 
2. 19 

8.7583 

8.8463 

8.9352 

.11418 

.11304 

.11192 

4.3221 

4.3666 

4.4116 

4.4362 

4.4797 

4.5236 

.97426 

.97477 

,97526 

.94242 

.94676 

.95110 

.63569 

.64015 

.64460 

.64701 

.65125 

.65548 

.98868 

.98890 

.98912 

8.80 

9.0360 

.11080 

4.4671 

4.6679 

.97674 

0.96646 

0.64906 

0.66972 

1.98984 

2.21 

2.22 

2.23 

9. 1157 
9.2073 
9.2999 

.10970 
.10861 
. 10753 

4.5030 

4.5494 

4.5962 

4.6127 

4.6580 

4.7037 

,97622 

,97668 

.97714 

.95979 

.96413 

.96848 

.65350 

.65795 

.66240 

.66396 

.66820 

.67244 

.98955 

.98975 

.98996 

2.24 

2.25 

2.26 

9.3933 

9.4877 

9.5831 

.10646 

.10540 

.10435 

4.6434 

4.6912 

4.7394 

4.7499 

4.7966 

4.8437 

.97759 

.97803 

.97846 

.97282 

.97716 

.98151 

.66684 

.67128 

.67572 

.67668 

.68093 

.68518 

.99016 

.99035 

.99054 

2.27 

2.28 
2.29 

9.6794 

9.7767 

9.8749 

.10331 

.10228 

.10127 

4.7880 

4.8372 

4.8868 

4,8914 

4.9395 

4.9881 

.97888 

.97929 

.97970 

.98585 

.99019 

.99453 

.68016 

.68459 

.68903 

. 68943 
.69368 
.69794 

.99073 

.99091 

.99109 

8.30 

9.9748 

.10026 

4.9870 

6.0372 

.98010 

0.99888 

0.69346 

0.70219 

i . 99127 

2.31 

2.32 

2.33 

10.074 
10. 176 
10.278 

.09926 

.09827 

.09730 

4.9876 

5.0387 

5.0903 

5.0868 

5.1370 

5.1876 

.98049 

.98087 

.98124 

1.00322 

.00756 

.01191 

.69789 

.70232 

.70675 

. 70645 
.71071 
.71497 

.99144 

.99161 

.99178 

2.34 

2.35 

2.36 

10.381 

10.486 

10.591 

.09633 

.09537 

.09442 

5. 1425 
5.1951 
5.2483 

5.2388 

5.2905 

5.3427 

.98161 

.98197 

.98233 

.01625 

.02059 

.02493 

.71117 

.71559 

.72002 

.71923 
. 72349 
.72776 

.99194 

.99210 

.99226 

2.37 

2.38 

2.39 

10.697 

10.805 

10.913 

. 09348 
.09255 
.09163 

5.3020 

5.3562 

5.4109 

5.3954 

5.4487 

5.5026 

. 98267 
.98301 
.98335 

.02928 

.03362 

.03796 

.72444 

.72885 

.73327 

.73203 
.73630 
. 74056 

.99241 

.99256 

.99271 

8.40 

11.083 

.09078 

6.4668 

6.6669 

,98867 

1.04231 

0.78769 

0.74484 

i . C < 286 



EXPONENTIAL AND HYPERBOLIC FUNCTIONS 



Natural Values | 

Common Logarithms 

X 



Sinh X 

Cosh X 

Tanh x 


Sinh X 

Cosh X 

Tanh » 

a . 40 

11.088 

.09078 

6.4668 

5.6069 

.98367 

1.04831 

0.73769 

0.74484 

1.99888 

2.41 

2.42 

2.43 

11.134 

11.246 

11.359 

.08982 

.08892 

.08804 

5.5221 

5.5785 

5.6354 

5.6119 

5.6674 

5.7235 

.98400 

.98431 

.98462 

. 04665 
.05099 
.05534 

.74210 

.74652 

.75093 

.74911 

.75338 

J5766 

. 99299 
.99313 
.99327 

2.44 

2.45 

2.46 

11.473 

11.588 

11.705 

.08716 

.08629 

.08543 

5.6929 

5.7510 

5.8097 

5.7801 

5.8373 

5.8951 

.98492 

.98522 

.98551 

.05968 

.06402 

.06836 

.75534 

.75975 

.76415 

.76194 

.76621 

J7049 

.99340 

.99353 

.99366 

2.47 

2.48 

2.49 

11.822 

11.941 

12.061 

.08458 
. 08374 
.08291 

5.8689 

5.9288 

5.9892 

5.9535 

6.0125 

6.0721 

.98579 

.98607 

.96635 

.07271 

.07705 

.08139 

.76856 

.77296 

Jim 

.77477 

.77906 

.78334 

.99379 

.99391 

.99403 

8.50 

12.188 

.08808 

6.0508 

6.1883 

.98661 

1.08574 

0.78177 

0.78768 

r . 99410 

2.51 

2.52 

2.53 

12.305 

12.429 

12.554 

.08127 
. 08046 
.07966 

6.1118 
6. 1741 

6. 2369 

6.1931 
6. 2545 
6.3166 

.98688 

,98714 

.98739 

.09008 

.09442 

.09877 

.78617 

.79057 

.79497 

.79191 

.79619 

.80048 

.99426 

.99438 

.99449 

2.54 

2.55 

2.56 

12.680 

12.807 

12.936 

.07887 

.07808 

.07730 

6. 3004 
6.3645 
6. 4293 

6.3793 
6.4426 
6. 5066 

.98764 

.98788 

.98812 

.10311 

.10745 

.11179 

JWl 
. 80377 
.80816 

.80477 

.80906 

.81335 

.99460 

.99470 

.99481 

2.57 

2.58 

2.59 

13.066 

13.197 

13.330 

.07654 

.07577 

.07502 

6. 4946 
6.5607 
6. 6274 

6.5712 
6. 6365 
6. 7024 

.98835 

.98858 

.98881 

.11614 

.12048 

.12482 

.81256 

.81695 

.82134 

.81764 

.82194 

.82623 

.99491 

.99501 

.99511 

8.60 

13.464 

.07427 

6.6947 

6.7690 

.98903 

1.18917 

0.88078 

0.83008 

1.99081 

2.61 

2.62 

2.63 

13.599 

13.736 

13.874 

.07353 

.07280 

.07208 

6.7628 

6.8315 

6.9008 

6. 8363 
6.9043 
6.9729 

.98924 

.98946 

.98966 

.13351 

.13785 

.14219 

.83012 
.83451 
. 83890 

.83482 

.83912 

.84341 

.99530 

.99540 

.99549 

2.64 

2.65 

2.66 

14.013 
14. 154 
14.296 

.07136 

.07065 

.06995 

6.9709 

7.0417 

7.1132 

7.0423 

7.1123 

7.1831 

.98987 

,99007 

.99026 

.14654 

.15088 

.15522 

. 84329 
. 84768 
.85206 

.84771 

.85201 

.85631 

.99558 

.99566 

.99575 

2.67 

2.68 
2.69 

14.440 

14.585 

14.732 

.06925 

.06856 

.06788 

7.1854 

7.2583 

7.3319 

7.2546 

7.3268 

7.3998 

.99045 

.99064 

.99083 

.15957 

.16391 

.16825 

.85645 
. 86083 
.86522 

.86061 

.86492 

.86922 

.99583 

.99592 

.99600 

8.70 

14.880 

.06721 

7.4063 

7.4736 

.99101 

1.17860 

0.86960 

0.87358 

1.99608 

2.71 

2.72 

2.73 

15.029 

15.180 

15.333 

.06654 

.06587 

.06522 

7.4814 

7.5572 

7.6338 

7.5479 

7.6231 

7.6991 

.99118 

.99136 

.99153 

.17694 

.18128 

.18562 

.87398 

.87836 

.88274 

.87783 

.88213 

.88644 

.99615 

.99623 

.99631 

2.74 

2.75 

2.76 

15.487 

15.643 

15.800 

.06457 

,06393 

.06329 

7.7112 

7.7894 

7.8683 

7.7758 

7.8533 

7.9316 

.99170 

.99186 

.99202 

.18997 

.19431 

.19865 

.88712 

.89150 

.89588 

.89074 

.89505 

.89936 

.99638 

.99645 

.99652 

2.77 

2.78 

2.79 

15.959 

16.119 

16.281 

.06266 

.06204 

.06142 

7,9480 
8.0285 
8. 1098 

8.0106 
8.0905 
8. 1712 

.99218 

.99233 

.99248 

.20300 

.20734 

.21168 

.90026 

.90463 

.90901 

.90367 

.90798 

.91229 

.99659 

.99666 

.99672 

8.80 

16 . 445 ^ 

.06081 

8.1919 

8.8627 

.99863 

1.81608 

0.91339 

0.91660 

1.99679 

2.81 

2.82 

2.83 

16.610 

16.777 

16.945 

.06020 

.05961 

.05901 

8. 2749 
8. 3586 
8.4432 

8.3351 
8.4182 
8. 5022 

.99278 

.99292 

.99306 

.22037 

.22471 

.22905 

.91776 

.92213 

.92651 

.92091 

.92522 

.92953 

.99685 

.99691 

.99698 

2.84 

2.85 

2.86 

17.116 

17.288 

17.462 

.05843 

.05784 

.05727 

8. 5287 
8.6150 
8.7021 

8.5871 
8.6728 
8. 7594 

.99320 

.99333 

.99346 

.23340 

.23774 

.24208 

.93088 

.93525 

.93963 

.93385 

.93816 

.94247 

.99704 

.99709 

.99715 

2.87 

2.88 
2.89 

17.637 

17.814 

17.993 

.05670 
.05613 
.05558 ' 

8.7902 

8.8791 

8.9689 

8. 8469 
8.9352 
9.0244 

.99359 

.99372 

.99384 

.24643 

.25077 

.25511 

.94400 

.94837 

.95274 

.94679 

.95110 

.95542 

.99721 

.99726 

.99732 

8.90 

18.174 

.06008 

9.0696 

9.1146 

.99396 

1.86940 

0.90711 

0.90974 

r . 99737 

2.91 

2.92 

2.93 

18.357 

18.541 

18.728 

.05448 

.05393 

.05340 

9.1512 

9.2437 

9.3371 

9.2056 

9.2976 

9.3905 

.99408 

.99420 

.99431 

.26380 
.26814 
.27248 . 

.96148 

.96584 

.97021 

.96405 

.96837 

.97269 

.99742 

.99747 

.99752 

2.94 

2.95 

2.96 

18.916 

19.106 

19.298 

.05287 

.05234 

.05182 

9.4315 

9.5268 

9.6231 

9. 4844 
9.5791 
9.6749 

.99443 

.99454 

.99464 

.27683 
.28117 1 
.28551 

.97458 

.97895 

.98331 

.97701 i 
,98133 ! 
.98565 I 

.99757 

.99762 

.99767 

2.97 

2.98 

2.99 

19.492 

19.688 

19.886 

.05130 

.05079 

.05029 

9.7203 

9.8185 

9.9177 

9.7716 

9.8693 

9.9680 

.99475 

.99485 

.99496 

. 28985 
. 29420 
. 29854 

.98768 

.99205 

.99641 

.98997 

.99429 

.99861 

.99771 

.99776 

.99780 

8 .' 

80.086 

.04979 

10.018 

10.068 

.99608 

1.30888 

1.00078 

1.00893 

f . 99780 
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MATHEMATICAL AND PHYSICAL TABLES 



Natural Values 

Common Logarithms 

z 



Sinh X 

Cosh X 

Tanh x 


Sinh X 

Cosh X 

Tanh x 

8.00 

80.086 

.04979 

10.018 

10.068 

.99605 

1.80288 

8.00078 

1.00898 

1.99788 

3.01 

3.02 

3.03 

20.287 

20.491 

20.697 

.04929 

.04880 

.04832 

10.119 

10.221 

10.325 

10.168 

10.270 

10.373 

.99515 

.99525 

.99534 

.30723 

.31157 

.31591 

.00514 

.00950 

.01387 

.00725 

.01157 

.01589 

.99789 

.99793 

.99797 

3.04 

3.05 

3.06 

20.905 
21. 115 
21.328 

1 .04783 
.04736 
.04689 

10.429 

10.534 

10.640 

10.477 

10.581 

10.687 

.99543 

.99552 

.99561 

. 32026 
.32460 
.32894 

.01823 
.02259 
.02696 J 

.02022 
.02454 
.02886 1 

.99801 

.99805 

.99809 

3.07 

3.08 

3.09 

21.542 

21.758 

21.977 

.04642 

.04596 

.04550 

10.748 

10.856 

10.966 

10.794 

10.902 

11.011 

.99570 

.99578 

.99587 

.33328 

.33763 

.34197 

.03132 
.03568 
.04004 j 

.03319 

.03751 

.04184 

.99813 

.99817 

.99820 

8.10 

88.198 


11.077 

11.122 

.99696 

1.84631 

1.04440 

1.04616 

1.99884 

3.11 

3.12 

3.13 

22.421 

22.646 

22.874 

.04460 

.04416 

.04372 

11.188 

11.301 

11.415 

11.233 

11.345 

11.459 

.99603 

.99611 

.99618 

.35066 
.35500 
.35934 j 

.04876 

.05312 

.05748 

.05049 

.05481 

.05914 

.99827 

.99831 

.99834 

3.14 

3.15 

3.16 

23.104 

23.336 

23.571 

.04328 

.04285 

.04243 

11.530 

11.647 

11.764 

11.574 

11.689 

11.807 

.99626 

.99633 

.99641 

.36568 
.36803 
.37237 i 

Mi 

.06347 

.06779 

.07212 

.99837 

.99841 

.99844 

3.17 

3.18 

3.19 

23.807 

24.047 

24.288 

.04200 

.04159 

.04117 

11.883 

12.003 

12.124 

11.925 

12.044 

12.165 

.99648 

.99655 

.99662 

.37671 : 

.38106 

.38540 

.07492 

.07927 

.08363 

B 

.99847 

.99850 

.99853 

8.80 

84.088 

.04076 

12.246 

12.287 

.99668 

1.88974 

1.08799 

1.08948 

1.99866 

3.21 

3.22 

3.23 

24.779 

25.028 

25.280 

.04036 

.03996 

.03956 

12.369 

12.494 

12.620 

12.410 

12.534 

12.660 

.99675 

.99681 

.99688 

.39409 

.39843 

.40277 

.09235 

.09670 

.10106 

■11 

.99859 

.99861 

.99864 

3.24 

3.25 

3.26 

25.534 

25.790 

26.050 

.03916 

.03877 

.03839 

12.747 

12.876 

13.006 

12.786 

12.915 

13.044 

.99694 

.99700 

.99706 

.40711 

.41146 

.41580 

.10542 
. 10977 
.11413 

.10675 

.11108 

.11541 

.99867 

.99869 

.99872 

3.27 

3.28 

3.29 

26.311 

26.576 

26.843 

.03801 

.03763 

.03725 

13.137 

13.269 

13.403 

13.175 

13.307 

13.440 

.99712 

.99717 

.99723 

.42014 

.42449 

.42883 

.11849 
. 12284 
.12720 

.11974 
. 1 2407 
.12840 

.99875 

.99877 

.99879 

8.80 

87.113 

.08688 

18.088 

18.076 

.99728 

1.48817 

1.13166 

1.18278 

1.99888 

3.31 

3.32 

3.33 

27.385 

27.660 

27.938 

.03652 

.03615 

.03579 

13.674 

13.812 

13.951 

13.711 

13.848 

13.987 

.99734 

.99739 

.99744 

43751 

.44186 

.44620 

.13591 

.14026 

.14461 

.13706 

.14139 

.14573 

.99884 

.99886 

.99889 

3.34 

3.35 

3.36 

28.219 

28.503 

28.789 

mm 


14.127 
14,269 
14.412 1 

.99749 

.99754 

.99759 

. 45054 
.45489 
.45923 

.14897 
. 15332 
.15768 

. 1 5006 
.15439 
.15872 

.99891 

.99893 

.99895 

3.37 

3.38 

3.39 

29.079 

29.371 

29.666 


14.522 

14.668 

14.816 

14.556 

14.702 

14.850 

.99764 

.99768 

.99773 

.46357 

.46792 

.47226 

IB 

.16306 

.16739 

.17172 

.99897 

.99899 

.99901 

8.40 

89.964 

.08837 


14.999 

.99777 

1.47660 

1.17609 


1.99908 

3.41 

3.42 

3.43 

30.265 

30.569 

30.877 

ini 

15.116 

15.268 

15.422 

15.149 

15.301 

15.455 

.99782 

.99786 

.99790 

.48094 

.48529 

.48963 

.17944 
.18379 
. 18814 

.18039 
. 1 8472 
.18906 

.99905 

.99907 

.99909 

3.44 

3.45 

3.46 

31.187 

31.500 

31.817 

ij 

15.577 

15,734 

15.893 

15.610 

15.766 

15.924 

.99795 

.99799 

.99803 

.49397 

.49832 

.50266 

.19250 
. 19685 
.20120 

.19339 
.19772 
. 20206 

.99911 

.99912 

.99914 

3.47 

3.48 

3.49 

32.137 

32.460 

32.786 

J 

16.053 

16.215 

16.378 

16.084 

16.245 

16.408 

.99807 

.99810 

.99814 

. 50700 
.51134 
.51569 

.20555 

.20990 

.21425 

. 20639 
.21073 
.21506 

.99916 

.99918 

.99919 

8.80 

88.116 


16.643 

16.078 

.99818 

1.62008 

1.81860 

1.81940 

1.99981 

3.51 1 

3.52 

3.53 

33.448 

33.784 

34.124 

4 

16.709 

16.877 

17.047 

16.739 

16.907 

17.077 

.99821 

.99825 

.99828 

.52437 

.52872 

.53306 

.22296 

.22731 

.23166 

.22373 

.22807 

.23240 

.99922 
. 99924 
.99925 

3.54 

3.55 

3.56 

34.467 

34.813 

35.163 

iJ; 

17.219 

17.392 

17.567 

17.248 

17.421 

17.596 

. 99832 
.99835 
. 99838 

.53740 
.54175 
. 54609 

.23601 
. 24036 
.24471 

.23674 

.24107 

.24541 

.99927 

.99928 

,99930 

3.57 

3.58 

3.59 

35.517 

35.874 

36.234 

.02816 ] 

.02788 

.02760 

17.744 
17.923 
: 18.103 

17.772 
17.951 
18. 131 

.99842 

.99845 

.99848 

.55043 

.55477 

.55912 

.24906 

.25341 

.25776 

.24975 

.25408 

.25842 

.99931 

.99933 

.99934 

8.00 

86.698 

.08788 

18.886 

18.818 

.99861 

1.66846 

1.86811 

1.86876 

1.99988 
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1 Natural Values 

Common Logarithms 

X 

c* 

g-X 

Sinh X 

Goeh X 

Tanh x 

e» 

Sinh X 

Cosh X 

Tanh x 
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MATHRMATIOAL AND PHYSICAL TABLES 




Natural Values 


Common Logarithms 

X 



Sinh X 

Coah X 

Tanh x 


Sinh X 

Coah X 1 

Tanh x 

4. so 

66.686 

.01800 

88.886 

88.861 

.99966 

1.88404 

1.68891 

1.08310 

i. 99980 

4.21 

4.22 

4.23 

67.357 

68.033 

68.717 

.01485 

.01470 

.01455 

33.671 

34.009 

34.351 

33.686 

34.024 

34.366 

. 99956 
.99957 
.99958 

.82838 
.83272 
. 83707 

.52725 
.531 0 
.53594 

.52745 

.53179 

.53613 

.99981 

.99981 

.99982 

4.24 

4.25 

4.26 

69.408 

70.105 

70.810 

.01441 

.01426 

.01412 

34.697 

35.046 

35.398 

34.711 

35.060 

35.412 

. 99958 
.99959 
.99960 

.84141 

.84575 

.85009 

. 54029 
. 54463 
.54898 

.54047 

.54481 

.54915 

.99982 
. 99982 
. 99983 

4.27 

4.28 

4.29 

71.522 

72.240 

72.966 

.01398 

.01384 

.01370 

35.754 

36.113 

36.476 

35.768 

36.127 

36.490 

.99961 
. 99962 
. 99962 

. 85444 
. 85878 
.86312 

.55332 

.55767 

.56201 

. 55349 
.55783 
.56217 

.99983 

.99983 

.99984 

4.30 

78.700 

.01807 

86.843 

86.867 

.09968 

1.86747 

1.66686 

1.06608 

1.99984 

4.31 

4.32 

4.33 

74.440 

75.189 

75.944 

.01343 

.01330 

.01317 

37.214 

37.588 

37.966 

37.227 

37.601 

37.979 

. 99964 
.99965 
.99965 

.87181 
.87615 
. 88050 

.57070 

.57505 

.57939 

.57086 

.57520 

.57954 

.99984 
. 99985 
. 99985 

4.34 

4.35 

4.36 

76.708 

77.478 

78.257 

.01304 

.01291 

.01278 

38.347 

38.733 

39.122 

38.360 

38.746 

39.135 

.99966 

.99967 

.99967 

.88484 
.88918 
. 89352 

.58373 

.58808 

.59242 

. 58388 
. 58822 
.59256 

.99985 
. 99986 
. 99986 

4.37 

4.38 

4.39 

79.044 

79.838 

80.640 

.01265 

.01253 

.01240 

39.515 

39.913 

40.314 

39.528 

39.925 

40.326 

.99968 

.99969 

.99969 

. 89787 
.90221 ! 
.90655 1 

.59677 

.60111 

.60546 

.59691 
.60125 
. 60559 

.99986 
.99986 
. 99987 

4.40 

81.401 

.01888 

40.719 

40.788 

.99970 

1.91090 

1.60980 

1.60998 

1.99987 

4.41 

4.42 

4.43 

82.269 i 

83.096 

83.931 

.01216 

.01203 

.01191 

41.129 

41.542 

41.960 

41.141 

41.554 

41.972 

.99970 

.99971 

.99972 

.91524 

.91958 

.92392 

.61414 

.61849 

.62283 

.61427 
.61861 
. 62296 

.99987 

.99987 

.99988 

4.44 

4.45 

4.46 

84.775 

85.627 

86.488 

.01180 

.01168 

.01156 

42.382 

42.808 

43.238 

42.393 

42.819 

43.250 

.99972 
. 99973 
.99973 

.92827 

.93261 

.93695 

.62718 
.63152 
. 63587 

.62730 

.63164 

.63598 

. 99988 
.99988 
. 99988 

4.47 i 

4.48 

4.49 

87.357 

88.235 

89.121 

.01145 

.01133 

.01122 

43.673 

44.112 

44.555 

43.684 

44.123 

44.566 

. 99974 
.99974 
.99975 

.94130 

.94564 

.94998 

.64021 
. 64455 
. 64890 

.64032 
. 64467 
.64901 

.99989 
. 99989 
.99989 

4.00 

90.017 

.01111 

46.008 

46.014 

.99976 

1.96488 

1.66884 

1.60880 

1.99989 

4.51 

4.52 

4.53 

90.922 

91.836 

92.759 

.01100 

.01089 

.01078 

45.455 

45.912 

46.374 

45.466 

45.923 

46.385 

.99976 
.99976 
. 99977 

.95867 
.96301 
. 96735 

.65759 
.66193 
. 66627 

.65769 
. 66203 
. 66637 

. 99989 
.99990 
.99990 

4.54 

4.55 

4.56 

93.691 

94.632 

95.583 

.01067 

.01057 

.01046 

46. 840 
47.311 
47.787 

46.851 

47.321 

47.797 

. 99977 
.99978 
. 99978 

.97170 
. 97604 
.98038 

67062 
. 67496 
.67931 

.67072 
.67506 
. 67940 

. 99990 
. 99990 
.99990 

4.57 

4.58 

4.59 

96. 544 
97.514 
98.494 

.01036 

.01025 

.01015 

48. 267 
48.752 
49.242 

48 277 
48.762 
49.252 

.99979 

.99979 

.99979 

. 98473 
. 98907 
.99341 

. 68365 
. 68799 
.69234 

.68374 
. 68808 
. 69243 

.99991 

.99991 

.99991 

4.60 

99.484 

.01008 

49.737 

49.747 

.99980 

1.99776 

1.69668 

1.69677 

1.99991 

4.61 

4.62 

4.63 

100.48 

101.49 
102.51 

.00995 
. 00985 
.00975 

50.237 

50.742 

51.252 

50.247 

50.752 

51.262 

. 99980 
.99981 
.99981 

2.00210 
. 00644 
.01078 

.70102 

.70537 

.70971 

.70111 

.70545 

.70979 

.99991 

.99992 

.99992 

4.64 

4.65 

4.66 

103.54 

104.58 

105.64 

.00966 
. 00956 
.00947 

51.767 

52.288 

52.813 

51.777 
52. 297 
52.823 

.99981 
. 99982 
.99982 

.01513 

.01947 

.02381 

.71406 

.71840 

.72274 

.71414 

.71848 

.72282 

.99992 

.99992 

.99992 

4.67 

4.68 

4.69 

106.70 

107.77 

108.85 

.00937 

.00928 

.00919 

53.344 

53.880 

54.422 

53.354 

53.890 

54.431 

. 99982 
. 99983 
. 99983 

.02816 
.03250 
. 03684 

.72709 

.73143 

.73577 

.72716 

.73151 

.73585 

.99992 
.99993 
. 99993 

4.70 

109.98 

.00910 

64.969 

64.978 

.99983 

8.04118 

1.74018 

1.74019 

1.90998 

4.71 

4.72 

4.73 

111.05 
112. 17 
113.30 

.00900 

.00892 

.00883 

55.522 
56.080 
56. 643 

55.531 
56.089 
56. 652 

.99984 
. 99984 
.99984 

.04553 
. 04987 
.05421 

.74446 

.74881 

.75315 

.74453 
. 74887 
.75322 

.99993 

.99993 

.99993 

4.74 

4.75 

4.76 

114.43 

115.58 

116.75 

.00874 

.00865 

.00857 

57.213 

57.788 

58.369 

57.222 

57.796 

58.377 

.99985 

.99985 

.99985 

.05856 
. 06290 
.06724 

.75749 

.76184 

.76618 

.75756 
.76190 
. 76624 

.99993 

.99993 

.99994 

4.77 

4.78 

4.79 

117.92 

119.10 

120.30 

.00848 

.00840 

.00831 

1 58.955 

1 59.548 
60.147 

58. 964 
59.556 
60.155 

.99986 

.99986 

.99986 

.07158 

.07593 

.08027 

.77052 

.77487 

.77921 

.77059 

.77493 

.77927 

.99994 

.99994 

.99994 

4.80 

1S1.81 

.00888 

60.761 

60.769 

.99986 

8.08461 

1.78886 

1.78861 

1.99994 
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Natural V<ilue8 

Common Logarithma 

X 

6* 


Sinh X 

Cosh X 

Tanh x 

e* 

Sinh X 

Cosh X 

Tanh x 


181.01 

.00888 

60.701 

60.780 

.99986 

2.08461 

1.78366 

1.78061 

1.999H 

i 

122.73 

123.97 

125.21 

.00815 

.00807 

.00799 

61.362 

61.979 

62.601 

61.370 

61.987 

62.609 

.99987 
.99987 
. 99987 

.08896 

.09330 

.09764 

.78790 

.79224 

.79658 

.78796 
.79230 
. 79664 

.99994 

.99994 

.99994 

■ 

126.47 

127.74 

129.02 

.00791 

.00783 

.00775 

63.231 

63.866 

64.508 

63.239 

63.874 

64.516 

.99987 

.99988 

.99988 

.10199 

.10633 

.11067 

. 80093 
.80527 
. 80962 

.80098 

.80532 

.80967 

.99991 

.99995 

.99995 

4.87 

4.88 

4.89 

130.32 

131.63 

132.95 

.00767 

.00760 

.00752 

65.157 

65.812 

66.473 

65.164 

65,819 

66.481 

.99988 

.99988 

.99989 

.11501 

.11936 

.12370 

.81396 

.81830 

.82265 

.81401 

.81835 

.82269 

.99995 

.99995 

.99995 

4.90 

184.89 

.00746 

67.141 

67.149 

.99989 

2.12804 

1.82699 

1.82704 

i. 99990 

4.91 

4.92 

4.93 

135.64 

137.00 

138.38 

.00737 

.00730 

.00723 

67.816 

68.498 

69.186 

67.823 

68.505 

69.193 

.99989 

.99989 

.99990 

.13239 

.13673 

.14107 

.83133 

.83568 

.84002 

.83138 
.83572 
. 84006 

,99995 

.99995 

.99995 

4.94 

4.95 

4.96 

139.77 

141.17 

142.59 

.00715 

.00708 

.00701 

69.8B2 

70.584 

71.293 

69.889 

70.591 

71.300 

.99990 

.99990 

.99990 

.14541 

.14976 

.15410 

.84436 

.84871 

.85305 

.84441 
. 84875 
.85309 

.99996 

.99996 

.99996 

4.97 

4.98 

4.99 

144.03 

145.47 

146.94 

.00694 

.00687 

.00681 

72.010 

72.734 

73.465 

72.017 

72.741 

73.472 

.99990 

.99991 

.99991 

. 1 5844 
. 1 6279 
.16713 

.85739 

.86174 

.86608 

.85743 

.86178 

.86612 

.99996 

.99996 

.99996 

5.00 

148.41 

.00674 

74.808 

74.210 

.99991 

2.17147 

1.87042 

1.87046 

i. 99098 

5.01 

5.02 

5.03 

149.90 

151.41 

152.93 

.00667 

.00660 

.00654 

74.949 

75.702 

76.463 

74.956 

75.710 

76.470 

.99991 

.99991 

.99991 

.17582 

.18016 

.18450 

.87477 

.87911 

.88345 

.87480 

.87915 

.88349 

.99996 

.99996 

.99996 

5.04 

5.05 

5.06 

154.47 

156.02 

157.59 

.00647 

.00641 

.00635 

77.232 
78.008 
78. 792 

77.238 

78.014 

78.798 

.99992 

.99992 

.99992 

. 1 8884 
.19319 
.19753 

.88780 

.89214 

.89648 

.88783 

.89217 

.89652 

.99996 

.99996 

.99997 

5.07 

5.08 

5.09 

159.17 

160.77 

162.39 

.00628 

.00622 

.00616 

79.584 

80.384 

81.192 

79.590 

80.390 

81.198 

.99992 

.99992 

.99992 

.20187 
. 20622 
.21056 

.90083 

.90517 

.90951 

.90086 

.90520 

.90955 

.99997 

.99997 

.99997 

0.10 

164.08 

.00610 

88.008 

88.014 

.99998 

2.21490 

1.91886 

1.91389 

1.99097 

5.11 

5.12 

5.13 

165.67 

167.34 

169.02 

.00604 

.00598 

.00592 

82.832 

83.665 

84.506 

82.838 

83.671 

1 84.512 

.99993 

.99993 

1 .99993 

.21924 
.22359 
. 22793 

.91820 

.92254 

.92689 

.91823 

.92257 

.92692 

.99997 

.99997 

.99997 

5.14 

5.15 

5.16 

170.72 

172.43 

174.16 

.00586 

.00580 

.00574 

85.355 

86.213 

87.079 

85.361 

86.219 

87.085 

.99993 

.99993 

.99993 

. 23227 
. 23662 
.24096 

.93123 

.93557 

.93992 

.93126 
. 93560 
.93994 

.99997 

.99997 

.99997 

5.17 

5.18 

5.19 

175.91 

177.68 

179.47 

.00568 

.00563 

.00557 

87.955 

88.839 

89.732 

' 87.960 
88.844 
89.737 

.99994 

.99994 

.99994 

.24530 
.24965 
. 25399 

.94426 

.94860 

.95294 

.94429 
. 94863 
.95297 

.99997 

.99997 

.99997 

0.20 

181.87 

.00668 

90.688 

90.639 

.99994 

2.20833 

1.90729 

1.96781 

1.99997 

5.21 

5.22 

5.23 

183.09 

184.93 

186.79 

.00546 

.00541 

.00535 

91.544 

92.464 

93.394 

91.550 

92.470 

93.399 

.99994 

.99994 

.99994 

.26267 

.26702 

.27136 

.96163 

.96597 

.97032 

.96166 
. 96600 
.97034 

.99997 

.99997 

.99998 

5.24 

5.25 

5.26 

188.67 

190.57 

192.48 

.00530 

.00525 

.00520 

94.332 

95.281 

96.238 

94.338 

95.286 

96.243 

.99994 

.99994 

.99995 

.27570 

.28005 

.28439 

.97466 

.97900 

.98335 

.97469 

.97903 

.98337 

.99998 

.99998 

.99998 

5.27 

5.28 

5.29 

194.42 
196.37 1 
198.34 

.00514 

.00509 

.00504 

97.205 
98.182 
99.169 1 

97.211 

98.188 

99.174 

.99995 

.99995 

.99995 

.28873 

.29307 

.29742 

.98769 

.99203 

.99638 

.98771 

.99206 

.99640 

.99998 

.99998 

.99998 

6.80 

800.84 

.00499 

100.17 

100.17 

.99906 

2.80176 

2.00072 

2.00074 

1.99998 

5.31 

5.32 

5.33 

202.35 

204.38 

206.44 

.00494 

.00489 

.00484 

101.17 

102.19 

103.22 

101.18 

102.19 

103.22 

.99995 

.99995 

.99995 

.30610 

.31045 

.31479 

.00506 

.00941 

.01375 

.00508 

.00943 

.01377 

.99998 

.99998 

.99998 

5.34 

5.35 

5.36 

208.51 

210.61 

212.72 

.00480 

.00475 

.00470 

104.25 

105.30 

106.36 

104.26 

105.31 

106.36 

.99995 

.99995 

.99996 

.31913 
.32348 
. 32782 

.01809 

.02244 

.02678 

.01811 

.02246 

.02680 

.99998 

.99998 

.99998 

5.37 

5.38 

5.39 

214.86 

217.02 

219.20 

.00465 

.00461 

.00456 

107.43 

108.51 

109.60 

107.43 

108.51 

109.60 

.99996 

.99996 

.99996 

.33216 

.33650 

.34085 

.03112 

.03547 

.03981 

.03114 

.03548 

.03983 

.99998 

.99998 

.99998 

0.40 

881.41 

.00408 

110.70 

110.71 

.99996 

2.84619 

2.04410 

2.04417 

1.99908 
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Natural Values 

Common Logarithms 

X 



Sinh X 

Cosh X 

Tanh x 


Sinh X 

Cosh X 

Tank x 

5.40 

aai.4i 

.00468 

110.70 

110.71 

.99996 

8.34619^ 

8.04416 

8.04417 

i. 99998 

5.41 

5.42 

5.43 

223.63 

225.88 

228.15 

.00447 

.00443 

.00438 

111.81 

112.94 

114.07 

111.82 

112.94 

114.08 

.99996 

.99996 

.99996 

.34953 

.35388 

.35822 

.04849 

.05284 

.05718 

.04851 

.05285 

.05720 

.99998 

.99998 

.99998 

5.44 

5.45 

5.46 

230.44 

232.76 

235.10 

.00434 

.00430 

.00425 

115.22 

116.38 

117.55 

115.22 

116.38 

117.55 

.99996 
.99996 
. 99996 

.36256 

.36690 

.37125 

.06152 

.06587 

.07021 

.06154 

.06588 

.07023 

.99998 

.99998 

.99998 

5.47 

5.48 

5.49 

237.46 

239.85 

242.26 

.00421 

.00417 

.00413 

118.73 

119.92 

121.13 

118.73 

119.93 

121.13 

.99996 

.99997 

.99997 

.37559 

.37993 

.38428 

.07455 

.07890 

.08324 

.07457 

.07891 

.08325 

.99998 

.99998 

.99999 

6.60 

a44.69 

.00409 

188.34 

188.86 

.99997 

8.38868 

8.08768 

8.08760 

1.99999 

5.51 

5.52 

5.53 

247.15 

249.64 

252.14 

.00405 

.00401 

.00397 

123.57 

124.82 

126.07 

123.58 

124.82 

126.07 

.99997 

.99997 

.99997 

. 39296 
.39731 
.40165 

.09193 

.09627 

.10061 

.09194 
.09628 
. 10063 

.99999 

.99999 

.99999 

5.54 

5.55 

5.56 

254.68 

257.24 

259.82 

.00393 

.00389 

.00385 

127.34 

128.62 

129.91 

127.34 

128.62 

129.91 

.99997 

.99997 

.99997 

.49599 

.41033 

.41468 

. 10495 
.10930 
.11364 

.10497 

.10931 

.11365 

.99999 

.99999 

.99999 

5.57 

5.58 

5.59 

262.43 

265.07 

267.74 

.00381 

.00377 

.00374 

131.22 

132.53 

133.87 

131.22 

132.54 

133.87 

.99997 
. 99997 
.99997 

.41902 

.42336 

.42771 

.11798 

.12233 

.12667 

.11800 

.12234 

.12668 

.99999 

.99999 

.99999 

6.60 

a70.4S 

.00370 

136.81 

136.88 

.99997 

8.43806 

8.13101 

8.13108 

1.99999 

5.61 

5.62 

5.63 

273.14 

275.89 

278.66 

.00366 

.00362 

.00359 

136.57 

137.94 

139.33 

136.57 

137.95 

139.33 

.99997 

.99997 

.99997 

.43639 

.44074 

.44508 

.13536 
. 13970 
.14404 

.13537 

.13971 

.14405 

.99999 

.99999 

.99999 

5.64 

5.65 

5.66 

281.46 

284.29 

287.15 

.00355 

.00352 

.00348 

140.73 

142.14 

143.57 

140.73 

142.15 

143.58 

.99997 

.99998 

.99998 

.44942 

.45376 

.45811 

.14839 

.15273 

.15707 

.14840 
. 15274 
.15708 

.99999 

.99999 

.99999 

5.67 

5.68 

5.69 

290.03 

292.95 

295.89 

.00345 

.00341 

.00338 

145.02 

146.47 

147.95 

145.02 

146.48 

147.95 

.99998 
. 99998 
.99998 

.46245 

.46679 

.47114 

.16141 

.16576 

.17010 

.16142 

.16577 

.17011 

.99999 

.99999 

.99999 

6.70 

ass. 87 

.00336 

149.43 

! 149.44 

.99998 

8.47648 

8.17444 

8.17446 

1.99999 

5.71 

5.72 

5.73 

301.87 

304.90 

307.97 

.00331 

.00328 

.00325 

150.93 

152.45 

153.98 

150.94 

152.45 

153.99 

.99998 

.99998 

.99998 

. 47982 
.48416 
.48851 

.17879 

.18313 

.18747 

.17880 

.18314 

.18748 

.99999 

.99999 

.99999 

5.74 

5.75 

5.76 

311.06 

314.19 

317.35 

.00321 

.00318 

.00315 

155.53 

157.09 

158.67 

155.53 

157.10 

158.68 

.99998 
.99998 
j .99998 

.49285 

.49719 

.50154 

.19182 
.19616 
. 20050 

.19182 
. 19617 
.20051 

.99999 

.99999 

.99999 

5.77 

5.78 

5.79 

320.54 

323.76 

327.01 

.00312 

.00309 

.00306 

160.27 

161.88 

163.51 

160.27 

161.88 

163.51 

.99998 

.99998 

.99998 

.50588 

.51022 

.51457 

. 20484 
.20919 
.21353 

. 20485 
. 20920 
.21354 

.99999 

.99999 

.99999 

6.80 

830.30 

.00803 

166.16 

166.16 

.99998 

8.61891 

8.81787 

8.81788 

1.99999 

5.81 

5.82 

5.83 

333.62 

336.97 

340.36 

.00300 
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* Reprinted with permission from Reference Data for Radio Engineers^ published by the Federal Telephone and Radio Corporation, 
New York, 1943. 
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Note: . 0*7186 = .007186 . 0*807 



INDEX 


Addition of vectors, 52 
Air dielectric, 15 
in rectangular wave guides, 212 
Aircraft blind landing systems, use of 
antenna arrays, 169 

Amplitude constant, for transmission 
line, 21 

for wave guide, 221 

Angle of propagation for a TEq\ wave in 
a rectangular wave guide, 237 
Antenna, 94, 118; see also Radiation 
pattern 

confined radiation within a wave guide, 
257 

current distribution in a symmetrical 
center-driven, 143 
dipole, 143 
efficiency of, 209 

as a part of an oscillating circuit, 156 
receiving, 164 

situated close to another, 139 
^ ^ a transmission line terminating 
load, 159 

as a two terminal impedance, 156 
used to couple into a wave guide, 254 
in the vicinity of the ground plane, 183 
Antenna array, antennas placed close to- 
gether in, 170 
composition, 167 
above ground plane, 185 
purpose, 167 
receiving, 204 

using antenna arrays as elements in 
an, 193 

Antenna current, affected by other an- 
tennas, 172 

distribution, see Current distribution 
Antenna impedance measurements, 159 
Antenna length in wavelengths, 149 
Array factor, 177, 189 
Attenuation, in conducting media, 116 
for low loss transmission lines, 47 
lowest in rectangular wave guide, 254 
in wave guides, 222, 253 


Attenuation constant for transmission 
lines, 10 
plane wave, 99 
spherical polarized wave, 128 
in wave guides, 253 
Attenuator using a wave guide, 253 

Balanced loop, 277 
Balanced transmission line, 1 
circuit, 18 

equilibrium conditions, 272 
for impedance measurements, 35 
Barrow, W. L., 254 
Bends in wave guides, 262 
Bessel function, 241 
roots of, 243, 248 
table, 309 

Binomial array, 190, 193 
Binomial expansion, 194 
Boundary conditions, for dissipationless 
line, 18 

for electromagnetic problems, 88 
for electromagnetic wave, 128 
for rectangular wave guide, 210, 216, 
217 

for transmission line, 8 
Branch feeding, 192 

Break in the shield, of a balanced line, 
275 

of a coaxial line, 276 
Broadcast frequency antenna, 185 
Broadcast transmission, 168 
Broadside array, 187 

Capacitance, of a dissipationless line, 15 
of an open-circuited line, 26 
Cardioid pattern, 260 
Carrier velocity, 233 
Cartesian coordinates relationship to 
cylindrical coordinates, 238 
Cavity resonator, 210 
Cavity shapes, 265 
Center of radiation, 178 
for parabolic feed antennas, 203 
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Characteristic impedance, coaxial line, 
16 

dissipationless line, 13 
effect of supporting members, 17 
four-wire transmission line, 17 
parallel two-wire line enclosed in a 
shield, 17 

parallel two-wire transmission line, 
16-17 

termination for a fishbone antenna, 
197 

for transmission lines, 8 
table, 287 

for a wave guide, 260 
Charge concentration in a rectangular 
wave guide, 212 

Charge density, in free space, 96 
in a homogeneous medium, 120 
Choke flange junction, 262 
Chu, L. J., 254 
Circle diagram calculator, 44 
Circuit orientation, 119 
Circuit theory, 2 
Coaxial transmission line, 1 
acting as a wave guide, 263 
compared to wave guides, 263 
effect in balanced lines, 273 
equilibrium conditions, 272 
for impedance measurements, 35 
used to feed wave guide, 255 
Colinear array, 189 
Commutative law of addition, 53 
Complex transmission line network anal- 
ysis, 271-286 
theorems, 274 

Components, of electric intensity, 122 
for spherical coordinates, 131 
of a vector, 53 

Condenser charging current, 80 
Conductance, 114 
Conducting medium, 116 
Conducting surface, 209 
reflection from, 183 
Conduction current, 106 
Constant of integration, 122 
Continuity of currents, 274 
Conversion transformer, 279 
for use With rotating joint, 284 
wide band, 282 
Cosine table, 293 


Coupling, adjustment in wave guides, 
257 

by break in a balanced shield, 276 
by break in a coaiial shield, 276 
to wave guides, 254 

Critical case in wave guide propagation, 
223 

Critical frequency, for a cylindrical wave 
guide TE wave, 249 
for a cylindrical wave guide TEq\ 
wave, 251 

for a cylindrical wave guide TM wave, 
245 ^ 

for a cylindrical wave guide TAf oi 
wave, 245 

lowest for a cylindrical wave guide, 
252 

for a rectangular wave guide 
wave, 224 

for a rectangular wave guide TE\i 
wave, 226 

for a rectangular wave guide TMn 
wave, 230 
Cross product, 54 

Crystal detector, used with horn, 268 
used in wave guide impedance meas- 
urements, 257 
Curl, 65 

of E, 79, 89, 108 
equations, 88 
of H, 78, 89, 107 
using determinant, 79 
in a vector field, 80 
Current continuity, 274 
Current density, 106, 108 
in free space, 96 
in a homogeneous medium, 120 
Current distribution, in antenna wires, 
142 

in an array to reduce side lobes, 190 
on a balanced line, 30, 273 
in doublet antenna, 145 
in loop antenna, 178 
in loop antenna at ultrahigh frequen- 
cies, 182 

in monopole antenna, 186 
in monopole antenna with top loading, 
186 

in multi turn loop antenna, 181 
in rhombic antenna, 197 
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Current distribution, in terminated wire 
in free space, 153-154 
along transmission line, 30 
Current flowing, in a balanced line, 273 
in a coaxial line, 272 
in a parasitic antenna, 200 
Current theorem, for a balanced line, 273 
for a coaxial line, 272 
Cut-off frequency in wave guides, 223 
Cylindrical coordinates, 238 
Cylindrical parabola, 203 
Cylindrical wave guides, 237-253 

Decibel, 253 

Degrees to radians, table, 291 
Del, 73 

Density of electric charge, 70 
Depth of penetration, 117 
Derivative, of a-c vector, 84 
of Bessel function, 242 -243 
of exponential function, 134 
of power, 108 

of the product of two functions, 126 
of a vector product, 56 
Dielectric, effect on transmission line, 14 
used in wave guide, 261 
Dielectric breakdown, 264 
Dielectric constant, 15, 69, 92, 103, 1 14 
effect on velocity of propagation, 232 
relative, 15, 69, 120 
Differentiation, of vector function, 61 
of vectors, 59 
Dipole antenna, 143 
magnetic, 181 

above a perfectly conducting surface, 
183 

reflector and director, 201 
used jn broadside array, 188 
used in horizontal end fire array, 196 
used in rectangular array, 190 
very short, 151 
Direction cosine, 110 
of a ray, 113 
Directional coupler, 258 
Directive arrays, 209 
Directive pattern of an antenna, 142 
Directivity, of an antenna system, 169 
effect of size of a parabola, 203-204 
maximum obtainable without minor 
lobes, 198 


Directivity, of a parabolic reflector, 202 
of a rhombic antenna, 199 
Director parasitic antenna, 201 
Discontinuity of a medium, 92, 120 
Discrimination of pickup by shielded 
loop, 278 

Dispersion in a parabolic reflector system, 
202 

Displacement current, 80, 93 
for a 7’J^oi wave in a rectangular wave 
guide, 225 

Dissipation in transmission lines, 46 
Dissipationless transmission line, 13 
Distance to electrical degrees, 172 
Distributed constants for transmission 
lines, 1 

Divergence, 65, 70, 92, 109 
of B, 74 

of a charged sphere, 65 
of D, 73 
equations, 88 
of I, 75 

Division of power, 43 
Dominant mode, 264 
Dot product, 57 

Double stub matching, on transmission 
lines, 42 

on wave guides, 261 
Doublet, 136, 144 
as a spherical field generator, 133 
radiation pattern for, 141 

E wave in wave guide, 212, 228, 247; see 
also Transverse magnetic wave 
Effective height, of a dipole antenna, 
164 

of a receiving antenna, 164 
Efficiency of an antenna, 160 
Electric charges, 88 
Electric field, 69, 93, 106 
changing, 89 
intensity, 68, 111, 114 
intensity of a spherical field, 124, 133 
intensity on a surface, 112 
radiated by a doublet, 149 
radiated by an N turn loop, 183 
radiated by a very short dipole, 152 
reflection from a ground plane, 185 
reflection from a perfectly conducting 
ground plane, 183 
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Electric field, spherical components, 132 
termination, 88 
Electric flux, 70 
Electric induction, 69, 71, 108 
Electric vector in free space, 94 
Electrical length, 21 
Electromagnetic energy, 110 
Electromagnetic field, 88, 128 
close to generator, 134 
radiated by a current element, 140 
Electromagnetic wave, 118 
Electromagnetic plane wave, 93 
Electrostatic potential, 134 
Electrostatics, 138 
End fire array, 195 
used in directional coupler, 258 
Energy, kinetic, 93 
potential, 93 
radiated, 119, 139 

Equilibrium conditions, for balanced 
line, 272 

for coaxial line, 272 

for use instead of grounds, 271 

for wide band conversion transformer, 

283 

Equiphase plane, 95 
Equiphase surface, 94 
of a spherical wave, 125 
Equiphase wave front, 110 
Equivalent circuit, for balanced shielded 
loop, 279 

for a break in a balanced line shield, 
276 

for a break in a coaxial line shield, 276 
of a single frequency conversion trans- 
former, 281 

of a wide band conversion transformer, 

284 

Equivalent generator for a receiving 
antenna, 164 
Ether, 101 

Exponential attenuator, 253 
Exponential function, 128 
real part, 9 

as a solution of differential equation, 
215 

Exponentials, table, 299 

Far zone, 139 
Faraday's law, 79 


Feeding antennas, 156 
for a parabolic reflector, 203 
Feeding a broadside or rectangular array, 
190-192 

Feeding wave guides, 254 
Feldman, C. B., 143 
Field, as a function of time, 59 
scalar, 58 
vector, 58 

Field patterns for wave guide propaga- 
tion, sec Transverse electric wave 
and transverse magnetic wave 
Field vectors within a rectangular wave 
guide, 210 

Plshbone antenna array, 196 
Mare angle of horns, 266, 269 
Focal point of parabolic reflector, 202 
Frequency-modulation antenna array, 
189 

Fresnel's equations, 115 
Function of position, scalar, 58 
vector, 58 

Graphical integration, 163 
Ground plane, 183 
Grounds at ultrahigh frequency, 271 
Group velocity, 232, 237 
equation, 234, 245 
Gauss's law, 70 

H wave, see also transverse electric wave 
in cylindrical wave guide, 251 
in rectangular wave guide, 212 
Half-wave dipole, 150, 169 
Half-wavelength line, 24, 159 
Hallen, E., 143 
Harrison, C. W., 143 
Hertz, H., 119 
Hertzian doublet, 172 
High pass filter, rectangular wave guide 
as, 223 

Horns, 210, 266, 267 
Hyperbolic, table, 299 

Images in reflection, 184 
Impedance, of a parasitic director, 202 
of a parasitic reflector, 201 
in wave guides, 257 

Impedance concept, in transmission line 
circuits, 274 
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Impedance concept, in wave guides, 261 
Impedance measurements, by standing 
waves, 33, 35, 45 
on transmission lines, 37 
on wave guides, 257 

Impedance variation in conversion trans- 
former, 285 

Imperfect conductor, 117 
Incident wave, measured by directional 
coupler, 260 
Index of refraction, 114 
Induced fields, 93 
Inductance, coaxial line, 1 5 
of short-circuited line, 30 
per unit length of transmission line, 14 
Induction field, 138 

Input impedance, half-wave dissipation- 
less line, 24 

in multiple antenna arrays, 171 
of quarter-wave dissipationless line, 23 
of a receiving antenna, 164, 205 
of a rhombic antenna, 199 
of a transmission line with dissipation, 
47 

of transmission lines, 22 
of wave guides, 257 
Input resistance, of an antenna, 160 
of a lialf-wave dipole, 162 
of an N turn loop, 182 
used to determine directivity, 170 
Insulators, losses in, 264 
Integration constant, vector, 63 
Integration of vectors, 62 
Interference, in point-to-point communi- 
cation, 168 

in taking radiation patterns, 207 
Intermediate zone, 139 
effect on radiation, 206 
Internal impedance, of a receiving 
antenna, 205 
Intrinsic impedance, 102 
in conducting media, 116 
of free space, 140, 161 
Ionized medium, effect on reciprocity, 
205 

Ionosphere, 168 

use of the rhombic antenna to receive 
reflections from, 200 

Joints in wave guides, 262 


King, A. P., 267 
King, R., 143 

Laplacian, 123 
of P, 127, 134 
Leakage conductance, 214 
Line constants for the dissipationless 
line, 15 

Line integral, 63. 88, 90 
Line segments as reactive elements, 25 
Load impedance, calculated from 
standing wave, 34 
defined for a wave guide, 257 
made independent of load, 191 
Loop antenna, 178 
multiturn, 181 
shapes of, 180 
stacked, 189 

at ultrahigh frequencies, 182 
used in directional coupler, 260 
Loss resistance of an antenna, 160, 170 
Losses introduced by disturbances in 
wave guides, 253 

in the side walls of wave guides, 253 
Lossy transmission line, 47 
Lossy wave guide, 222 

Macroscopic matter, 88 
Magnetic charges, 88 
Magnetic dipole, 181 
Magnetic field intensity, 69, 93, 108, 
114 

in near zone, 138 
spherical components, 132 
in a spherical wave, 124, 132 
Magnetic induction, 69 
Magnetic lines of flux, 70, 79, 88 
Magnetic vector in free space, 94 
Magnetomotive force, 75 
Magnetostatics, 138 
Matching, of antennas, 158 
effect on reciprocity, 205 
by resonant lengths of transmission 
lines, 159 

of transmission lines, 32, 38, 44 
Matching stub procedure, 42 
Maxwell, J. C., 68, 80 
MaxwelPs equations, 68, 92, 95, 119 
in alternating-current form, 84, 211 
application, 68 
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Maxwell’s equations, boundary condi- 
tions for the polarized spherical 
wave, 121 

in a crystalline or anisotropic medium, 
84 

in cylindrical coordinates, 238-239 
in dijflerential form, 82, 120 
discussion, 87 
in incomplete form, 80 
without induction variables, 84 
used in rectangular waVe guides, 210 
Measurements, slotted line procedure, 
45 

using circle diagram, 45 
using wave guides, 257 
Measuring devices, transmission lines 
used as, 34 
in wave guides, 258 
Meter-kilogram-second system, 68 
Minor lobes, 193 
Mirror image of an antenna, 184 
Mode, 223 

Modulation, velocity of propagation, 233 
Monopole antenna, 185 
vertical, 185 
Mouth of parabola, 204 
Multiple-unit horns, 270 
Multiturn shielded loop, 278 
Mutual coupling, between antennas, 119, 
190 

used to excite parasitic antennas, 200 
Mutual impedance, between antennas, 
170 

at receiving parasitic antenna, 204 

Nabla, 73 
squared, 122 

Narrow propagated beam using parab- 
ola, 202 

Natural logarithm, 6 
Navigational use of antenna arrays, 168 
Near zone, 138, 142 
effect on radiation pattern, 206 
Normal component, of B, 91 
of D, 91 

Open-circuited line, distribution of cur- 
rent and voltage, 28 
input impedance, 24 
phasor diagrams, 27 


Open-circuited stub matching, 40 
Operator, nabla, 73 
nabla squared, 122 
Order of Bessel furifetion, 241 

Parabolic reflector, 202 
Parasitic antenna, 200 
in receiving array, 204 
used to cut down side radiation, 202 
Partial second derivatives of F, 126 
Perfect conductor, side of cylindrical 
wave guide, 240 

side of rectangular wave guide, 218, 
229 

Perfect dielectric, 1 14 
Perfectly conducting plane, 114 
Permeability constant, 15, 69, 92, 103, 
114 

effect on velocity of propagation, 232 
relative, 15, 69, 120 
Phase constant, 103 
for plane wave, 99 
for spherically polarized wave, 128 
transmission line, 10 
Phase factor, dissipationless line, 13 
in radiation, 146 
in rectangular wave guide, 221 
Phase velocity, 128, 232 
dissipationless line, 13 
equation for, 234 

of TE waves in cylindrical wave 
guides, 249 

of 7'Eo\ waves in cylindrical wave 
guides, 251 

of TE 01 waves in rectangular wave 
guides, 234 

of TM waves in cylindrical wave 
guides, 245 

of 7’Moi waves in cylindrical wave 
guides, 245 
Phasor, 27, 51 
diagram, 27 

diagram for end fire array, 195 
exponential function of, 128 
Piston used in wave guide, 268 
Plane electromagnetic wave, 107 
in free space, 95 
ke and km not equal to one, 103 
in a rectangular wave guide, 235 
traveling wave solution for, 100 
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Point-to-point communication radiation 
patterns, 167 

Point-to-point reception, 209 
Polar patterns, 142 

Polarization, effect on radiation patterns, 
205 

Portable receiver for taking radiation 
patterns, 206 
Power, 106 

effect on size of coaxial line, 263 
in an electromagnetic field, 110 
in a static field, 109 
Power loss, in conductors, 264 
upon transmission of more than one 
mode, 264 

Poynting, J. H., 109 
Pojmting^s radiation vector, 105, 109, 
160 

Probe, coaxial, 36 
dual, 36 

transmission line, 34 
used in wave guide measurements, 257 
Propagation, 93 
in rectangular wave guide, 223 
Propagation constant, condition to be 
imaginary in wave guide, 222 
condition to be real in wave guide, 
222 

in conducting media, 114 
in free space, 99 
in imperfect conductor, 117 
plane wave, 99 

of TE waves in cylindrical wave 
guides, 248 

of TEqi wave in cylindrical wave 
guide, 249 

of TE wave in rectangular wave 
guides, 221 

of TM wave in cylindrical wave 
guides, 244 

of TM waves in rectangular wave 
guides, 229 

for transmission line, 6, 10 
Propagation factor in rectangular wave 
guides, 211 

Proximity effect of currents, 171 

0 of a resonant cavity, 266 
Quarter-wavelength lines for feeding an- 
tennas, 159, 191 


Radar antennas, 168 
Radians, 100 
to degrees, table, 291 
Radiated energy, 118 
Radiated power, 160 
expressed in terms of field intensity 
only, 161 

Radiating wire, 137 
Radiation, 118-166 
from transmission line, 143 
Radiation field, 139 
Radiation pattern, 141 
of binomial array, 194-195 
broadside array equation, 188 
calculations for antenna arrays, 172 
desire for a specific vertical, 168 
of dipole antenna, 144 
with director, 201 
effect of ground plane, 183, 185 
effect of reflecting objects, 206 
of an end fire array, 196-197 
fine spatial pencil beam, 190 
of a full wave dipole, 151 
of a half-w’ave dipole, 150 
for a Hertzian doublet, 141 
for a horizontal dipole above ground, 
187 

of horns, 268-269 
of a loop antenna, 180-181 
for a parabolic reflector, 202 
for parasitic antennas, 201 
procedure for taking, 205 
of a receiving antenna, 205 
of a rectangular array, 190 
for a reflector, 201 

for a rhombic antenna (equation), 198 
of a terminated wire in free space, 157 
of two similar antennas fed with equal 
in-phasc currents, 176 
of two similar antennas fed with equal 
180° out-of-phase currents, 179 
use of the reciprocity theorem in, 205 
for a vertical broadside array, 193 
of a vertical dipole, 173 
of a vertical monopole above ground, 
186 

of a very short dipole, 151 
Radiation resistance, 160 
of antenna used to couple to wave 
guide, 255 
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Radiation resistance, of a half-wave di- 
pole, 102 

of a monopole antenna, 186 
Ray, 94, 100 
reflected, 114 
refracted, 114 

Rayleigh-Carson reciprocity theorem, 205 
Receiver coupling to wave guide, 163, 
257 

Receiving antenna, 110 
equivalent circuit, 164 
located in far zone, 170 
Receiving antenna array, 204 
Reciprocity theorem, 205 
used with horns, 267 
Rectangular array, 187, 189 
Reflected wave, 129 
measured with directional coupler, 260 
in rectangular wave guide, 222 
in transmission lines, 20 
Reflecting object, effect on radiation 
pattern, 206 
Reflection, 110, 114 
in cavity resonators, 265 
of an electromagnetic wave from a 
perfectly conducting surface, 183 
from spacers in a coaxial line, 264 
Reflection factor, magnitude and phase, 
31 

open-circuited line, 25 
with a pure resistance load, 33 
transmission line, 20 
transmission line with dissipation, 47 
for a wave guide, 260 
Reflectometer, 258 
Reflector, parabolic, 202 
parasitic, 201 
used behind array, 190 
used to remove rear radiation, 193 
Refraction, 114 

Resistance, of low loss transmission line^, 
47-48 

Resonance on transmission lines, 13 
Resonant circuit, cavity resonator, 265 
Rhombic antenna, 153, 197 
Roots, of Bessel functions, 241, 243 
of derivatives of Bessel functions, 243 
Rotating joint, 265 

Rotating table used in taking radiation 
patterns, 206 


Scalar, 51 

operating on a vector, 52 
Scalar product, 57 
Schelkunoff, S. A., i43 
Separation of variables, 214, 240 
Series impedance for transmission line, 5 
Shield, on balanced line, 272 
continuity of, 271 
perfect, 272 
on transmission lines, 1 
Shielded loop, analysis, 277 
Shielding, 118 

Ship guidance, use of antenna arrays, 168 
Short, adjustable, used in wave guide 
coupling, 255 

Short-circuited line, distribution of cur- 
rent and voltage, 30 
input impedance, of 28 
reflection factor, 28 
Shorted stub matching, 40 
Shunt admittance for transmission line, 5 
Similar antennas, fed 180° out of phase 
with equal currents, 177 
fed in phase with equal currents, 172 
Sines, table, 293 

Single-frequency conversion transformer, 
280 

Single-stub matching, 38 
used on wave guides, 261 
Sinusoidal distribution of current, 143 
Skin effect, 1 

Sleeve for feeding vertical dipole, 159 
Slits in wave guide partitions, 261 
Source voltage effect on wave amplitude, 
221 

South worth, G. C., 267 
Spacers, losses in, 264 
Speaking tube, 209 
Specific wave impedance, 260 
for an air dielectric wave guide, 260 
Spherical coordinates, 140 
Spherical electromagnetic field equations, 
133, 137 
polarized, 119 

similarity to plane wave, 140 
Stacked antenna array, 189 
Standard antenna for directivity, 169 
Standing wave detector, 34 
for wave guides, 258 
Standing wave measurements, 36, 257 
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Standing wave ratio, with pure resistance 
load, 33 

on transmission lines, 31 
in wave guides, 257 
Static potential, 1,34 
Stub, 38 

matching, used in wave guide cou- 
plings, 255 

used to create standing waves, 44 
used on wave guides, 261 
Subtraction of vectors, 52 
Surface of discontinuity of media, 91 
Surface integral, 64 

Tangential components, 111 
of E, 90 
of H, 91 

Tangents, table, 293 
Target transmitter, 205 
Taylor^s theorem, 71 
Terminated wire in free space, 152 
Termination for a rhombic antenna, 
197 

Theorems for complex transmission line 
analysis, 274 

Time delay for transmission lines, 12 
Top loading, 186 
in a wave guide coupling, 255 
Toroid pattern, 142 
Total charge, 70 
Transformer, conversion, 279 
emplo5dng quarter-wavelength trans- 
mission line, 191 
Transients, 2 

Transmission line, equivalent circuit for 
a differential length, 3 
for feeding antennas, 158 
small, with respect to a wavelength, 2 
spacing of, 1 

Transmission line constants, 3 
Transmission line conversion trans- 
formers, 279 

Transmission line equation constants, 7 
Transmission line equations, 1, 3 
for the dissipationless line, 14 
expressed in terms of velocity of prop- 
agation, 12 

traveling wave solutions of, 10 
Transmission line theory applied to 
wave guides, 261 


Transmitter coupling to a wave guide, 
257 

Transoceanic communication, 168 
Transverse electric wave, 94 
in cylindrical wave guides, 240, 248, 249 
TEqi wave, 249 
TEoi wave coupling, 256 
7’Eoi wave equations, 250 
77^01 wave field patterns, 250 
TEi\ wave coupling, 256 
TEii wave field patterns, 252 
TE waves, higher modes, 251 
TE waves, higher modes field pat- 
terns, 252-253 

in rectangular wave guides, 211, 220 
TEqi wave, 223 
7'Eoi wave coupling, 254 
TEo\ wave equations, 224 
TEq\ wave field patterns, 225 
TEqi wave resolved into two 7EM 
waves, 236 

7’Eo 2 wave coupling, 255 
7^1^02 wave field patterns, 228 
TEio wave, 225 
TEii wave, 226 
TE\i wave coupling, 255 
TEu wave equations, 226 
TEii wave field patterns, 227 
TE waves higher modes, 227 
Transverse electromagnetic wave, 94 
in free space, 95 
Transverse magnetic wave, 94 
in cylindrical wave guide, 240, 244 
conditions for propagation and at- 
tenuation, 245 
equations, 244 
field patterns, 247, 248 
7’A/oi wave coupling, 256 
TMoi wave equations, 245-246 
7'Moi wave field patterns, 246 
7'Moi wave used in rotating joint, 
265 

TM\\ wave coupling, 256 
TM waves, higher modes, 247 
in rectangular wave guides, 211, 228 
TM wave equations, 229 
TMn wave, 230 
TMn wave coupling, 255 
TMii wave equations, 231 
TMn wave field patterns, 231 
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Transverse magnetic wave, in rectangu- 
lar wave guides, TM \2 wave cou- 
pling, 256 

TMvi wave field patterns, 232 
TM waves, higher modes, 231 
Traveling waves, 2, 9, 100, 125, 128 
in wave guides, 211, 221, 229 
Trial and error adjustment of parasitic 
antennas, 201 

Tuning of parasitic antennas, 201 
Two antennas, fed in phase with equal 
currents, 176 

fed in phase to produce no minor lobes, 
193 

fed 180° out of phase with equal cur- 
rents, 179 

Unbalance, 1 

Unidirectional antenna pattern in direc- 
tional coupler, 260 
Unidirectional coupler, 258 
Unit vectors, 53 
Units, 68 

Vector, magnitude of, 52 
negative of, 52 
symbol of, 51 
Vector analysis, 51 --66 
Vector calculations, 51 
Vector diagrams, 51 
Vector function. 111 
Vector product, 54 
Vector quantity, 51 

Vector spatial addition in radiation pat- 
terns, 205 
Velocity, 114 

assumption of infinite electromagnetic, 
138 

of light, 12 

of light in free space, 101 
measured at an angle to the direction 
of travel, 235 

of plane electromagnetic wave, 100, 
103 

of propagation, 16 
in rectangular wave guides, 232 
relation of group and phase, 233, 234 


Velocity, of a spherically polarized wave, 
128 

on transmission lines, 12 
Velocity vector, 94 
Vertical angle selectivity, 168 
Vertical dipole, fed by a balanced line, 158 
fed by a coaxial line, 159 
Voltmeter, ultrahigh frequency, 36 

Wave, components of, 113 
in conducting medium, 116 
constant frequency, 98 
harmonic function, 98 
plane, 94 
reflected, 112 
sinusoidal, 94 
spherical, 94 
Wave guides, 209-270 
attenuation in, 253 
compared to coaxial lines, 263 
cylindrical, 237 
as a high pass filter, 223 
lossy, 222 

lowest critical frequency, 252 
matching, 257 

method of solving equations, 210, 217, 
229, 240 

for propagating only one mode, 256 
rectangular, 212 

rectangular with lowest attenuation, 
254 

shapes of, 209 

used below critical frequency, 253 
used as cavity resonators, 265 
used with directional coupler, 258 
uses of, 210 
Wave selector, 258 
Wavelength, 104 
for dissipationless line, 13 
on transmission line, 12 
in wave guide, 251 
Wavemeters, cavities used as, 266 
Wide band conversion transformer, 282 
Wide band rhombic antenna, 200 
Windows in wave guide partitions, 262 

Yagi array, 202 






